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Abstract.  Mathematical Morphology is a theory and technique for the analysis 
and the processing of geometrical structures based on set theory, lattice theory, 
topology and random functions. It can be applied on graphs, surface meshes, 
solids and many other spatial structures. Fuzzy  Mathematical morphology aims 
to extend the binary morphology operators to grey level images. Mathematical 
Morphology is the methodology for the quantitative analysis of spatial structures 
based on concepts of shape and form. Mathematical Morphology is based on set 
theory, commonly applying to digital images. It is a foundation of Morphological 
image processing which consists of set operators that transform images. In this 
paper, we present two articles on the subject. In the first article, membership 
functions, fuzzy set theory, fuzzy logic, fuzzy mathematical morphology fuzzy 
operators such as erosion, dilation, opening & closing will be explained in detail. 
In the second article, there will be an innovative study of construction of 
Mathematical Morphology on fuzzy sets and their properties.                   
 
 
Keywords : Fuzzy sets, Fuzzy logic, Fuzzy operators, Fuzzy mathematical 
operators, Dilation and Erosion, opening and closing  
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1. INTRODUCTION  

 Mathematical Morphology is fully based on set theory and it was invented 
by Geroges Matheron and Jean Serra. Early  Mathematical morphology dealt 
essentially with binary images treated as sets, and generated large number of 
binary operators and techniques, Hit or miss transform, dilation, erosion, opening 
and closing. Mathematical morphology is a geometry based techniques for image 
processing and analysis. It was  developed for binary images and used simple 
concepts from set theory and geometry such as inclusion, intersection, union, 
complementation and translation which forms morphology operators, best suited 
for the analysis of shape and structures in binary images. Latin serra and 
Heijmans proved  that morphological operators can be formulated an any 
complete lattice.  

Membership Function&Fuzzy set: [8] Let x be the universal set The 
characteristic function which assigns certain values or a membership grade to the 
elements of this universal set within a specified range[0, 1] is known as the 
membership function and is denoted by μ . The set thus defined is called a fuzzy 
set. If μ is the membership function defining a fuzzy set A then it is denoted by 

]1,0[X:and AA →μμ   

α  - cut of fuzzy set : An  α  - cut of fuzzy set is a crisp set αA  that contains all 
the elements of the universal set X that have a membership grade in A greater 
than or equal to the specified value of α . Thus 

( ){ } .10,X:XxA A ≤α≤α≥μ∈=α     
 
 
2. Fuzzy Morphological operations 
  

Let 0 < ≤α 1. An α  - cut of the set X (denoted by [X] α ) is the set of points x, 
for which α≥μ )x(X .The usual set-theoretical operations can be defined naturally 
on fuzzy sets: [7]Union and intersection of a collection of fuzzy sets is defined as 
supremum, resp. infimum of their membership functions. Also, we say that A⊆B 
if )x()x( BA μ≤μ for all x E∈ . The complement of A is the set Ac with 
membership function )x(cA

μ = 1 - )x(Aμ  for all x E∈ . If the universal set E is 

linear, like the d-dimensional Euclidean vector space dℜ or the space of integer 
vectors with length d, then any geometrical transformation arising from a point 
mapping can be generalized from sets to fuzzy sets by taking the formula of this 
transformation for graphs of numerical functions, i.e., for any transformation ψ  
like scaling, translation, rotation etc. we have that ))x(( Aμψ  = )).x(( 1

A
−ψμ  

Therefore we can transform fuzzy sets by transforming their −α cuts like  
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ordinary sets. Further on, for simplicity, we shall write simply A(x) instead of 
)x(Aμ . 

 Say that the function c(x,y) ; [0,1] x [0,1] ]1,0[a  is conjunctor if c is 
increasing in the both arguments, c(0,1) = c(1,0) = 0, and c(1,1) = 1. We say that 
a conjunctor is a t-norm if it is commutative, i.e. c(x,y) = c(y,x), associative 
c(c(x,y),z) = c(x,c(y,z)) and c(x,1) = x for every number x ]1,0[∈   

 Say that the function i(x,y): [0,1] x [0,1] ]1,0[a  is implicator if i is 
increasing in y and decreasing in x, i(0,0) = i(1,1), and i(1,0) = 0. 

A number of adjoint conjunctor-implicator pairs are proposed. Here we 
give examples of two of them: 

             c(b,y) = min(b,y), 

             i(b,x) =    x      x < b,  

  1      x ≥  b. 

             c(b,y) = max(0,b + y-1), 

             i(b,x) = min(1,x – b +1). 

 The first pair is known as operations of Godel-Brouwer, while the second 
pair is suggested by Lukasiewicz. 

 Also, a widely used conjunctor is c(b,y) = by, Its adjoint implicator is 

         I(b,x) =  
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧ ≠ ,0b)

b
x,1(min

 

    

          

3. Fuzzy Morphology 
 

 There are different ways to define fuzzy morphological operations. An 
immediate paradigm for defining fuzzy morphological operators is to lift each 
binary operator to a grey-scale operator by fuzzifying its primitive composing 
operations. 

3.1 Fuzzy Morphological  Operators in Image Processing [6] 
The complement of a fuzzy subset A of  U, denoted Ac, is the fuzzy  

subset of U  defined as Ac(x) = 1-A(x) ∀ x ε U. 

The translation of a fuzzy subset A of U by vεU, denoted Av,  is the fuzzy 
subset of U defined as Av(x) = A(x-v) ∀ x ε U. 

1       b=0 
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The reflection of a fuzzy subset A of U, is the fuzzy subset of U-A of U 
defined as          –A(x)=A(-x)  ∀ x ε U. 

The scalar addition of a fuzzy subset A of  U, and constant α ε [-1, 1], 
denoted as A α, is defined as  (A α)(x) = min(1, max(0. A(x)+α))  ∀ x ε U. 

Given α ε [0, 1] and A fuzzy subset of U, we denote α(A) as the fuzzy 
subset of U such that α (A) (x) = α(A(x)).  

Let be a fuzzy subset A of [0, 1]U and vεU, then, it is easily verified that: 

1) –(Av) = (-A)(-v),   2) (Av)c = (A)c
v,   3) (-A)c = -(Ac). 

The operator R(A, B) (I), with λ function verifying the conditions, the 
characterization given by Sinha and Doughherty  is: 

∀A, B∈[0,1],R(A,B)=sup {r}, r∈[0,1] 

     λ (AC)∇  (r-1)⊆ λ (B)c 

 Erosion and dilation:  
 Let us consider the notion of erosion within the original formulation of 
Mathematical Morphology in Euclidean space U. Given A, B subsets of U, x∈U 
and denoting BX = {b+x | b∈B ∩ } and –B = {x∈U | -x ∈B. Then the erosion of A 

by B is defined by ∈(A,B) = A L(-B) =      
)B(b −∈
 Ab = {x∈U} | Bx⊆  A  } 

Resulting that x ∑∈ (A, B) if and only if B⊆   A., this idea can be extended to the 
fuzzy situation, considering the erosion in a point  x∈U as the grade with which 
the translated of B by x included in A. 

Definition : The erosion (dilation)[4] [5]  of an image A by another b, being A 
and B fuzzy subset of U, is the fuzzy subset denoted by ξ (A, B) ℘ ((A, B)), and 
it is defined by: ξ  (A, B) (Z) = R(BZ , A) ∈Ζ∀ U  ℘(A, B) (z) = 1- R((-B)Ζ , Ac 

) ∈Ζ∀ U. 

 The B image is called “structuring element”. 

Properties:   

 Dilation is commutative ℘ (A.B) = ℘(B,A), erosion is 
not. 
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 Erosion and dilation are dual of each other, ℘(Ac,-B) =ξ 
(A, B)C 

 Erosion and dilation are invariant for translations. Give A, 
B fuzzy subset of U and  v ∈ U then :  

 ξ (A,B∪C) = ξ (A,B) ∩ ξ(A,C) , ξ (A∩B,C)  =   ξ(A,C) 
∩ξ (B,C), 

℘ (A,B∪C) = ℘ (A,B) ∩ ℘(A,C) , ℘  (A∪B,C) = ℘(A,C) ∪ ℘ (B,C), 

 Let A ,B be fuzzy sunsets of U and K’ Crisps subset of U, 
then exist a bounded crisp subsets of U, such that; 

 ξ (A∩K,B) = ξ(A,B)∩K’, ℘ (A∩K,B) = ℘(A,B) ∩ K΄. 

 

4. Fuzziness in Mathematical morphology     

 The basic concept of binary morphology [7] is to probe an image with a 
simple pre-defined shape, drawing conclusion on how this shape fits or misses 
the shape the image. The  simple probe is called structure element. Structuring 
element is chosen based on the content of the image and on the purpose of the 
morphological operations.   

4.1  Binary Morphological Operations     

 Binary Mathematical morphology [1] is based on two basic operators, 
defined interms of structuring element. One is to scan the image and other is to 
alter the pixels in a function of its window content. The main two operations of 
binary mathematical morphology are dilation and erosion. a) [5]. Dilation U ⊕ V 
of set U with structuring element V enlarges the objects.               b). The Erosion 
U ∗ V shinks the objects 

        It is defined as              

Dilation : U ⊕ V (x) = {x∈X, x=u+v u∈U, v∈V} 

Erosion :  U ∗ V (x) == {x∈X, x+v∈U, v∈V} 

 Dilation is producing an image that is brighter than  the original in which 
small dark details eliminated. Erosion is producing darker image and the sizes of 
small, bright features were reduced. Opening and closing other two important 
operators derived from dilation and erosion. Opening decreases the sizes of small 
bright details, closing decreases the small darker details.  
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4.2. Gray Scale Morphological Operations  

[2] [3] It is an extension of  Binary morphological operations. Let f(u,v) be the 
input image and g(u,v) be the structuring element  

Gray Scale Dilation :  f ⊕g (x,y)= max {f(x-u, y-v)+ g(u,v)/x-u,y-v ∈Df, (u,v) 
∈Dg  

Gray scale Erosion : f∗g (x,y)= min{f(x+u, y+v)- g(u,v)/x+u,y+v ∈Df, (u,v) 
∈Dg 

where  Df = Domain of f 
 Dg = Domain of g  

Gray Scale Opening : f.g = (f∗g) ⊕ g 

Gray Scale Closing   :  f⊗g = (f ⊕g) ∗g 

 

conjunction, disjunction, negation, implication, are the basic operations in 
fuzzy logic.    

 

5. Fuzzy mathematical morphology with Fuzzy logical operators   

 Fuzzy morphological operators can be defined by means of fuzzy logic. 
Lct A and B belong to the set of images parts, then:  

 A⊆ B⇔∀y∈X,y ∈  A ⇒Y∈B 

           ⇔∀y∈X,A(y) ⇒B(y) 

  ⇔∀y∈  X, I (A(y), B(y)) =1  

 where I denotes binary implication. The fuzzy erosion of an image A can 
be defined by a structuring element B, in a  point x like.  

 E1 (A,B) (x) = 
Ay
inf
∈

I [B(y), A(y)]  

 A∩B ≠ φ ⇔∃ y∈X, y∈A ⇒  y∈B  

      ⇔   ∃ y∈X, C(A(y),B(y))=1  

 Where C is the binary conjunction. Then, the fuzzy dilation of an image A 
can be defined by  a structuring element B, in a point x like: 
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 D1 (A,B) (x) =
Ay

sup
∈

C [B(y), A(y)] 

           = 1- 
Ay
inf
∈

C [B(y), A(y)]  

 Following the steps of the morphological theory, fuzzy opening and fuzzy 
closing are described as follows: 

O1 (A,B)(x) = D1 [E1(A,B)(y),B(y)]   

         = DF [
y
inf I [B(y), A(y),} B(y)] 

        =  
y
sup  C [[B(y), 

y
inf  I [B(y), A(y)]] 

C1 (A,B) (x) = E1 (D1 (A,B)(y), B(y)] 

           =E1 [
y
supC [B(y), A(y)] B(y)] 

           = 
Ay
inf
∈

 I [B(y), 
y
sup  C B(y),A(y)]  

II. Construction of Mathematical  Morphology  

6. Introduction   

Mathematical  Morphology aims at studying shapes by comparing them 
locally with structuring elements through set relationship. Mathematical  
Morphology fuzzy sets defined only with binary structuring elements. Infinitely 
many fuzzy Morphologies can be constructed. The two main Mathematical  
Morphology construction principles are (1) α-cut decomposition (2) fuzzification 
of set operations. It leads to definition of fuzzy erosion and fuzzy dilation by 
fuzzification. Let us define Fuzzy dilation and erosion to provide new 
transformations on fuzzy sets including spatial information which were 
developed from  concepts of constructions such as fuzzification, functional union 
and intersection.  

6.1 Fuzzy erosion & dilation by a fuzzification   Let A be the set of all fuzzy 
set defined an a space X or equivalently the set of all their membership functions 
μ : A→[0 1]. Let Mc be the set of all binary or crisp sets or equivalently the set of 
all their characteristic functions μc : A→[0 1]. 

A cut at level α of a fuzzy set characterized by μ is the binary set with 
characteristic function μα. A fuzzy set can be reconstructed from its own cuts by :  
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∀x∈E, (μx) = ∫
1

0
μα (x). dα. Let φ be a fuzzy function, from M to M. φ0 is the 

fuzzification of a function φc from Mc to Mc on binary sets if the restriction of φ 
to Mc id equal to φc. the fuzzification of a binary function can be obtained tin a 
way analogous to the reconstruction of a fuzzy set from its own cuts by : ∀ μ∈M, 

φ(μ) = ∫
1

0

φc (μα) dα. This fuzzification principle is the basis for constructing our 

fuzzy dilation and erosion from the binary definitions. 

 Definition: let μ and υ be membership functions of two fuzzy sets. The 
dilation of μ by v is obtained by fuzzification over μ then over v, or, equivalently, 
over v then over μ : 

 dv (μ)(x) = βαμβ=βμβ ∫ ∫∫ dd)x)((vdd)x)((d e

1

0

1

0
v

1

0

 

     = ∫∫∫ αβμβ=αμ
1

0
e

1

0
e

1

0

dd)x)((dvd)x)((vd  

A simple straightforward derivation provides :  

    ∫∫
∈

=αμ
1

0 )v(y
e

1

0 n

supd)x)((vd ( ) αμ dy thus, for any :Ex∈  

∫ αμ=μ
∈

1

0 )V(y
V d)y(sup)x)((d

n

 

 The result )(dV μ  is the membership function of a fuzzy set.  

 In a similar way, erosion can be defined by fuzzification. 

 Definition: let μ  and v be two fuzzy sets, the erosion of μ  by v is 

obtained by a double fuzzification, and we have, for any :Ex∈  

∫ αμ=μ
∈

1

0 )V(yV d)y(inf)x)((e
n

 

 The result )(eV μ is the membership function of a fuzzy set.  

6.2 Fuzzy erosion and dilation by functional union and intersection 
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Principle: A second  definition of fuzzy dilation can be obtained from the 
definition  of binary of x by a  structuring element B expressed by {x∉E,B, bx  

≠∩ x  }θ  by translation  it in functional  terms using the character tics. Tic 
functions  μ x and   μ s of x and B. In this way, we obtain: 

Bx ∩ x 1)]y(),xy(min[sup xB =μ−μ⇔βχ∈γ⇔∋θ≠  

 Similarly for erosion the translation of the set equality BX  

1)]y(),xy(max[inx xB =μ−μ⊂  

Definition: From the above principle, the dilation of a fuzzy set μ  by  a fuzzy 
structuring element  v (denoted  d2 (μ )) is defined, for x :by,⊂∈  

 d2 
v (μ ) (x) = sup min [μ (y), v (y-x)], y E∈  

 This definition  is my construction compatible with the binary  dilation. If 
v is binary and for μ  we have d2 v (μ ) (x)  = sup μ (y), and thus the definition is 
also compatible with grey – level dilation (with binary structuring element). 

 In the same way, fuzzy erosion can be defined by: 

  e2
v (μ ) (x) = inf max [(μ  (y), 1- v (y- x)] 

 as for dilation, compatibility with binary erosion and grey – level erosion 
with binary  structuring element holds.         

 

Conclusion 

 In binary Mathematical Morphology dilation expands the image and 
erosion shrink it Erosion yields a small image than the original and dilation in 
opposites. The same concept is extended to gray-level images where fuzzy 
erosion-dilation operation results in overlapping a effects of expands or shrinks 
images. Fuzzy sets & fuzzy logic provides new algorithms for processing the 
gray scale images by fuzzy mathematical operations. It can also be expanded to 
processing the colour images with the help of Fuzzy Mathematical 
operations.Fuzzy sets and Fuzzy logic yields new algorithms and solutions for 
Mathematical Morphology and their constructions.      
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