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Abstract

In this paper, the reduced differential transformation method is used
to implement the gas dynamics equations. The approximate analytical
solution of the equation is calculated in the form of a series with easily
computable components. Comparing the methodology with some other
known techniques shows that the present approach is effective and pow-
erful. Two test modeling problems from mathematical physics, nonlin-
ear gas dynamic equations are discussed to illustrate the effectiveness
and the performance of the proposed method.
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1 Introduction

It is commonly known that the equation of gas dynamics are the mathematical
expressions of conservation laws which exist in engineering practices such as
conservation of mass, conservation of momentum, conservation of energy etc.
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In one spatial dimension, the in viscid equations of gas dynamics can be written
in the conservative form [1-2] as

ut(x, t) − u(x, t) +
1

2
u2

x(x, t) + u2(x, t) = g(x, t) (1)

u(x, 0) = f(x) (2)

Many numerical methods were developed for this type of nonlinear partial
differential equations such as the Adomian Decomposition Method (ADM)
[3], the Homotopy Perturbation Method (HPM) [4], the Homotopy Analysis
Method (HAM) [5] and Variational Iteration Method (VIM) [6].

In this paper, we solve some Klein–Gordon equations by the reduced dif-
ferential transform method [7-10] which is presented to overcome the demerit
of complex calculation of differential transform method (DTM) [11-12]. The
main advantage of the method is the fact that it provides its user with an ana-
lytical approximation, in many cases an exact solution, in a rapidly convergent
sequence with elegantly computed terms.

The structure of this paper is organized as follows:
In section 2, we begin with some basic definitions and the use of the pro-

posed method for equation (1). In section 3, we apply the reduced differential
transformation method to solve two test examples in order to show its ability
and efficiency.

2 Analysis of the method

The basic definitions of reduced differential transform method are introduced
as follows [7-10]:

Definition 2.1. If function u (x, t) is analytic and differentiated contin-
uously with respect to time t and space x in the domain of interest, then
let

Uk(x) =
1

k!

[
∂k

∂tk
u (x, t)

]
t=0

(3)

where the t-dimensional spectrum function Uk (x) is the transformed function.
In this paper, the lowercase u (x, t) represent the original function while the
uppercase Uk (x) stand for the transformed function.

The differential inverse transform of Uk (x) is defined as follows:

u (x, t) =
∞∑

k=0

Uk (x) tk. (4)

Then combining equation (3) and (4) we write

u (x, t) =
∞∑

k=0

1

k!

[
∂k

∂tk
u (x, t)

]
t=0

tk. (5)
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From the above definitions, it can be found that the concept of the reduced
differential transform is derived from the power series expansion.

For the purpose of illustration of the methodology to the proposed method,
we write the gas dynamic equation in the standard operator form

L (u(x, t)) + R (u(x, t)) + N (u(x, t)) = g(x, t) (6)

with initial condition

u(x, 0) = f(x) (7)

where L(u(x, t)) = ut(x, t) is a linear operator which has partial derivatives,
R(u(x, t)) = u(x, t), N (u(x, t)) = 1

2
u2

x(x, t) + u2(x, t) is a nonlinear term and
g(x, t) is an inhomogeneous term.

According to the RDTM, we can construct the following iteration formula:

(k + 1)Uk+1(x) = Gk (x) − N (Uk(x)) − R(Uk(x)) (8)

where R (Uk(x)) , N (Uk(x)) and Gk(x) are the transformations of the func-
tions R (u(x, t)) , N (u(x, t)) and g(x, t) respectively.

For the easy to follow of the reader, we can give the first few nonlinear
term are

N0 = ∂
∂x

(
U2

0 (x)

2

)
+ U2

0 (x)

N1 = ∂
∂x

(
2U0(x)U1(x)

2

)
+ 2U0(x)U1(x)

N2 = ∂
∂x

(
2U0(x)U2(x)+U2

1 (x)

2

)
+ 2U0(x)U2(x) + U2

1 (x)

From initial condition (2), we write

U0(x) = f(x) (9)

Substituting (9) into (8) and by a straight forward iterative calculations, we
get the following Uk(x) values. Then the inverse transformation of the set of
values {Uk(x)}n

k=0 gives approximation solution as,

ũn(x, t) =
n∑

k=0

Uk(x)tk (10)

where n is order of approximation solution.

Therefore, the exact solution of problem is given by

u(x, t) = lim
n→∞ ũn(x, t). (11)
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3 Applications

In order to assess the advantages and accuracy of RDTM for solving gas dy-
namic equations, we consider the following examples.

3.1. Example
Let us consider following nonlinear homogeneous gas dynamic equation

[3-5]

ut(x, t) − u(x, t) +
1

2
u2

x(x, t) + u2(x, t) = 0 (12)

with initial condition
u(x, 0) = e−x (13)

where u = u (x, t) is a function of the variables x and t. The exact solution of
this problem is u(x, t) = et−x

Then, by using the basic properties of the reduced differential transforma-
tion, we can find the transformed form of equation (12) as

(k + 1)Uk+1(x) − Uk(x) + Nk(x) = 0 (14)

where Nk (x) is transformed form of 1
2
u2

x (x, t) + u2 (x, t).
Using the initial condition (13), we have

U0(x) = e−x (15)

Now, substituting (15) into (16), we obtain the following Uk(x) values succes-
sively

U1(x) = e−x, U2(x) = e−x

2
, U3(x) = e−x

6
, U4(x) = e−x

24
,

U5(x) = e−x

120
, U6(x) = e−x

720
, . . . , Uk(x) = e−x

k!

Finally the differential inverse transform of Uk(x) gives

u (x, t) =
∞∑

k=0

Uk(x)tk = e−x
∞∑

k=0

tk

k!
(16)

We, therefore, obtain
u (x, t) = et−x

which is the exact solution [4-6].
3.2. Example
We next consider the inhomogeneous nonlinear gas dynamic equation [11]

ut(x, t) +
1

2
u2

x(x, t) + (1 + t)2u2(x, t) = x2 (17)

with the initial condition
u(x, 0) = x (18)
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Taking differential transform of (17) and the initial condition (18) respectively,
we obtain

(k + 1)Uk+1(x) = Fk(x) − Nk(x) (19)

where Nk (x) and Fk (x) are transformed form of 1
2
u2

x (x, t) + (1 + t)2u2 (x, t)
and x2.

The transformed initial condition

U0(x) = x (20)

Then substituting (20) into (19) we have

U1(x) = −x,U2(x) = x, U3(x) = −x,U4(x) = x, U5(x) = −x,U6(x) = x

Then, the inverse transformation of the set of values {Uk(x)}n
k=0 gives n term

approximation solution as

ũn(x, t) =
n∑

k=0

Uk(x)tk = 1 − xt + xt2 − xt3 + ... + (−1)nxtn (21)

Hence the closed form of (21) is

u (x, t) =
x

1 + t

which is the exact solutions of (17)–(18).

4 Conclusions

In this paper the reduced differential transform method was used for the non
homogeneous case of gas equations with initial conditions. From this study
concluded that, it can be the reduced differential transform method outlined in
the previous section finds quite practical approximate analytical results with
less computational work.
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