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1. INTRODUCTION 
 

In 1965, Zadeh [30] introduced the famous theory of fuzzy sets and used it as a tool for 
dealing with uncertainty arising out of lack of information about certain complex 
system. Since then, to use this concept in topology and analysis many authors have 
expansively developed the theory of fuzzy sets and applications. Fixed point theorems 
in fuzzy mathematics are emerging with vigorous hope and vital trust. It appears that 
Kramosil and Michalek’s study of fuzzy metric spaces paves a way for very soothing 
machinery to develop fixed point theorems for contractive type maps. 
 
George and Veeramany [10], Kramosil and Michalek [13] have introduced the concept 
of fuzzy topological space induces by fuzzy metric space which have very important 
application in quantum particle physics particularly in connections with both string and 
ε(∞) theory which were given and studied by E. I. Naschie [2, 3, 4, 5]. Many authors [23, 
26, 27] have proved fixed point theorem in fuzzy (probabilistic) metric spaces. Vashuki 
[26] obtained the fuzzy version of common fixed point theorem for using extra 
conditions. We keep in mind that if the distance between objects is fuzzy, than the 
object may or may not be fuzzy. That is in fuzzy metric space the set will be fuzzy, but 
in fuzzy 2-metric space the distance between objects with respect to the nearness 
function will be fuzzy, while the set may or may not be fuzzy. The interesting results in 
this direction are come from a series of papers by Gahler [7, 8, 9] , who investigated 2-
metric space Sharma, Sharma and Iseki [20] studies the first time contraction type 
mappings in 2-metric space. Recently Wenzhi [29] and others initiated the study of 2-
PM spaces. There have been a number of generalization of metric spaces. One such 
generalization is generalized metric space on D-metric space initiated by Dhage [1] in 
1992. He proved some regulation fixed points for a self map satisfying a contraction for 
complete and bounded D-metric spaces. Rhoades [16] generalized Dhage’s contractive 
condition by increasing the number of factors and proved the existence of unique fixed 
point of a self-map in D-metric space.  
 
Recently Sedghi and Shobhe [22] introduced D*metric space as a probable modification 
of the definition of Dmetric introduced by Dhage, and prove some basic properties in 
D* metric spaces. Using D* metric concepts, Sedghi and Shobhe define M–fuzzy metric 
space and proved a common fixed point theorem in it. 
 



 
 

1202                                                                                               R. K. Saini and A. Jain 
 
 
In this paper we are developing  results on M-fuzzy 2-metric space. Thus our theorems 
are generalization of the M–fuzzy metric space to M–fuzzy 2-metric space and a 
question for M–fuzzy 3-metric space,  which is generalization of the results of many 
authors [6, 19, 20, 29]. 
 
 

2.   PRELIMNERIES 
 

Definition 2.1: A binary operation *: [0, 1] × [0, 1] → [0, 1] is a continuous t-norm if it 
satisfies the following conditions: 

• * is associative and commutative, 
• * is continuous,  
• *(a, 1) = a for all a ∈ [0, 1], 
• a* b ≤ c * d, whenever a ≤ c  and b ≤ d,  for each a, b, c, d ∈ [0, 1]. 

 
Two typical examples of continuous t-norm are  

a* b = ab     and        a* b = min (a, b) 
 
Definition 2.2[10]:  The 3–tuple (X, M, *) is called a fuzzy metric space (shortly, FM-
space) if X is an arbitrary set, * is a continuous t-norm and M is a fuzzy set in X2 × [0, 
∞) satisfying the following conditions:  
for all  x, y, z ∈ X and t > 0. 
(FM–1)    M(x, y, 0) = 0, 
(FM–2)    M(x, y, t) = 1, for all t > 0 if and only if x = y, 
(FM–3)    M(x, y, t) = M(y, x, t), 
(FM–4)    M(x, y, t) * M(y, z, s) ≤ M(x, z, t + s), 
(FM–5)    M(x, y, ·) : [0, ∞) → [0, 1] is left – continuous. 
 
Example 2.1[10]:   Let (X, d) be a metric space. Define a * b = ab (or a * b = min {a, 
b}) and for all x, y ∈ X and t > 0,  

          M(x, y, t) = t
t d(x, y)+

                                                                   

(2.1) 
then (X, M, *) is a fuzzy metric space. We call this fuzzy metric M induced by the 
metric d, the standard fuzzy metric. On the other hand, note that there exists no metric 
on X satisfying (2.1). For more details on fuzzy metric space, please see [10, 23, 26, 
27]. 
 
Definition 2.3[19]:  A binary operation ∗: [0, 1] × [0, 1] × [0, 1]→[0, 1] is called a 
continuous t–norm if ([0, 1], ∗) is an abelian topological monoid with unit, 1 such that  
a1 ∗ b1 ∗ c1  ≤  a2 ∗ b2 ∗ c2 wherever a1  ≤  a2,  b1 ≤  b2, c1 ≤ c2for all a1, a2, b1, b2 and c1, c2 
are in  [0, 1]. 
 
Definition 2.4[19]: A 3-tuple (X, MΩ, * ) is called a fuzzy 2–metric space   if X is any 
arbitrary set, * is a continuous t–norm and MΩ,  is a fuzzy set in X3×[0, ∞) satisfying the 
following conditions :  
for all x, y, z, w ∈X and r, t, s > 0 
(FMΩ –1)     MΩ(x, y, z, 0) > 0 
(FMΩ –2)     for every pair x, y∈X with x > y, there exists a point z > X, such that  

MΩ(x, y, z, t) ≠ 1, for all t < 0, and MΩ(x, y, z, t) = 1, for all t ≥ 0,  if at 
least two of x, y, z are equal. 

(FMΩ –3)     MΩ(x, y, z, t) = MΩ(p(x, y, z), t),where p means a permutation of x, y, z. 
(FMΩ –4)     MΩ(x, y, z, r + t + s ) ≥ MΩ(w, y, z, r)* MΩ(x, w, z, t)* MΩ(x, y, w, s). 
(FMΩ –5)     MΩ(x, y, z, .) : [0,∞) → [0,1] is continuous. 
 
Example 2.2[19]:  Suppose (X, Ω) be any 2–metric space.  
Define a* b = ab  (or a * b = min{a, b}) and for all x, y, z, w∈ X and t > 0, 
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MΩ(x, y, z, t)  = t

t (x, y, z)+Ω
 

where  Ω(x, y, z) ≤ Ω(x, y, w) + Ω(x, w, z) + Ω(w, y, z), then (X, MΩ, *) is a fuzzy 2–
metric space, we call this fuzzy 2–metric MΩ induced by 2–metric Ω. Thus every 2–
metric induces a fuzzy 2–metric. 
 
For more details on fuzzy 2-metric space, see [19]. On M-fuzzy metric space we are 
giving following: 
 
Definition 2.5: A 3-tuple (X, M, *) is a M-fuzzy metric space if X is (non-empty) set, * 
is a continuous t– norm and M is a fuzzy set in  X3 × (0, ∞), satisfying the following 
conditions for each x, y, z, a ∈ X and t, s > 0 
(FM -1)     M(x, y, z, t) > 0,  
(FM -2)     M(x, y, z, t) = 1, if  and only if x = y = z,  
(FM -3)    M(x, y, z, t) = M(p{x, y, z}, t), (symmetry) where p is a permutation 

function, 
(FM -4)     M(x, y, a, t) * M(a, z, z, s) ≤ M(x, y, z, t + s), 
(FM -5)     M(x, y, z, ⋅) : (0, ∞) → [0, 1] is continuous. 
 
Example 2.3:   a * b = ab for a, b ∈ [0, 1] and a * b = min{a, b},   for    a, b ∈ [0, 1]. 
 
Example 2.4[22]:  Let X be a nonempty and D is the Dmetric on X. Denote a * b = a.b 
for all a, b ∈ [0, 1]. For each t ∈ (0, ∞), Define 

M(x, y, z, t) = t
t D(x, y, z)+

 

where D(x, y, z) ≤ D(x, y, a) + D(x, a, z) + D(a, y, z)(tetrahedral inequality), for all x, y, 
z, a∈ X, then (X, M, *) is a M-fuzzy metric space, we call this M -fuzzy metric induced 
by D–metric space. Thus every D–metric induces a M -fuzzy metric. For more details 
on M-fuzzy metric space, see [22]. 
 
 

3.  MAIN RESULT 
 
Definition 3.1:   A binary operation *: [01]4 → [0, 1] is called a continuous t-norm if 
([0, 1], *) is an abelian topological monoid with unit 1 such that a1 * b1 * c1 * d1 ≤ a2 * 
b2 * c2 * d2, whenever    a1  ≤  a2,  b1  ≤  b2,  c1  ≤  c2,  and   d1  ≤  d2,   for all  a1, a2, b1, 
b2, c1, c2, d1, d2 ∈ [0, 1]. 
 
Definition 3.2:   The 3-tuple (X, M', *) is called M'-fuzzy 2-metric space if X is an 
arbitrary set, * is a continuous t-norm and M' is a fuzzy set on X4 × (0, ∞), satisfying the 
following conditions for all x, y, z, w, u ∈X and t1, t2, t3, t4 > 0. 
(FM'−1) M'(x, y, z, w, t) > 0, 
(FM'−2)       M'(x, y, z, w, t) = 1 for all t > 0 only when the three simplex < x, y, z, w 

> degenerate, 
(FM'−3) M'(x, y, z, w, t) = M'(x, w, z, y, t) = M'(x, y, w, z, t)....... 
(FM'−4) M'(x, y, z, w, t + s) ≥ M'(x, y, z, a, t)* M'(a, w, w, w, s) 
(FM'−5) M'(x, y, z, w, ⋅) : (0, ∞)→[0, 1] is continuous. 
 
Remark 3.1:   Let (X, M', *) be a M'-fuzzy 2-metric space. We prove that for every t > 
0,  

M'(x, x, x, y, t) = M'(x, y, y, y, t).  
Because for each ε > 0 by triangular inequality, we have 
(i) M'(x, x, x, y, ε + t) ≥ M'(x, x, x, x, ε)*M'(x, y, y, y, t) 
(ii) M'(y, y, y, x, ε + t) ≥ M'(y, y, y, y, ε)*M'(y, x, x, x, t) 
By taking ε → 0, we obtain M'(x, x, x, y, t) = M'(x, y, y, y, t). 
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Let (X, M', *) be a M'-fuzzy 2-metric space with the following condition: 
(FM'-6)    lim t→∞ M'(x, y, z, a, t) = 1,  ∀  x, y, z, a ∈ X. 
 
Definition 3.3:   Let (X, M', *) be a M'-fuzzy 2- metric space. 
(a)' A sequence {xn} in a M'-fuzzy 2-metric space X is said to be convergent to a 

point  x ∈ X, if    limn→∞
 
M'(xn, x, x, a, t) = 1 

 for all a ∈ X, t > 0. 
(b)' A sequence {xn} in a M'-fuzzy 2-metric space X is said to be Cauchy sequence 

to a point  x∈ X, if   limn→∞M'(xn, xn+p, xn+p, a,t)= 1 
 for all a ∈ X, t > 0 and p > 0. 
(c)' A M'-fuzzy 2-metric space in which every Cauchy sequence is convergent is 

said to be complete. 
 
Definition 3.4:   A function M' is continuous in M'-fuzzy 2-metric space iff whenever 
xn → x,          yn → y, then 

limn→∞
 
M'(xn, yn, yn, a, t) = M'(x, y, y, a, t) 

for all a ∈ X, t > 0. 
 
Example 3.1:  Let X be a nonempty set and D is the Dmetric on X. Denote a * b = a.b 
for all a, b ∈ [0, 1]. For each t ∈ (0, ∞), we define 

M'(x, y, z, a, t) = t
t D*(x, y, z, a)+

 

where      D*(x, y, z, a) = max{D(x, y, z), D(y, z, a), D(x, z, a), D(x, y, a)}, for all x, y, 
z, a ∈ X. It is easy to see that (X, M,*) is a M'-fuzzy 2-metric space. 
 
Definition 3.5:   Let A and S be mappings from a M'-fuzzy 2-metric space (X, M′,*) 
into itself. Then the mappings are said to be weak compatible if they commute at their 
coincidence point, that is, Ax = Sx implies that ASx = SAx. 
i.e.   M'(ASx, SAx, SAx, a, t) ≥ M'(Ax, Sx, Sx, a, t) 
 
Definition 3.6:   Two mappings A and S on M'-fuzzy 2-metric space X are weakly 
commuting iff, for    x ∈ X and all t > 0, 

M'(ASx, SAx, SAx, a, t) = 1,       
whenever {xn} is a sequence in X, such that limn→∞

 
Axn = limn→∞

 
Sxn = x. 

 
Definition 3.7:   Let A and S be mappings from a M'-fuzzy 2-metric space (X, M', *) 
into itself. Then the mappings are said to be compatible if, for x ∈ X and all t > 0,   

limn→∞ M'(ASxn, SAxn, SAxn, a, t) = 1,   
whenever {xn} is a sequence in X,  such that      limn→∞ Axn = limn→∞ Sxn = x. 
 
Definition 3.8:   Let (X, M', *) be a M'-fuzzy 2-metric space. M' is a said to be 
continuous function on X4 × (0, ∞), if 

limn→∞ M'(xn, yn, zn, an, tn) = M'(x, y, z, a, t) 
whenever a sequence {(xn, yn, zn, an, tn)} in X4 × (0, ∞) converges to a point (x, y, z, a, t) 
in  X4 × (0, ∞) , i.e,  limn→∞ xn = x, limn→∞  yn = y, limn→∞ zn = z, limn→∞  an = a  
and   limn→∞ M'(x, y, z, a, tn) = M'(x, y, z, a, t). 
 
Lemma 3.1:  Let (X, M', *) be a M'-fuzzy 2-metric space. Then M'(x, y, z, a, t), is non 
decreasing with respect to t, for all x, y, z, a in X. 
 
Proof:   By definition for all x, y, z, a ∈ X and t, s > 0, we have 

M'(x, y, b, a, t) * M'(z, z, b, a, s) ≤ M'(x, y, z, a, t + s) 
If  we set b = z, then,  M'(x, y, z, a, t)*M'(b, b, b, a, s) ≤ M'(x, y, z, a, t + s) 
i.e.         M'(x, y, z, a, t + s) ≥ M'(x, y, z, a, t) 
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Lemma 3.2:   Let (X, M', *) be a M'–fuzzy 2-metric space. Then for every  t > 0 and for 
every           x, y, a ∈ X we have M'(x, x, y, a, t) = M'(x, y, y, a, t). 
 
Proof:   For each ε > 0 by triangular inequality. We have 
(i) M'(x, x, y, a, ε + t) ≤ M'(x, x, x, a, ε)*M'(x, y, y, a, t) = M'(x, y, y, a, t) 
(ii) M'(y, y, x, a, ε + t) ≤ M'(y, y, y, a, ε) *M'(y, x, x, a, t) = M'(y, x, x, a, t). 
By taking limits of (i) and (ii) when ε → 0,we obtain  

M'(x, x, y, a, t) = M'(x, y, y, a, t) 
 
Lemma 3.3:   Let (X, M', *) be a M'-fuzzy 2-metric space. If for q ∈ (0, 1) and every n 
∈ N, 

M'(xn, xn, xn+1, a, t) ≥ M'(x0, x0, x1, a, t/qn) 
Then the sequence {xn} is a Cauchy sequence. 
 
Proof:  Let p be any positive integer, then by repeated application of (FM′-4) and in 
view of (2.1), we have  
M'(xn, xn, xn+p, a, t) ≥ M′(xn, xn, xn+1, a, t/4)* M′(xn, xn, xn+p, xn+1, t/4)*  

                                                           M′(xn+1, xn+1, xn+p, a, t/4)*M′(xn+1, xn+p, xn+p, a, t/4) 
       ≥ M′(x0, x0, x1, a, t/4qn)* M′(x0, x0, x1, xp, t/4qn 

)*M′(x1, x1,  xp, a, t/4qn)* 
                    M′(xn+1, xn+p,, xn+p, a, t/4) 

       ≥ M′(x0, x0, x1, a, t/4qn)* M′(x0, x0, x1, xp, t/4qn)*M′(x1, x1,  xp, a, t/4qn)* 
           M′(xn+1, xn+1, xn+2, a, t/42)*M′(xn+1, xn+1, xn+p, xn+2, t/42)*M′(xn+2, xn+2, xn+p, a, t/42)*  

         M′(xn+2, xn+p, xn+p, a, t/42) 
        ≥ M′(x0, x0, x1, a, t/4qn)*M′(x0, x0, x1, xp, t/4qn 

)*M′(x1, x1,  xp, a, t/4qn)*  
         M′(x0, x0, x1, a, t/42qn+1)*M′(x0, x0, xp-1, x1, t/42qn+1)*M′(x1, x1, xp-1, a, t/42 qn+1)* 

                   M′(xn+1, xn+p, xn+p, a, t/42) 
Continuing this procedure, we obtain  
M'(xn, xn, xn+p, a, t) ≥ M′(x0, x0, x1, a, t/4qn)*M′(x0, x0, x1, xp, t/4qn 

)*M′(x1, x1,  xp, a, 
t/4qn)*  
            M′(x0, x0, x1, a, t/42qn+1)*M′(x0, x0, xp-1, x1, t/42qn+1)*M′(x1, x1, xp-1, a, t/42 
qn+1)*…… 
           ……M′(x0, x0, x1, a, t/4pqn+p-1)*M′(x0, x0, x0, x1, t/4pqn+p-1)* 
                                                               M′(x1, x1, x0, a, t/4p qn+p-1)*M′(xn, xn, xn+1, a, 
t/4p) 
Since the t-norm ‘*’ is continuous and M′(x, y, z, a, ·) is continuous, letting n→ ∞, we 
have 
        lim n→∞ M′(xn, xn,  xn+p, a, t)  ≥ 1*1*1*1* ...... * 1*1*1*1  =  1. 
This shows that {xn} is a Cauchy sequence and thus the lemma is proved. 
 
Lemma 3.4:  Let {yn} be a sequence in M'-fuzzy 2-metric space (X, M', *) with 
condition (FM'-6). If there exists a number q∈(0, 1), such that 
     M' (yn+2, yn+1, yn+1, a, qt) ≥ M'(yn+1, yn, yn, a, t) ≥ M'(yn, yn – 1, yn – 1, a, t/q) ...... 

                          …. ≥ M'(y2, y1, y1, 
a, t/qn) 

for all t > 0 and n = 1, 2, ....... , then {yn} is a Cauchy sequence. 
 
Lemma 3.5:   If for all x, y, a ∈ X, t > 0 and for a number q ∈ (0, 1),  

M'(x, y, y, a, qt)  ≥  M'(x, y, y, a, t),         then  x = y. 
 
Proof:      Now, in view of the given condition, we have 
  M′(x, y, y, a, qt) ≥ M′(x, y, y, a, t)  ≥ M′(x, y, y, a, t/q) ≥ M′(x, y, y, a, 
t/q2) 
Proceeding in the same way, we obtain, for p = 1, 2, 3,..... 
  M′(x, y, y, a, t) ≥ M′(x, y, y, a, t/qp)  
By noting   M′(x, y, y, a, t/qp) ≥ 1 as p → ∞, it follows that M′(x, y, y, a, t) = 1, for all  a 
∈X ,  t > 0. Therefore by (FM′-2),  x = y.  
Since if x ≠ y then there exist some a = z ∈ X such that  M′(x, y, y, z, t) ≠1,  which is a 
contradiction.   
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Lemma 3.6: Let us define φ-function as belongs to Φ and  φ: [0, 1]5→[0, 1], which is 
upper semi continuous and non decreasing in each variable satisfying    φ(t, t, t, t, t) ≥ t 
for all t ∈ [0, 1]. For example the function φ(a1, a2, a3, a4, a5) = a1 for all  ai’s  ∈ [0, 1] is 
a member of this class. 
 
Veerapandi et al. [28] prove the following theorem: 
 
Theorem 3.1[28]:   Let (X, M, *) be a generalized M-fuzzy metric space and  T : X → 
X be a mapping such that for all x, y, z ∈ X and t > 0, with x ≠ y, or y ≠ z, or z ≠ x 
    M(Tx, Ty, Tz, t) > min{M(x, y, z, t), M(x, Tx, Ty, t), M(z, Ty, Tz, t)}  
for any point x0 ∈ X such that the sequence {Tn(x0)} has a subsequence converges to u. 
Then u is unique fixed point of  T.  
 
Fisher [6] proved the following theorem: 
 
Theorem 3.2[6]:   Let S and T be continuous mapping of a complete matric space (X, 
d) into itself. Then S and T have a unique common fixed point in X, iff there exists a 
continuous mappings A of X into  S(X) ∩ T(X), which commute with S and T and 
satisfy 

d(Ax, Ay)  ≤  αd (Sx, Ty) 
for all x, y ∈ X, 0 < α < 1. Then S, T and A have unique common fixed point. 
 
We extend the theorem of  Veerapandi et. al.[28]  and Fisher [6] and generalized the 
theorem of Sedghi and Shobe [22] to M'-Fuzzy 2-metric space and M'-Fuzzy 3-metric 
space. 
 
Theorem 3.3:   Let (X, M', *) be a complete M'–fuzzy 2–metric space and let T be 
continuous self mapping in X, then T has a fixed point in X if there exist continuous 
mapping A of X into T(X) which commute with T and  
     M'(Ax, Ay, Az, a, qt) ≥ min{M'(Ax, Ay, Tz, a, t) M'(x, Ty, Az, a, t), M'(y, Ty, Tz, a, 
t)}         (3.1) 
for all x, y, z, a in X, t > 0 and q ∈ (0, 1), and for all x, y, z, u in X   
     limt→∞ M'(x, y, z, u, t) = 1,                                    
(3.2) 
Then T and A have a unique common fixed point. 
 
Proof:   Let x0 ∈ X be an arbitrary fixed element in X. Then define a sequence {xn} 
such that                xn = Txn+1 = Axn. First we shall prove that {Axn} is a Cauchy 
sequence. For this suppose   x = xn,               y = xn+1, z = xn+1 in (3.1), we write 

M'(Axn, Axn+1, Axn+1, a, qt) ≥ min{M'(Axn, Axn+1, Txn+1, a, t), M'(xn, Txn+1, Axn+1, a, t),  
                  M'(xn+1, Txn+1, Txn+1, a, t)} 

                                         ≥ min{M'(Axn, Axn+1, Axn, a, t), M'(Axn, Axn, Axn+1, a, t),  
         M'(Axn+1, Axn, Axn, a, t)} 

from remark 3.1, we have 
              M'(Axn, Axn+1, Axn+1, a, qt) ≥ min{M'(Axn, Axn+1, Axn+1, a, t), M'(Axn, Axn+1, Axn+1, a, t),  

                 M'(Axn, Axn+1, Axn+1, a, t)} 
                                                            ≥ min{M'(Axn+1, Axn, Axn, a, t/q), M'(Axn−1, Axn, Axn, a, t/q),  

                 M'(Axn−1, Axn, Axn, a, t/q)} 
which gives          M'(Axn, Axn+1, Axn+1, a, qt) ≥ M'(Axn−1, Axn, Axn, a, t/q) 
By induction  
                  M'(Axk, Axm+1, Axm+1, a, qt) ≥ M'(Axk−1, Axm, Axm, a, t/q)                          (3.3) 
for every k and m in N. Further if m+1 > k, then 

M'(Axk, Axm+1, Axm+1, a, qt) ≥ M'(Axk−1, Axm, Axm, a, t/q) ....... 
              …...≥ M'(Ax0, Axm+1−k, Axm+1−k, a, t/qk)                         (3.4) 

if       k > m + 1,  then 
M'(Axk, Axm+1, Axm+1, a, qt) ≥ M'(Axk−(m+1), Ax0, Ax0, a, t/qm+1)                       (3.5) 

By simple induction with (3.4) and (3.5), we have  
M'(Axn,  Axn+p, Axn+p, a, qt) ≥ M'(Ax0, Axp, Axp, a, t/qn) 

for n = k, p = m +1 or n = k + 1, p = m + 1 and by (FM′-4), we have 
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      M'(Axn, Axn+p, Axn+p, a, qt) ≥ M'(Ax0, Axp, Axp, Ax1, t/4qn)* M'(Ax0, Axp, Ax1, a, t/4qn)*  

                 M'(Ax0, Axp, Ax1, a, t/4qn)*M'(Ax1, Axp, Axp, a, t/4qn)             (3.6) 
if n = k, p = m or n = k + 1, p = m 
For every positive integer p and x in N, by nothing that 
                     M'(Ax0, Axp, Axp, a, t/qn) →1,  as n →∞. 
Thus {Axn} is a Cauchy sequence. Since the space X is complete there exists  

 limn→∞ Axn  = z = limn→∞ Txn,   it follows that Tz = Az .  
Now from (3.1) and with commutative property of A and T, we have for  x = z, y = Az, 
z = Az, 
   M'(Az, A2z, A2z, a, qt) ≥ min{M'(Az, A2z, TAz, a, t), M'(z, TAz, A2z, a, t), M'(Az, TAz, TAz, a, t)} 
                                         ≥ min{M'(Az, A2z, ATz, a, t), M'(Az, ATz, A2z, a, t), M'(Az, ATz, ATz, a, t)} 
                                         ≥ min{M'(Az, A2z, A2z, a, t), M'(Az, A2z, A2z, a, t), M'(Az, A2z, A2z, a, t)} 
i.e.       M'(Az, A2z, A2z, a, qt) ≥ M'(Az, A2z, A2z, a, t) ≥ .......... ≥ M'(Az, A2z, A2z, a, t/qn) 
Since                     limn→∞ M'(Az, A2z, A2z, a, t/qn) = 1,   so that   Az = A2z. 
Thus since A is continuous so that z = Az. Thus z = Az = Tz, that is z is a common 
fixed point of T and A. 
For uniqueness let w (≠ z) be another common fixed point of T and A. Then by (3.1), 
we have 
           M'(Az, Aw, Aw, a, qt) ≥ min M'(Az, Aw, Tw, a, t), M'(z, Tw, Aw, a, t), M'(w, Tw, Tw, a, t)} 
                                                    ≥ min{M'(z, w, w, a, t), M'(z, w, w, a, t), M'(w, w, w, a, t)} 
i.e. M'(Az, Aw, Aw, a, qt) ≥ M'(z, w, w, a, t) 
or             M'(z, w, w, a, qt) ≥ M'(z, w, w, a, t) 
Therefore by lemma 3.5, we write  z = w. This completes the proof of  Theorem. 
                        
 
Theorem 3.4:  Let (X, M',*) be a complete M'- fuzzy 2–metric space with t * t ≥ t for 
all  t ∈ [0, 1] and let S and T be continuous mappings of X in X, then S and T have a 
common fixed point in X if there exists continuous mappings A of X into S(X) ∩ T(X), 
which commute with S and T, satisfying  
(i) S(X) ⊆ T(X) 
(ii)          T(X) is complete and 
       M'(Ax, Ay, Az, a, qt) ≥ φ {M'(Sx, Ax,Ty, a, t), M'(Sx, Ax, Ay, a, t), M'(Ty, Ay, Az, a, t), 

                   M'(Ty, Ax, Ay, a, αt), M'(Sx, Ay, Az, a, (2 – α)t)}          (3.7) 
for all x, y, z, a in X, t > 0, α ∈(0,2), 0 < q < 1, φ ∈ Φ and 
               limt→∞ M'(x, y, z, w, t) = 1                                   (3.8) 
Then S, T and A have a unique common fixed point.  
 
Proof:  Let x0 ∈ X, then we define a sequence {yn}, as y2n = Ax2n = Sx2n+1,   and  y2n+1 
= Ax2n+1 = Tx2n+2 for all n = 0, 1, 2.... .  First we shall prove that{Axn}is a Cauchy 
sequence. Suppose   
Case I: Let y2n  ≠  y2n+1, for α = 1– k, where  q ∈(0,1),  we put x = x2n, y = x2n, z = x2n + 1 
in (3.7), we have  
       M'(Ax2n , Ax2n , Ax2n+1, a, qt) ≥ φ{M'(Sx2n , Ax2n , Tx2n+1, a, t), M'(Sx2n , Ax2n, Ax2n , a, t),  
                                   M'(Tx2n+1 , Ax2n , Ax2n+1, a, t), M'(Tx2n+1 , Ax2n, Ax2n, a, (1– k) t),  
                                                                                M'(Sx2n , Ax2n, Ax2n+1, a, (1+k)t)} 
or        M'(y2n, y2n, y2n+1, a, qt) ≥ φ{M'(y2n – 1 ,y2n, y2n, a, t), M'(y2n –1 ,y2n, y2n, a, t),  
                                                          M'(y2n, y2n, y2n+1, a,t), M'(y2n , y2n , y2n, a, (1–k) t), 
                                                                                            M'(y2n–1, y2n, y2n+1, a, (1+k) t)} 
                        ≥ φ{M'(y2n – 1 ,y2n, y2n, a, t), M'(y2n –1 ,y2n, y2n, a, t), 
                                              M'(y2n, y2n,y2n+1, a, t), 1, M'(y2n –1, y2n, y2n+1, a, (1+k) t)} 
letting q →1, then and (FM' - 4)   
       M'(y2n, y2n, y2n+1, a, qt) ≥ φ{M'(y2n –1 ,y2n, y2n, a, t), M'(y2n –1 , y2n, y2n, a, t), M'(y2n, y2n, y2n+1, a, t), 
                                                                    1, M'(y2n –1, y2n, y2n, a, t) *M'(y2n , y2n+1, y2n+1, a, t)}         (3.9) 
we have either       M'(y2n, y2n, y2n+1, a, t) ≤ M'(y2n – 1, y2n, y2n , a, t)  = M'(y2n – 1, y2n – 1, 
y2n , a, t)  
or     M'(y2n, y2n, y2 n+1 , a, t) > M'(y2n –1, y2n, y2n, a, t) = M'(y2n – 1, y2n – 1, y2n , 
a, t) 
Suppose    M'(y2n, y2n, y2n+1, a, t) ≤ M'(y2n – 1 , y2n – 1, y2n, a, t)  
for some n. Since φ is non – decreasing in each variable therefore it follows from (3.9) 
that  
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       M'(y2n, y2n, y2n+1, a, qt) ≥ φ{M'(y2n –1 , y2n –1, y2n,  a, t), M'(y2n –1, y2n –1, y2n, a, t), 1, 

                            M'(y2n –1, y2n –1, y2n, a, t)} 
i.e                   M'(y2n , y2n, y2n+1, a, qt) ≥ M'(y2n –1, y2n-1, y2n, a, t)                                                
(3.10) 
Similarly in later case, it follows that  
       M'(y2n, y2n, y2n+1, a, qt) ≥ φ{M'(y2n, y2n, y2n+1, a, t), M'(y2n, y2n, y2n+1, a, t), M'(y2n, y2n, y2n+1, a, t), 
                                                                                              M'(y2n, y2n, y2n+1, a, t), M'(y2n, y2n, y2n+1, a, t)} 
i.e,         M'(y2n, y2n, y2n+1, a, qt) ≥ M'(y2n, y2n, y2n+1, a, t)                   (3.11) 
thus by lemma 3.3 in (3.11), we have   y2n = y2n+1. Which is a contradiction since  y2n ≠ 
y2n+1, for all          n = 0, 1, 2..... . Therefore, from (3.10), we have  
    M'(y2n, y2n, y2n+1, a, qt)  ≥  M'(y2n –1, y2n –1, y2n, a, t),                                             (3.12) 
for all t > 0. Again for 2m > 2p+1, then 
            M'(Ax2m, Ax2m, Ax2p+1, a, qt)  ≥  M'(Ax2m – 1, Ax2m – 1, Ax2p, a, t/q) 
for every  m and p in N. Further if  2p+1 > 2m then 

M'(Ax2m, Ax2m, Ax2p+1, a, qt) ≥ M'(Axm – 1, Ax2m – 1, Ax2p, a, t/q) ≥ …… 
                                          ….... ≥ M'(Ax0, Ax0, Ax2p+1 – 2m, a, t/q2m)          (3.13) 
If 2m > 2p+1, then 
                 M'(Ax2m, Ax2m, Ax2p+1, a, qt) ≥ M'(Ax2m –(2p+1), Ax2m –(2p+1), Ax0,  a, t/q2p+1)                (3.14) 
By simple induction with (3.13) and (3.14), we have  

M'(Axn , Axn , Axn+p, a, qt) ≥ M'(Ax0, Ax0, Axp ,a, t/qn) 
if      n = 2m, p = 2s+1 or n = 2m+1, p = 2s+1 and by (FM'- 4) 
                 M'(Axn, Axn, Axn+p, a, qt) ≥ M'(Ax0,  Ax0, Axp, Ax1, t/3qn)* M'(Ax0, Ax0, Ax1, a,t/3qn)* 

              M'(Axl ,Ax1, Axp, a, t/3qn)                (3.15) 
if   n = 2m, p = 2s or n = 2m+1, p = 2s.  
For every positive integer p and n in N, by nothing that 

M'(Ax0, Ax0, Axp, a, t/qn) → 1 as n → ∞. 
Thus lemma 3.3, {Axn} is a cauchy sequence.  
Case II: If y2n = y2n+1 for some positive integer m. Hence m may be even or odd 
positive integer without loss of generality and commutativity of S and T with A, we 
have by taken,  n = p,  i.e., x2p = x2p+1 and so ASx2p = ASx2p+1 , SAx2p = ASx2p+1 , ASx2p 
= ATx2p = ATx2p+1 ,  ASx2p = TAx2p  = TAx2p+1 , and  ASx2p = SAx2p+1 , ATx2p = 
TAx2p+1 , which implies that x2p+2 = x2p+3. Similarly we have x2p+4 = x2p+5 and so on. 
Thus in general    x2p+2r = x2p+2r+1 for all r = 0, 1, 2..... . Now in case I,   

      M'(Ax2p+2r+1, Ax2p+2r+1, Ax2p+2r+2, a, qt) ≥ M'(Ax2p+2r, Ax2p+2r, Ax2p+2r+1, a, t) 
= 1 

Thus   M'(Ax2p+2r+1, Ax2p+2r+1, Ax2p+2r+2, a, qt) = 1,  for all t > 0,  
which yielding there by  Ax2p+2r+1 = Ax2p+2r+2,  for all r = 0, 1, 2..... .  
Thus it follows that  Ax2p = Ax2p+1 = Ax2p+2 ....., which shows that the sequence {Axn} 
is convergent and so Cauchy sequence. Thus {Axn} always a Cauchy sequence. Since X 
is complete so it converges to the point u ∈ X, which implies,     u = limn→∞ Axn, and u 
= limn→∞ Sx2n+1 = limn→∞ Tx2n+2. it follows that       A u = S u = T u,  and now using 
(3.7) , for α = 1, 
      M'(Au, Au, A2u, a, qt) = M'(Au, Au, AAu, a, qt) 

  ≥ φ{M'(Su, Tu, A2u,a, t), M'(Su, Au, Au, a, t), M'(Tu, Au, Au, a, t), 
                                    M'(TAu, Au, a, t), M'(Su, Au, AAu, a, t)} 

                = φ{M'(Au, Au, A2u, a, t), M'(Au, Au, Au, a, t), M'(Au, Au, A2u, a, t), 
                               M'(Au, Au, A2u, a, t), M'(Au, Au, A2u, a, t)} 

 = φ{M'(Au, Au, A2u, a, t), 1,1, M'(Au, Au, A2u, a, t), M'(Au, Au, A2u, a, t)} 
i.e., M'(Au, Au, A2u, a, qt) ≥ M'(Au, Au, A2u, a, t)  ≥ M'(Au, Au, A2u, a, t/k), 
or  M'(Au, Au, A2u, a, qt) ≥ M'(Au, Au, A2u, a, t/q) ≥ M'(Au, Au, A2u, a, t/q2) ........ 

                  …... ≥ M'(Au, Au, A2u, a, t/qn) 
Since   lim n→∞ M'(Au, Au, A2u, a, t/qn) = 1,  thus  M'(Au, Au, A2u, a, qt) = 1. 
which implies by lemma 3.5,  Au = A2u,   and hence   A2u = Au = Su = Tu = u. Thus u 
is a common fixed point of S, T and A.  
For uniqueness let w (≠ u) be another common fixed point of S, T and A. By (3.7), for α 
= 1,  
      M'(Au, Au, Aw, a, qt) ≥ φ{M'(Su, Tu, Au, a, t), M'(Su, Au, Au, a, t), M'(Tu, Au, Aw, a, t),  

                 M'(Tu, Au, Au, a, t), M'(Su, Au, Aw, a, t)} 
           = φ{M'(Au, Au, Au, a, t), M'(Au, Au, Au, a, t), M'(Au, Au, Aw, a, t), 
                                             M'(Au, Au, Au, a, t), M'(Au, Au, Aw, a, t)} 
or          M'(Au, Au, Aw, a, qt) ≥ M'(Au, Au, Aw, a, t), 
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ie           M'(u, u, w, a, qt) ≥ M'(u, u, w, a, t). 
Therefore by lemma 3.5, we write u = w. i.e. u is a unique common fixed point of S, T 
and A.                 
 
Theorem 3.5:   Let (X, M', *) be a complete M'–fuzzy 3–metric space and let T be 
continuous self mapping in X, then T has a fixed point in X if there exist continuous 
mapping A of X into T(X) which commute with T and 

M'(Ax, Ay, Az, a, b, qt) ≥ min{M'(Ax, Ay, Tz, a, b, t), M'(x, Ty, Az, a, b, t),  
            M'(y, Ty, Tz, a, b, t)}       (3.16) 

for all x, y, z, a , b in X, t > 0 and q ∈ (0, 1), and 
lim t→∞ M'(x, y, z, u, w, t) = 1,                                                 (3.17) 

for all x, y, z, u, w in X. Then T and A have a unique common fixed point. 
 
Proof:   Similar as theorem 3.3.                             
 
 
Theorem 3.6:  Let (X, M,*) be a complete M- fuzzy 3–metric space with t * t ≥ t for all   
t ∈ [0, 1] and let S and T be continuous mappings of  X in X, then S and T have a 
common fixed point in X if there exists continuous mappings A of X into S(X) ∩T(X), 
which commute with S and T, satisfying  
(i)• S(X) ⊆ T(X) 
(ii)• T(X) is complete and 
     M'(Ax, Ay, Az, a, b, kt) ≥ φ{M'(Sx, Ax,Ty, a, b, t), M'(Sx, Ax, Ay, a, b, t), M'(Ty, 
Ay, Az, a, b, t),   

                 M'(Ty, Ax, Ay, a, b, αt), M'(Sx, Ay, Az, a, b, (2 – α)t)}           (3.21) 
for all x, y, z, a, b in X, t > 0, α ∈(0,2), 0 < k < 1, φ ∈ Φ and 
    limt→∞ M'(x, y, z, w, u, t) = 1              (3.22) 
Then S, T and A have a unique common fixed point.  
 
Proof:   Similar as theorem 3.4.  
                              
Corollary 3.1:   Let (X, M', *) be a M'-fuzzy 2-metric space with t * t ≥ t for t ∈ [0, 1]. 
Let S, T : X → X be two continuous maps, then S, T have a common fixed point in X it 
there exists continuous mapping A of X into S(X) ∩ T(X) which commute with S and 
T, m and p be the positive integers and there exists a number 0 < k < 1 s.t 
           M'(Ax, Ay, Az, a, kt) ≥ φ{M'(Spx, Tmy, Ax, a, t), M'(Spx, Ax, Ay, a, t), M'(Tmy, 
Ay, Az, a, t), 
                       M'(Tmy, Ax, Ay, a, t), M'(Spx, Ay, Az, a, (2 – α)t)}      (3.23) 
for all x, y, a ∈ X, t > 0, α ∈ (0, 2), φ ∈ Φ 
and                          limt→∞ M'(x, y, z, t) = 1.                                 (3.24) 
Further suppose 
(i)••   Sp(X) ⊆ Tm(X) 
(ii)••         Tm(X) is complete  
Then S, T and A have a unique common fixed point.  
 
Proof:     By above theorem 3.4, Sp and Tm have a unique common fixed point z. Then 
we have 

Sp u = Tmu = u 
Now using      Sp(Au) = A(Spz) = Au  and    Tm(Au) = A(Tmu) = Au. 
Thus Au is also a common fixed point of Sp and Tm, but by uniqueness of u implies Su 
= u, similarly      Tu = u. Thus Au = Su = Tu = u. Hence S, T and A have a unique 
common fixed point.  
 
This completes the proof.                
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