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Abstract
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1 Introduction

One of the meanings attributed to the term ’uncertainty’ is ”vagueness”. That
is, the difficulty of making sharp or precise distinction. A mathematical frame
work to describe these phenomena was suggested by Lotfi. A. Zadeh in his
seminal paper entitled ”Fuzzy sets”. The underlying fuzzy principle is that
’Everything is a matter of degree’. Thus, the membership in a fuzzy set is not
a matter of assertion or rejection but rather a matter of degree. Markov chain
have the advantage of when knowing initial values and matrix transitions it
can calculate any state at any moment time; since real situations are very often
vague in a number of ways and due to lack of information, the state of the
system might not be known completely; for overcoming this problem we are
using fuzzy Markov model.

There have been a few other papers published on fuzzy Markov chains
[1, 2, 3, 6, 7]. Using a restricted fuzzy matrix multiplication J. Buckley, E. Es-
lami [2] have been examine the properties of regular and absorbing, fuzzy
Markov chains. J. Buckley, T. Feuring and Y. Hayashi [3] have studied the
finite fuzzy Markov chains based on possibility theory and they have presented
the results in the absorbing fuzzy Markov chains. Also they have discussed
some results on finite horizon fuzzy Markov models.

During the past decade a class of time dependent stochastic population
models, known in the literature as non homogeneous Markov systems (NHMS)
was developed (P.-C.G.Vassiliou [13, 14]), in order to provide a general frame-
work for modeling social phenomena such as sociology, demography, man-
power, hospital and deucational planning. A. Platis, N. Limnios and M. Le
Du [9, 10] have modeled the non homogeneous Markov chain for analyzing
Asymptotic availability, Dependability of the system.

A non homogeneous fuzzy Markov chain is the general case in which the
transition fuzzy possibility matrix contains globally time - dependent coeffi-
cients. The usual special case is when all transitions are of constant rate; this
form is called (time) homogeneous.

In this paper we define a cyclic non homogeneous fuzzy Markov chain with
set of states and transition fuzzy possibility (rather than the probability) be-
tween the states also we obtain the long term behavior of the cyclic non ho-
mogeneous fuzzy Markov chain.

In section two we had given some preliminaries, in section three we have
proved the Chapman - Kolmogorov equation for the non homogeneous fuzzy
Markov chain, We define the cyclic non homogeneous fuzzy markov chain in
section four and analyze its long term behavior in the section five. These con-
cepts are illustrated in the section six. Finally we end up with the conclusions.
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2 Preliminary Notes

In this section we have given some preliminaries which are required for this
study.
The concept of fuzzy sets is a generalization of the crisp sets.

A fuzzy set [15] can be defined mathematically by assigning to each pos-
sible individual in the universe of discourse a value representing its grade of
membership in the fuzzy set.

Definition 2.1. (Membership Function [8])

Let Ã be a fuzzy set, then the membership function μ
�A(x) ∈ [0, 1] is evaluated

for Ã at x ∈ R, where [0, 1] denotes the interval of real numbers from 0 to
1, including 0 and 1. Thus the fuzzy sets are the subsets of the real number
system.

Definition 2.2. (Triangular Fuzzy Number [8])
Triangular fuzzy number is a fuzzy number represented by three points as fol-
lows:

Ã = (a1, a2, a3)

and its membership function is given as follows:

μ
�A(x) =

⎧⎪⎪⎨
⎪⎪⎩

0, x < a1;
x−a1

a2−a1
, a1 ≤ x ≤ a2;

a3−x
a3−a2

, a2 ≤ x ≤ a3;

0, x > a3.

Definition 2.3. (Possibility Measure [5])
Let Γ be the Universe of discourse and � is the class of all subsets of Γ. The
possibility measure σ is defined as σ : � −→ [0, 1] such that

1. σ(φ) = 0; σ(Γ) = 1

2. For an arbitrary collection of sets Ai ∈ �

σ(
⋃
i

Ai) = sup
i

σ(Ai)

The triplet (Γ,�, σ) is referred as a possibility space.

Definition 2.4. (Possibilistic V ariable [5])
Let (Γ,�, σ) be a possibility space and U an arbitrary universe. A possibilistic
variable S is a mapping from Γ to U . i.e.,
S : Γ −→ U
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Definition 2.5. (Fuzzy Markov Chain [11])
A fuzzy Markov chain is the chain which has a finite number of states S =
{1, 2, ..., s} and X = {Xn; n ∈ N} an S - valued stochastic process on possibility
space whose possibility measure is σ such that for all j ∈ S, n > 0 we have

σ(Xn+1 = j/X0, X1, . . . , Xn) = σ(Xn+1 = j/Xn)

Definition 2.6. (Transition Fuzzy Possibility [11])
The transition fuzzy possibility [11] from state i to state j in the time step from
n to n + 1 is defined as for each i, j ∈ S,

p̃ij(n, n + 1) = σ(Xn+1 = j/Xn = i)

Definition 2.7. (Transition Fuzzy Possibility Matrix [11])

The transition fuzzy possibility matrix P̃ = (p̃ij), i, j ∈ S is an s x s matrix of
the transition fuzzy possibilities and each p̃ij ≥ 0. In this paper we are using

elements of P̃ as a special type of fuzzy number called the triangle fuzzy number
for capturing the fuzziness.

3 Chapman Kolmogorov equation for the Non

- Homogeneous Fuzzy Markov Chain

In this section we define a non homogeneous fuzzy Markov chain and its state
fuzzy possibility vector. Also we derive its Chapman Kolmogorov equation.
Throughout this paper we consider the state space as S = {1, 2, . . . , s}.

Definition 3.1. (Non Homogeneous Fuzzy Markov Chain)
A non homogeneous fuzzy Markov chain {Xn, n ∈ N} is the Markov chain
whose transition fuzzy possibilities,

p̃ij(n, n + 1) = σ(Xn+1 = j/Xn = i); n ∈ N, i, j ∈ S

are the function of n. Hence the transition fuzzy possibility matrix P̃ varies
with respect to n (time).

The transition fuzzy possibilities p̃ij(n, n+1) are called the transition fuzzy
possibility function of the non homogeneous fuzzy Markov chain {Xn}. It is
also called a one step transition fuzzy possibility function.

Definition 3.2. Multiple step transition fuzzy possibility function can be
written as

p̃ij(m, n) = σ(Xn = j/Xm = i), 0 ≤ m ≤ n (1)
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In the following theorem we obtain the Chapman Kolmogorov equation for
the non homogeneous fuzzy Markov chain.

Theorem 3.3. The transition fuzzy possibility matrix P̃ from step m to n
can be obtained by

P̃ (m, m + n) = ⊗m+n−1
l=m P̃ (l, l + 1)

= P̃ (m, m + 1) ⊗ P̃ (m + 1, m + 2) ⊗ . . . ⊗ P̃ (m + n − 1, m + n)

Proof. We prove this by induction on n. When n = m + 1

L.H.S = P̃ (m, m + 1) = R.H.S which is trivial.

When n = m + 2, p̃ij(m, m + 2) contains all paths of length two from state i
to state j through an intermediate state k.

p̃ij(m, m + 2) = max
k∈�

[min(p̃ik(m, m + 1), p̃kj(m + 1, m + 2))]

i.e., P̃ (m, m + 2) = P̃ (m, m + 1) ⊗ P̃ (m + 1, m + 2)

Assume that the result is true for n − 1,

P̃ (m, m + n − 1) = P̃ (m, m + 1) ⊗ . . . ⊗ P̃ (m + n − 2, m + n − 1)

Now we prove for n. A path of length n from state i to state j is a path of
length n − 1 followed by a path of length 1. Therefore,

p̃ij(m, m + n) = max
k∈�

{min[p̃ik(m, m + n − 1), p̃kj(m + n − 1, m + n)]}
i.e., P̃ (m, m + n) = P̃ (m, m + n − 1) ⊗ P̃ (m + n − 1, m + n)

= P̃ (m, m + 1) ⊗ . . . ⊗ P̃ (m + n − 2, m + n − 1) ⊗

⊗P̃ (m + n − 1, m + n)

Hence,

P̃ (m, m + n) = ⊗m+n−1
l=m P̃ (l, l + 1) (2)

Corollary 3.4. In the above equation 2, if m = 0 then the transition fuzzy
possibility matrix from the time step 0 to n can been written as

P̃ (0, n) = ⊗n−1
l=0 P̃ (l, l + 1)

= P̃ (0, 1) ⊗ P̃ (1, 2) ⊗ . . . ⊗ P̃ (n − 1, n)

Hence in the non homogeneous fuzzy Markov chain the transition fuzzy possi-
bility matrix from time step 0 to n can be obtained as a max min composition
between the transition fuzzy possibility matrices of consecutive time steps oc-
curs between 0 and n − 1.
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3.1 State fuzzy Possibility vector

The initial fuzzy possibility vector p̃(0) on S is denoted as p̃(0) = (p̃
(0)
1 , . . . , p̃

(0)
s )

where p̃
(0)
i is the fuzzy possibility of being in state i initially and it is defined

as

p̃
(0)
i = σ(X0 = i)

The vector p̃(n) = (p̃
(n)
1 , . . . , p̃

(n)
s ) is called the state fuzzy possibility vector

at time n, where p̃
(n)
j is the possibility of remaining in state j after time steps

n. And we define this as follows using

p̃
(n)
j = σ(Xn = j)

= max
i

{min [σ(X0 = i), σ(Xn = j/X0 = i)]}

= max
i

{
min

[
p̃

(0)
i , p̃ij(0, n)

]}
i.e., p̃(n) = p̃(0) ⊗ P̃ (0, n)

= p̃(0) ⊗ [⊗n−1
l=0 P̃ (l, l + 1)] (3)

Hence the state fuzzy possibility vector p̃(n) of the non homogeneous fuzzy
Markov chain {Xn} is completely defined by its initial fuzzy possibility vector

p̃(0) and its transition fuzzy possibility matrix P̃ (0, n); n ∈ N. The state fuzzy
possibility vector can also be written as

p̃
(n)
j = max

i
{min [σ(Xn−1 = i), σ(Xn = j/Xn−1 = i)]}

= max
i

{
min

[
p̃

(n−1)
i , p̃ij(n − 1, n)

]}
i.e., p̃(n) = p̃(n−1) ⊗ P̃ (n − 1, n) (4)

4 Cyclic Non - Homogeneous Fuzzy Markov

Chain

In this section we define the cyclic non homogeneous fuzzy Markov chain and
its state fuzzy possibility vector.

Definition 4.1. (Cyclic Non Homogeneous Fuzzy Markov Chain)
The transition fuzzy possibility function of a non homogeneous fuzzy Markov
chain p̃ij(n, n+1); n ∈ N, i, j ∈ S is called cyclic of period d(d > 1), if d is the
smallest integer and r < d verifying that,

p̃ij(md + r, md + r + 1) = p̃ij(r, r + 1); m, r ∈ N, i, j ∈ S (5)

In the succeeding theorem we are finding the transition fuzzy possibility
matrix for the cyclic non homogeneous fuzzy Markov chain of period d.
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Theorem 4.2. The transition fuzzy possibility matrix for the time step r
to md + r can be obtained as

P̃ (r, md + r) = ⊗d+r−1
l=r [P̃ (l, l + 1)]m

Proof. We prove the result by induction on m. When m = 1. The transition
fuzzy possibility matrix P̃ (r, d + r) can be written by using the Chapman
Kolmogorov equation as follows,

P̃ (r, d + r) = ⊗d+r−1
l=r P̃ (l, l + 1)

When m = 2,
P̃ (r, 2d + r) = ⊗d+r−1

l=r P̃ (l, l + 1) ⊗ P̃ (d + r, d + r + 1)⊗

⊗ . . . ⊗ P̃ (2d + r − 1, 2d + r)

since P̃ (md+r, md+r+1) = P̃ (r, r+1) we have, P̃ (d+r, d+r+1) = P̃ (r, r+1)
and
P̃ (2d + r − 1, 2d + r) = P̃ (d + d + r − 1, d + d + r)

= P̃ (d + r − 1, d + r).

Hence,
P̃ (r, 2d + r) = ⊗d+r−1

l=r P̃ (l, l + 1) ⊗ P̃ (r, r + 1)⊗

⊗ . . . ⊗ P̃ (d + r − 1, d + r)

Since the matrix multiplication is associative we have,

P̃ (r, 2d + r) = ⊗d+r−1
l=r [P̃ (l, l + 1)]2

Thus by proceeding similarly, we have

P̃ (r, md + r) = ⊗d+r−1
l=r [P̃ (l, l + 1)]m

4.1 State fuzzy possibility vector

Let the non homogeneous fuzzy Markov chain be cyclic with period of length
d (d > 1) and n = md + r, m is an positive integer. Then its state fuzzy
possibility vector becomes

p̃
(md+r)
j = σ(Xmd+r = j)

= p̃
(0)
j ⊗ [P̃j(0, md)] ⊗ [P̃j(md, md + r)]

= p̃
(0)
j ⊗ [P̃j(0, d)]m ⊗ [P̃j(0, r)] By the theorem 4.2

= p̃
(0)
j ⊗ [⊗d−1

l=0 P̃j(l, l + 1)]m ⊗ [⊗r−1
l=0 P̃j(l, l + 1)]
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Hence

p̃(md+r) = p̃(0) ⊗ [P̃ (0, d)]m ⊗ P̃ (0, r) (6)

0 md md+1 md+r-1 md+r

0 d 1 r-1 r
m times

Transition diagram of Cyclic Non - Homogeneous Fuzzy Markov Chain

As n → ∞, md + r → ∞ and p̃(md+r) is called the steady state vector denoted
by Π̃ = {π̃1, π̃2, . . . , π̃s} such that π̃j is the transition fuzzy possibility of
remaining in state j in the long run.

5 Long Term Behavior of Cyclic Non - Homo-

geneous Fuzzy Markov Chain

The study of long term behavior of a system is important for evaluating its
performance.

Definition 5.1. (Embedded Homogeneous Fuzzy Markov Chain)
In a cyclic non homogeneous fuzzy markov chain {Xn} of period d, we define
its embedded homogeneous fuzzy Markov chain {Yn} such that Yn = Xnd, n =
1, 2, ....

Definition 5.2. (Transition Fuzzy Possibility)
The transition fuzzy possibility q̃ij for the embedded homogeneous fuzzy Markov
chain {Yn} is obtained as follows,

q̃ij(k, k + 1) = σ(Yk+1 = j/Yk = i)

= σ(X(k+1)d = j/Xkd = i)

= σ(X(kd+d) = j/Xkd = i)

= σ(Xd = j/X0 = i)

= p̃ij(0, d)

i.e., Q̃ = P̃ (0, d)

Now we obtain that the embedded homogeneous fuzzy Markov chain’s tran-
sition fuzzy possibility q̃ij is the independent of the time steps. And the matrix

Q̃ = P̃ (0, d) is the constant transition fuzzy possibility matrix of its embedded
homogeneous fuzzy Markov Chain {Yn}. Hence, as m −→ ∞, the embedded
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homogeneous fuzzy Markov chain correponding to the matrix Q̃ = [P̃ (0, d)]m

attains its steady state.

Definition 5.3. The steady state of cyclic non homogeneous fuzzy Markov
chain {Xn} is the steady state of its embedded homogeneous fuzzy Markov chain
{Yn}.

The steady state of the embedded homogeneous fuzzy Markov chain {Yn}
can be obtained by solving Π̃⊗ Q̃ = Π̃. This equation can be solved using the
algorithm for finding the greatest eigen fuzzy set [12]. Π̃ = {π̃1, π̃2, . . . , π̃s}
is called the steady state vector. This vector is the independent of the initial
vector. Hence the transition fuzzy possibilities are the independent of the
choice of time origin, and the process is stationary.

6 Illustration

In this section we have illustrated the above result with the help of the numer-
ical example.

Let us consider the transition fuzzy possibility matrix for the cyclic non
homogeneous fuzzy Markov chain of period d = 5 to be
P̃ (0, 1) =

1 2 3 4 5

1
2
3
4
5

⎛
⎜⎜⎜⎜⎝

(0.3, 0.6, 0.7) (0.2, 0.4, 0.6) (0.4, 0.7, 0.9) (0.7, 0.9, 1.0) (0.7, 0.9, 1.0)
(0.4, 0.5, 0.7) (0.3, 0.6, 0.7) (0.6, 0.8, 1.0) (0.3, 0.6, 0.7) (0.6, 0.8, 1.0)
(0.6, 0.8, 1.0) (0.1, 0.2, 0.4) (0.7, 0.9, 1.0) (0.4, 0.5, 0.7) (0.6, 0.8, 1.0)
(0.7, 0.9, 1.0) (0.3, 0.6, 0.7) (0.4, 0.5, 0.7) (0.6, 0.8, 1.0) (0.2, 0.3, 0.4)
(0.4, 0.7, 0.9) (0.3, 0.6, 0.7) (0.3, 0.6, 0.7) (0.4, 0.7, 0.9) (0.6, 0.8, 1.0)

⎞
⎟⎟⎟⎟⎠

P̃ (1, 2) =
1 2 3 4 5

1
2
3
4
5

⎛
⎜⎜⎜⎜⎝

(0.6, 0.8, 1.0) (0.2, 0.4, 0.6) (0.3, 0.6, 0.7) (0.3, 0.6, 0.7) (0.7, 0.9, 1.0)
(0.3, 0.6, 0.7) (0.6, 0.8, 1.0) (0.7, 0.9, 1.0) (0.1, 0.2, 0.4) (0.3, 0.6, 0.7)
(0.7, 0.9, 1.0) (0.7, 0.9, 1.0) (0.2, 0.4, 0.6) (0.2, 0.3, 0.4) (0.6, 0.8, 1.0)
(0.4, 0.5, 0.7) (0.3, 0.6, 0.7) (0.2, 0.3, 0.4) (0.4, 0.5, 0.7) (0.7, 0.9, 1.0)
(0.7, 0.9, 1.0) (0.4, 0.7, 0.9) (0.4, 0.5, 0.7) (0.2, 0.4, 0.6) (0.2, 0.4, 0.6)

⎞
⎟⎟⎟⎟⎠

P̃ (2, 3) =
1 2 3 4 5

1
2
3
4
5

⎛
⎜⎜⎜⎜⎝

(0.7, 0.9, 1.0) (0.7, 0.9, 1.0) (0.6, 0.8, 1.0) (0.6, 0.8, 1.0) (0.4, 0.5, 0.7)
(0.4, 0.5, 0.7) (0.6, 0.8, 1.0) (0.4, 0.7, 0.9) (0.7, 0.9, 1.0) (0.2, 0.4, 0.6)
(0.4, 0.7, 0.9) (0.2, 0.4, 0.6) (0.3, 0.6, 0.7) (0.7, 0.9, 1.0) (0.2, 0.4, 0.6)
(0.4, 0.5, 0.7) (0.4, 0.5, 0.7) (0.2, 0.4, 0.6) (0.3, 0.6, 0.7) (0.4, 0.5, 0.7)
(0.3, 0.6, 0.7) (0.4, 0.7, 0.9) (0.3, 0.6, 0.7) (0.4, 0.7, 0.9) (0.3, 0.6, 0.7)

⎞
⎟⎟⎟⎟⎠
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P̃ (3, 4) =
1 2 3 4 5

1
2
3
4
5

⎛
⎜⎜⎜⎜⎝

(0.2, 0.4, 0.6) (0.4, 0.7, 0.9) (0.4, 0.7, 0.9) (0.3, 0.6, 0.7) (0.2, 0.3, 0.4)
(0.2, 0.4, 0.6) (0.4, 0.7, 0.9) (0.4, 0.5, 0.7) (0.2, 0.4, 0.6) (0.4, 0.5, 0.7)
(0.1, 0.2, 0.3) (0.3, 0.6, 0.7) (0.2, 0.4, 0.6) (0.6, 0.8, 1.0) (0.3, 0.6, 0.7)
(0.2, 0.3, 0.4) (0.2, 0.3, 0.4) (0.4, 0.7, 0.9) (0.4, 0.7, 0.9) (0.2, 0.4, 0.6)
(0.7, 0.9, 1.0) (0.6, 0.8, 1.0) (0.7, 0.9, 1.0) (0.2, 0.4, 0.6) (0.6, 0.8, 1.0)

⎞
⎟⎟⎟⎟⎠

P̃ (4, 5) =
1 2 3 4 5

1
2
3
4
5

⎛
⎜⎜⎜⎜⎝

(0.4, 0.5, 0.7) (0.4, 0.5, 0.7) (0.4, 0.5, 0.7) (0.4, 0.5, 0.7) (0.7, 0.9, 1.0)
(0.2, 0.4, 0.6) (0.2, 0.4, 0.6) (0.3, 0.6, 0.7) (0.4, 0.7, 0.9) (0.4, 0.7, 0.9)
(0.4, 0.7, 0.9) (0.6, 0.8, 1.0) (0.2, 0.4, 0.6) (0.3, 0.6, 0.7) (0.3, 0.6, 0.7)
(0.3, 0.6, 0.7) (0.6, 0.8, 1.0) (0.6, 0.8, 1.0) (0.3, 0.6, 0.7) (0.2, 0.4, 0.6)
(0.7, 0.9, 1.0) (0.4, 0.5, 0.7) (0.6, 0.8, 1.0) (0.6, 0.8, 1.0) (0.4, 0.7, 0.9)

⎞
⎟⎟⎟⎟⎠

And let the initial transition fuzzy possibility vector p̃(0) to be

p̃(0) = (0.7, 0.8, 0.9), (0.4, 0.8, 1.0), (0.4, 0.8, 1.0), (0.3, 0.6, 1.0), (0.5, 0.7, 1.0)

We obtain the matrix P̃ (0, 2) by Chapman Kolmogorov equation as follows

P̃ (0, 2) = P̃ (0, 1) ⊗ P̃ (1, 2) (7)

The max - min composition is done by the comparing the fuzzy number [4]

P̃ (0, 2) =
1 2 3 4 5

1
2
3
4
5

⎛
⎜⎜⎜⎜⎝

(0.7, 0.9, 1.0) (0.4, 0.7, 0.9) (0.3, 0.6, 0.7) (0.3, 0.6, 0.7) (0.7, 0.9, 1.0)
(0.6, 0.8, 1.0) (0.6, 0.8, 1.0) (0.3, 0.6, 0.7) (0.4, 0.5, 0.7) (0.6, 0.8, 1.0)
(0.7, 0.9, 1.0) (0.7, 0.9, 1.0) (0.3, 0.6, 0.7) (0.3, 0.6, 0.7) (0.6, 0.8, 1.0)
(0.6, 0.8, 1.0) (0.3, 0.6, 0.7) (0.3, 0.6, 0.7) (0.3, 0.6, 0.7) (0.7, 0.9, 1.0)
(0.6, 0.8, 1.0) (0.4, 0.7, 0.9) (0.3, 0.6, 0.7) (0.3, 0.6, 0.7) (0.4, 0.7, 0.9)

⎞
⎟⎟⎟⎟⎠

Similarly we obtain P̃ (0, 3), P̃ (0, 4), P̃ (0, 5) as follows,

P̃ (0, 3) =
1 2 3 4 5

1
2
3
4
5

⎛
⎜⎜⎜⎜⎝

(0.7, 0.9, 1.0) (0.7, 0.9, 1.0) (0.6, 0.8, 1.0) (0.6, 0.8, 1.0) (0.3, 0.6, 0.7)
(0.6, 0.8, 1.0) (0.6, 0.8, 1.0) (0.6, 0.8, 1.0) (0.6, 0.8, 1.0) (0.3, 0.6, 0.7)
(0.7, 0.9, 1.0) (0.7, 0.9, 1.0) (0.6, 0.8, 1.0) (0.7, 0.9, 1.0) (0.3, 0.6, 0.7)
(0.6, 0.8, 1.0) (0.6, 0.8, 1.0) (0.6, 0.8, 1.0) (0.6, 0.8, 1.0) (0.3, 0.6, 0.7)
(0.6, 0.8, 1.0) (0.6, 0.8, 1.0) (0.6, 0.8, 1.0) (0.6, 0.8, 1.0) (0.3, 0.6, 0.7)

⎞
⎟⎟⎟⎟⎠
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P̃ (0, 4) =
1 2 3 4 5

1
2
3
4
5

⎛
⎜⎜⎜⎜⎝

(0.3, 0.6, 0.7) (0.4, 0.7, 0.9) (0.4, 0.7, 0.9) (0.6, 0.8, 1.0) (0.3, 0.6, 0.7)
(0.3, 0.6, 0.7) (0.4, 0.7, 0.9) (0.4, 0.7, 0.9) (0.6, 0.8, 1.0) (0.3, 0.6, 0.7)
(0.3, 0.6, 0.7) (0.4, 0.7, 0.9) (0.4, 0.7, 0.9) (0.6, 0.8, 1.0) (0.3, 0.6, 0.7)
(0.3, 0.6, 0.7) (0.4, 0.7, 0.9) (0.4, 0.7, 0.9) (0.6, 0.8, 1.0) (0.3, 0.6, 0.7)
(0.3, 0.6, 0.7) (0.4, 0.7, 0.9) (0.4, 0.7, 0.9) (0.6, 0.8, 1.0) (0.3, 0.6, 0.7)

⎞
⎟⎟⎟⎟⎠

P̃ (0, 5) =
1 2 3 4 5

1
2
3
4
5

⎛
⎜⎜⎜⎜⎝

(0.4, 0.7, 0.9) (0.6, 0.8, 1.0) (0.6, 0.8, 1.0) (0.4, 0.7, 0.9) (0.4, 0.7, 0.9)
(0.4, 0.7, 0.9) (0.6, 0.8, 1.0) (0.6, 0.8, 1.0) (0.4, 0.7, 0.9) (0.4, 0.7, 0.9)
(0.4, 0.7, 0.9) (0.6, 0.8, 1.0) (0.6, 0.8, 1.0) (0.4, 0.7, 0.9) (0.4, 0.7, 0.9)
(0.4, 0.7, 0.9) (0.6, 0.8, 1.0) (0.6, 0.8, 1.0) (0.4, 0.7, 0.9) (0.4, 0.7, 0.9)
(0.4, 0.7, 0.9) (0.6, 0.8, 1.0) (0.6, 0.8, 1.0) (0.4, 0.7, 0.9) (0.4, 0.7, 0.9)

⎞
⎟⎟⎟⎟⎠

Now we have obtained that if P̃ (0, 1), P̃ (1, 2), P̃ (2, 3), P̃ (3, 4),P̃ (4, 5) are the
transition fuzzy possibility matrices for the non homogeneous fuzzy Markov
chain then the matrix P̃ (0, 5) = ⊗4

l=0P̃ (l, l+1) is the constant transition fuzzy
possibility matrix for its embedded homogeneous fuzzy Markov chain.

In this illustration we have attained that the rows of the matrix P̃ (0, 5)
becomes an identical. It is need not be true always. We obtain the steady
state for this embedded homogeneous fuzzy Markov chain as by solving,

Π̃ ⊗ Q̃ = Π̃.

We know that p̃(md+r) = p̃(0) ⊗ [P̃ (0, d)]m ⊗ P̃ (0, r). Hence, as m → ∞,
the embedded homogeneous fuzzy Markov chain corresponding to the matrix
Q̃ = [P̃ (0, 5)]m attains its steady state as [(0.4, 0.7, 0.9), (0.6, 0.8, 1.0),(0.6,
0.8, 1.0), (0.4, 0.7, 0.9), (0.4, 0.7, 0.9)]. And it is the steady state of the
considered cyclic non homogeneous fuzzy Markov chain.

7 Conclusion

The transition fuzzy possibility matrix for the non homogeneous fuzzy Marov
chain is the function of time indeed it is a constant matrix in homogeneous
fuzzy Markov chain. But the long term behavior of the non homogeneous fuzzy
Markov model can be analyzed only if the model undergoes a cyclic behavior.
In this paper we have obtained the steady state of the cyclic non homogeneous
fuzzy Markov chain with the help of its embedded homogeneous fuzzy Markov
chain.
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