
Int. J. Contemp. Math. Sciences, Vol. 5, 2010, no. 28, 1385 - 1395 
 
 
 
 

Fourier Method for Solving Transportation  
 

Problems with Mixed Constraints  
 

 P. Pandian and G. Natarajan  

Department of Mathematics,  School of Advanced  Sciences 
V I T University, Vellore-632 014, Tamil Nadu, India 

 pandian61@rediffmail.com 
 
 

Abstract 
  A new method called, Fourier transportation algorithm based on Modified 
Fourier Elimination method is proposed for finding an optimal solution of 
transportation problems with mixed constraints. This method is very easy to 
understand and apply which can serve managers by providing the optimal solution to 
a variety of distribution problems with mixed constraints. The proposed method is 
illustrated with a numerical example.  
 
Mathematics Subject Classifications: 90C08, 90C90 
 
Keywords:  Transportation problem, Mixed constraints, Optimal solution, Fourier 
transportation  method.  
 
 
1 Introduction 
 
  The transportation problem is a special class of linear programming problem, 
which deals with shipping  commodities from sources to destinations. The objective 
of the transportation problem is to determine the shipping schedule that minimize 
that total shipping cost  while satisfying   supply and demand limits. The 
transportation problem has an application in industry, communication network, 
planning, scheduling, transportation and allotment etc. In literature, a good amount 
of research has available to obtain  an optimal solution for transportation problems 
with equality constraints [2,4,7,12]. In real life, however, most problems have mixed 
constraints accommodating many applications that go beyond transportation related 
problems to include job scheduling, production inventory, production distribution, 
allocation problems, and investment analysis. The transportation problems  with 
mixed constraints are not addressed in the literature because of the rigor required to 
solve these problems optimally. A literature search revealed no systematic method 
for finding an optimal solution of transportation problems with mixed constraints. 
Gupta et al.[3] and Arsham [1] obtained  the more-for-less  solution  for the  
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transportation problem  with mixed constraints by relaxing the constraints and by 
introducing new slack variables. While yielding the best more-for-less solution, their 
method is tedious since it introduces more variables and requires solving sets of 
complex equations. Perturbed method was used  for solving the transportation 
problems with constraints in  [5,8,9]. 
 

Williams [11] developed a method  called  the Fourier elimination method 
for  solving  linear programming problems based on the  Fourier elimination 
technique which generates more additional and redundant constraints. Kanniappan 
and Thangavel [6] modified the method of Fourier elimination method  developed 
by Williams [11] for solving linear programming problems by choosing a variable 
for elimination, which generates minimum number of constraints in each step 
compared to that of  the method of  Fourier elimination method.   

 
Recently, Veena et al.[10] have proposed a heuristic method for solving  

transportation problems  with mixed  constraints which is based on the theory of 
shadow price. The solution obtained by the heuristic method introduced by Veena et 
al.[10] is an initial solution of the transportation problems with mixed constraints. 

 
      In this paper, we develop a new method  called   Fourier transportation 
method for finding an optimal solution of  transportation problems with mixed 
constraints based on the Modified Fourier’s Elimination method [6] in single stage. 
This method is very easy to understand and apply which can serve managers by 
providing the optimal solution to a variety of distribution problems with mixed 
constraints. The proposed method  is illustrated with a numerical example.   

 
 

2  Transportation problems with mixed constraints 
  

Consider the mathematical model for a TP with mixed constraints . 
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 where   STQ   and  ,  are pairwise disjoint subsets of  { } ,...,3,2,1 n  such that   
                     =∪∪ STQ  { } ,...,3,2,1 n ;  

WVU   and  ,  are pairwise disjoint subsets  of{ } ,...,3,2,1 m  such that                                                           
         { } ,...,3,2,1 mWVU =∪∪ ;  

 ijc is the cost of  shipping  one unit from  supply  point  i to the demand point  j ;   

ia  is  the supply at supply point  i  ;   
 jb  is  the  demand at demand point  j   and   

ijx   is  the number of units  shipped  from supply point  i to demand  point  j. 
 
Remark 1 : If  Q, T, U and V are empty, then the problem (P) becomes the TP with 
equality constraints. 
 
             The transportation problem with mixed constraints (P) can be represented  
by  a matrix of order m x n  called the cost matrix.  For 3=m   and 3=n ,  the 
structure of  cost matrix  is  
 
 
 
 
 
 
 
       The  maximization problem corresponding to the problem (P) is given below. 
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           The equivalent problem to the problem (XP) is given below. 
 
   (EP) Maximize  w  

        subject to     0
1j1i

≤+∑∑
==

wxc ijij
nm   

            and also,  (1) to  (7) are satisfied . 
 
 
 

 1 2 3 Supply 
1 l h k = e 
2 p q r ≥ f 
3 x y z ≤ g 

Demand  = a ≥ b ≤ c  
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Theorem 1: If } ,...,2,1 and  ,...,2,1: { ij njmix ==o  is an optimal solution for the 

problem (EP), then } ,...,2,1 and  ,...,2,1: { ij njmix ==o  is also an optimal solution of 

(P) and the minimum value of oo
ijij

1j1i
z , xcz

mm
∑∑=
==

. 

Proof. Since (EP) is an equivalent problem of (XP), then 
} ,...,2,1 and  ,...,2,1: { ij njmix ==o  is an optimal solution for the problem  (XP). 

Since (XP) is the maximization type problem corresponding to the problem (P), then 
} ,...,2,1 and  ,...,2,1: { ij njmix ==o  is an optimal solution for the problem  (P) and 

the minimum value of oo
ijij

1j1i
z , xcz

mm
∑∑=
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Hence the theorem. 
 
Dominance property:  Consider the following system of inequalities   

              1332211 dxaxaxa ≤++                   )( 1n  
  2332211 dxbxbxb ≤++                    )( 2n  
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22  and ab   and  33  and ab   is of  same sign  or  zero, we say  that the inequality )( 1n  
is dominated by the inequality )( 2n . Also, inequality )( 1n  is called the redundant 
constraint of the system. 
 
Theorem 2:  Consider the system 
                 11212111 ... bxaxaxa nn ≤+++                                                        
               22222121 ... bxaxaxa nn ≤+++   
                                      M                                 .                                       (I) 
              mnmnmm bxaxaxa ≤+++ ...2211                                                                                  
              0,...,, 21 ≥nxxx . 
If ,0ij ≥a for all i, then .0j =x  

Proof:  Now, eliminating  jx  from the given system using Fourier elimination 
method, we have the following system 
                11111111212111 ...... bxaxaxaxaxa nnjjjj ≤++++++ ++−−                                                 
               22112112222121 ......... bxaxaxaxaxa nnjjjj ≤++++++ ++−−   
                                                               M                  .                                     (II)                            
              mnmnjmjjmjmm bxaxaxaxaxa ≤++++++ ++−− ......... 11112211                                           
              0,...,,,...,, 1121 ≥+− njj xxxxx . 
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From the system (I) and the system (II), we observe that there is  no role of the 
variable jx , that is , jx  is an inactive variable. Therefore, .0j =x  
Hence the theorem. 
 
           For easy to understand and to compute quickly, we use a new type of  
computation table  called  Fourier  elimination table. The Fourier elimination table 
for a linear system BAX ≤  is a rectangular arrangement  which contains  variables  
X  and  its coefficients,   the values of B  and  equation numbers. 
 
          The Fourier  elimination table for the following linear system of inequalities   
              1332211 dxaxaxa ≤++                     )( 3n   
              2332211 dxbxbxb ≤++                    )( 4n   
is given below : 
 
 
 
 
 
 
 
3  Fourier transportation method 
          Now, we propose a new method  called Fourier transportation method for 
finding an optimal solution of  a  transportation problem with mixed constraints. 

 
          The  Fourier transportation method proceeds as follows.   
 
Step 1: Write the given  transportation problem with mixed constraints  in the form 
of a pure integer  linear programming problem.   
 
Step 2: Convert the pure integer linear programming problem obtained from the 
Step 1.into a maximization problem. 
 
Step 3: Write the maximization problem  obtained from the Step 2. having only one  
type  of  the inequality  ‘≤ ’  by  eliminating   one  variable  in  an  equality 
constraint  in the given problem. 
 
Step 4: Write the equivalent pure integer linear programming problem to the 
modified maximization  problem obtained from the Step 3. and  then, construct the 
Fourier elimination table for the equivalent  problem.. 
 
Step 5: Select and  remove  a  variable  from the Fourier  elimination table  by the 
Modified  Fourier’s  elimination method [6]. 
 
Step 6: Form a  reduced  Fourier elimination  table from the Fourier Elimination 
table after deleting the true  statement(s)  and  redundant constraints  (if any) and 
also, using the Theorem 2. 
 

1x  2x  3x  B Equation number 

1a  2a  3a  1d  )( 3n  

1b  2b  3b  2d  )( 4n  
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Step 7: Repeat  the Step 5  to  the Step 6 until  all variables of s'ijx  are eliminated 
except  the objective function variable w . 
 
Step 8: Find  the least upper bound of all  maximum possible values of w . Say od . 
The optimum solution w  is od . The values of all s'ijx  are computed using 

backward substitution method and basic algebraic method.  Say o
ijx , i = 1,2,…,m  

and  j = 1,2,…,n. 
 
Step 9: The optimal solution for the transportation problem with mixed constraints 
is   ,ijij

oxx =  i = 1,2,…,m and j = 1,2,…, n  and the minimum value  of =oz ,z od . 
 
4  Numerical Examples 
      The proposed method is illustrated by the following examples. 
 
Example 1. Consider the following transportation problem with mixed constraints. 
 
    
 
 
 
 
Now,  the pure integer linear programming problem of the given problem  is given 
below. 

333231232221131211 2987 5710z   Minimize   (P) xxxxxxxxx ++++++++=  

        subject to    5131211 =++ xxx                              (8) 
      6232221 ≥++ xxx                                           (9)                               
     9333231 ≤++ xxx                               (10) 

8312111 =++ xxx                               (11)                               
10322212 ≥++ xxx                             (12) 

   5332313 ≤++ xxx                               (13)                               
              0,,,,,,,, 333231232221131211 ≥xxxxxxxxx  and  integers.                (14)                 
 
Now, the maximization problem corresponding to (P) is given below.    
  333231232221131211 2987 5710  wMaximize (XP) xxxxxxxxx −−−−−−−−−=  
  subject to (8) to (14)  are satisfied where z−=w . 
 
Now, using ( 8) and (11) ,  (XP)  can be written as follows.  
 33323123221311 293 76445  wMaximize (XP1) xxxxxxx −−−−−−−−=  
            subject to  51311 ≤+ xx  ; 9333231 ≤++ xxx  ; 5332313 ≤++ xxx ;  
                  83111 ≤+ xx ; 532221311 −≤−−+ xxxx ;  223223111 ≤−−+ xxxx  ;    

 1 2 3 Supply 
1 10 1 7 = 5 
2 5 7 1 ≥ 6 
3 8 9 2 ≤ 9 

Demand  = 8 ≥ 10 ≤ 5  
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                  0  and ,,,,, 33323123221311 ≥xxxxxxx  and  integers. 
 
Now, the equivalent problem to the problem  (XP1) is given below. 
   (EP)     Maximize  w 

               subject to   ;4529 3764 33323123221311 −≤+++++++ wxxxxxxx      
                  9333231 ≤++ xxx ;  5332313 ≤++ xxx ;  532221311 −≤−−+ xxxx ;  
                  83111 ≤+ xx ;  51311 ≤+ xx ;     223223111 ≤−−+ xxxx ;   
                  0  and ,,,,, 33323123221311 ≥xxxxxxx  and   integers. 
 
By the Theorem 2., we have  11x  = 0 ,  13x = 0, 31x = 0,  23x = 0  and 33x = 0  and 
therefore,  problem (EP)  reduces to     
                            
(EP1)        Maximize  w 

               subject to   ;459 32227 −≤++ wxx  932 ≤x ; 53222 −≤−− xx ;                      
               0  and 3222 ≥xx  and  integers. 
Now, we form the starting Fourier elimination table for the problem (EP1). 
 
   
 
 
 
 
 
Now, eliminating 22x   from the table using Modified Fourier  elimination method, 
we have the following Fourier  elimination table after removing the true statements 
and the redundant constraints.  
 
 
 
 
 
 
By the Theorem 2., 32x  = 0. Therefore, we remove  the column of 32x  from the 
above  table and also,  remove  the true statements and  the redundant of the result 
table. Then, we have  the following table.  
 
 
 
The least upper  bound of the maximum possible values of w  is  - 80. Therefore, the 
minimum transportation cost , z = 80. 
Now,  using backward substitution method and basic algebraic method , we have  

011 =x , 512 =x , 013 =x , 821 =x , 522 =x , 023 =x , 031 =x , 032 =x , 033 =x .  
 

22x  32x  w B  Equation Number 
7 9 1 -45 (15) 
0 1 0 9 (16) 
-1 -1 0 -5 (17) 
-1 0 0 0 (18) 
0 -1 0 0 (19) 

32x  w B  Equation Number 

1 0 9 (16) 
2 1 -80 (20)      [(15)+7(17)] 
-1 0 0 (19) 

w  B  Equation Number 
1 -80 (20)  
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Therefore, the  optimal solution is 011 =x , 512 =x , 013 =x , 821 =x , 522 =x , 

023 =x , 031 =x , 032 =x , 033 =x  and  .80=z  
 
Example 2. Consider the following balanced transportation problem. 
 

 
Now, the purely integer  linear programming problem  for the above balanced  
transportation problem  is given below. 
(P) 333231232221131211 43522374z  Minimize xxxxxxxxx ++++++++=  

  subject to     80131211 =++ xxx                                                          (21) 
 20232221 =++ xxx                                    (22) 
                            35333231 =++ xxx                                                       (23) 
 60312111 =++ xxx                                              (24) 
                            40322212 =++ xxx                                              (25) 
                           35332313 =++ xxx                                             (26) 
          0,,,,,,,, 333231232221131211 ≥xxxxxxxxx  and integers.               (27)              
 

Now, the maximization problem corresponding to (P) is given below. 
  (EP) 333231232221131211 43522374  wMaximize xxxxxxxxx −−−−−−−−−=  

  subject to (21) to (27)  are satisfied where z−=w . 
 
Now,  using (21) to (27) ,  (EP)  can be written as follows. 
 (EP1)     33322322 442540  wMaximize xxxx +−+−−=  

               subject to 
                202322 ≤+ xx ;     353332 ≤+ xx ;        403222 ≤+ xx ;                                 
                353323 ≤+ xx   and  0,,, 33322322 ≥xxxx  and integers .                                        
 
The equivalent problem to the problem  (EP1) is given below. 
  (EP2)      wMaximize  
               subject to   
               540442 33322322 −≤+−+− wxxxx  ; 202322 ≤+ xx  ;  353332 ≤+ xx  ;                                 
                403222 ≤+ xx ; 353323 ≤+ xx   and   0,,, 33322322 ≥xxxx  and integers . 
                                        
By the Theorem 2.,  we have, 0,0 3222 == xx  and therefore,  the problem (EP2) 
reduces to  
 (EP3)      wMaximize  

 01 02 03 Supply 
01 4 1 7 80 
02 3 2 2 20 
03 5 3 4 35 

Demand  60 40 35  
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               subject to   
                    54044 3323 −≤+−− wxx   ;    2023 ≤x ;    3533 ≤x ;   
                       353323 ≤+ xx  and 0, 3323 ≥xx  and  integers.                                         
 
 
Now, we form the starting Fourier elimination table for the problem (EP3). 
  

 
Now, eliminating 23x   from the  first iteration  table using Modified Fourier 
elimination method,  we have  the following Fourier  elimination table after 
removing the true statements and the redundant constraints. 
 

 
Now, eliminating 33x   from the  first iteration  table using Modified Fourier  
elimination method,  we have  the following Fourier  elimination table after 
removing the true statements and the redundant constraints. 
 

 
 
The least upper bound of  the maximum possible  value of 400−=w . Therefore, 
total minimum transportation cost .400=z  
 
 
Now, using the backward substitution method and  the basic algebraic method, we  
obtain  the values of variables:   4011 =x ;  =12x  40 ; 013 =x ; 021 =x ; 022 =x , 

2023 =x ; 2031 =x ; 032 =x    and 1533 =x .                                                                                       
Therefore, the  optimal solution is 4011 =x , 4012 =x , 013 =x , 021 =x , 

022 =x , 2023 =x , 2031 =x , 032 =x  and 1533 =x  and  .400=z  

23x  33x  w B  Equation Number 

-4 -4 1 -540 (28)
1 0 0 20 (29)
0 1 0 35 (30)
1 1 0 35 (31)
-1 0 0 0 (32)
0 -1 0 0 (33)

33x  w  B  Equation Number 

0 1 -400 (34) [4(31)+(28)]
-4 1 -460 (35) [4(27)+(28)]
1 0 35   (30)
-1 0 0   (33)

w  B  Equation Number 
1 -400 (34)
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5  Conclusion 
 

We have provided a method called the Fourier transportation method to find 
an optimal solution for transportation problems with mixed constraints. This method 
is very easy to understand and apply. So, the Fourier transportation  method can 
serve managers by providing the optimal solution to a variety of distribution 
problems with mixed constraints. In near future, we extend this method to 
generalized transportation problems and multiobjective transportation problems. 
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