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Abstract

In this paper we study generalized symmetric Berwald spaces. We
show that each parallel s−structure on a Berwald space is regular and
any generalized symmetric Berwald space of dimension 2 is symmetric.
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1 Introduction

S.S. Chern pointed that Finsler Geometry is just Riemannian Geometry with-
out the quadratic restriction. On the other hand Riemannian symmetric spaces
are Riemannian manifolds having involutive symmetries at each point which
turn out to be homogeneous. In [3] S. Deng and Z. Hou studied invariant
Finsler metrics on homogeneous spaces. Also symmetric Finsler spaces were
studied in [5] and [7].

Affine and Riemannian s−manifolds were first defined in [8] following the
introduction of generalized Riemannian symmetric spaces in [9]. They form a
more general class than the symmetric spaces of E. Cartan. The definition of
generalized symmetric Finsler space is a natural generalization of definition of
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generalized Riemannian symmetric spaces.

Let (M, F ) be a connected Finsler space. An isometry of (M, F ) with an
isolated fixed point x ∈ M is called a symmetry of (M, F ) at x. A family {sx}
of symmetries of a connected Finsler space (M, F ) is called an s−structure
on (M, F ). In this paper we are concerned with properties of Berwald spaces
admitting such an s−structure. Clearly if each sx satisfies the additional prop-
erty s2

x = identity, then (M, F ) is nothing but a symmetric Finsler space in
the sense of É. Cartan, such spaces have been studied in [5] and [7]. An
s−structure is said to be of order k (k ≥ 2 is an integer) if sk

x =identity for all
x ∈ M and (sx)

l �= identity for l < k.

2 Preliminaries

We first review the basics of Finsler geometry. Standard references are [1] and
[2]. We will follow the notations in [2].

2.1 Finsler Spaces

Let M be an n-dimensional C∞ manifold and TM =
⋃

x∈M TxM the tan-
gent bundle.

A Finsler structure is a function F : TM −→ [0,∞) satisfying the following
conditions:

(i) F is C∞ on TM \ {0};
(ii) F (cv) = cF (v) for all v ∈ TM and c ≥ 0;

(iii) The matrix

gij(v) =
1

2

∂2F 2

∂vi∂vj
(v)

is positive definite for all v ∈ TM \ {0}.

The positive definite matrix (gij(v)) defines a Riemannian structure gv of
TxM through

gv

(∑
i

ai ∂

∂xi
,
∑

j

bj ∂

∂xj

)
=
∑
i,j

gij(v)aibj .
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Note that gv(v, v) = F (v)2. If (M, F ) is Riemannian, then gv always coincide
with the original Riemannian metric.

Let γ : [0, r] −→ M be a piecewise C∞ curve. Its length is defined as

L(γ) =

∫ r

0

F (γ(t), γ̇(t))dt.

For x0, x1 ∈ M denote by Γ(x0, x1) the set of all piecewise C∞ curve γ :
[0, r] −→ M such that γ(0) = x0 and γ(r) = x1. Define a map dF : M×M −→
[0,∞) by

dF (x0, x1) = inf
γ∈Γ(x0,x1)

L(γ).

Of course we have dF (x0, x1) ≥ 0, where the equality holds if and only if
x0 = x1; dF (x0, x2) ≤ dF (x0, x1) + dF (x1, x2). In general, since F is only a
positive homogeneous function, dF (x0, x1) �= dF (x1, x0), therefore (M, dF ) is
only a non-reversible metric space.

Define the Cartan tensor

Cijk(x, y) =
1

4

∂3F 2(x, y)

∂yi∂yj∂yk
,

we also define the formal Christoffel symbol

γk
ij =

1

2
gkm

(
∂gmj

∂xi
+

∂gim

∂xj
− ∂gij

∂xm

)
.

Using these, we further define the nonlinear connection

N i
j = γi

jky
k − Ci

jkγ
k
rsy

rys.

According to [2], the pulled-back bundle π∗TM admits a unique linear con-
nection, called the Chern connection. Its connection forms are characterized
by the structure equation:

• Torsion freeness
dxj ∧ ωi

j = 0;

• Almost g−compatibility:

dgij − gkjω
k
i − gikω

k
j = 2Cijk(dyk + Nk

l dxl).

It is easy to show that torsion freeness is equivalent to the ωi
j = Γi

jkdxk and
Γi

jk = Γi
kj.

Definition 2.1 A Finsler metric F on a manifold M is called a Berwald
metric if in any standard local coordinate system (xi, yi) in TM , the Christoffel
symbols Γi

jk = Γi
jk(x) are functions of x ∈ M only.
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2.2 Symmetric Fisler spaces

Let G be a Lie group, H a closed subgroup of G. The coset space G/H
has a unique smooth structure such that G is a Lie transformation group of
G/H . It is called reductive if there exists a subspace m of the the Lie algebra
g such that

g = h + m

where h is the Lie algebra of H and Ad(h)m ⊂ m, ∀h ∈ H . The study of
invariant structures on coset spaces is an important problem in differential
geometry.

Definition 2.2 A Finsler space (M, F ) is called homogeneous Finsler space
if the group of isometries of (M, F ), I(M, F ), acts transitively on M .

Every homogeneous Finsler space is forward complete. Let G be a Lie
group, H be a closed subgroup of G. Suppose there exists an invariant Finsler
metric on G/H . Then there exists an invariant Riemannian metric on G/H .

The definition of globally symmetric Finsler space is a natural generaliza-
tion of É. Cartan’s definition of Riemannian globally symmetric spaces [5], [7].

Definition 2.3 A connected Finsler space (M, F ) is said to be symmetric
if to each p ∈ M there is associated an isometry σp : M −→ M which is

(i) involutive (σ2
p is the identity).

(ii) has p as an isolated fixed point, that is, there is a neighborhood U of p in
which p is the only fixed point of σp.

σp is called the symmetry at point p.

As p is an isolated fixed point of σp it follows that (dσp)p = −id, and therefore
symmetric Finsler spaces have reversible metrics and geodesics.

Let (M, F ) be a connected symmetric Finsler space, Then (M, F ) is (forward-
backward) complete and homogeneous that is the group of isometries of (M, F )
acts transitively on M [7], [5].

Theorem 2.4 ([5]) Let (M, F ) be a symmetric Finsler space. Then (M, F )
is a Berwald space. Furthermore, the connection of F coincides with the Levi-
Civita connection of a Riemannian metric g such that (M, g) is a Riemannian
symmetric space.
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3 Generalized symmetric Berwald spaces

Affine and Riemannian s−manifolds were first defined in [8] following the in-
troduction of generalized Riemannian symmetric spaces in [9]. They form a
more general class than the symmetric spaces of E. Cartan. The definition of
generalized symmetric Finsler space is a natural generalization of definition of
generalized Riemannian symmetric spaces.

Let (M, F ) be a connected Finsler space, and I(M, F ) the group of all
isometries on M . An isometry on (M, F ) with an isolated fixed point x will
be called a symmetry at x, and will usually be written as sx.

Definition 3.1 A family {sx | x ∈ M} of symmetries on a connected
Finsler manifold (M, F ) is called an s−structure on (M, F ).

An s−structure {sx | x ∈ M} is called of order k (k ≥ 2) if (sx)
k = id for

all x ∈ M and k is the least integer of this property. Obviously a Finsler space
is symmetric if and only if it admits an s−structure of order 2. An s−structure
{sx} on (M, F ) is called regular if for every pair of points x, y ∈ M

sx ◦ sy = sz ◦ sx, z = sx(y) (1)

Given an s−structure {sx | x ∈ M} on (M, F ) we shall always denote by
S the tensor field of type (1, 1) defined by Sx = (sx∗)x for all x ∈ M .

Lemma 3.2 An s−structure {sx} on a connected Berwald space (M, F ) is
regular if and only if the tensor field S is invariant with respect to all symme-
tries sx, i.e.

sx∗(S) = S, x ∈ M (2)

Proof: Let {sx} be regular, from sx ◦ sy = sz ◦ sx, z = sx(y), we obtain
(sx∗)y ◦ Sy = Sz ◦ (sx∗)y at the point y, hence sx∗ ◦ S = S ◦ sx∗ holds on the
tangent bundle TM , and this is the invariance of S with respect to symmetries.
Conversely, because an isometry in a Berwald space is uniquely defined by a
single tangent map [4], the relation (1) follows from (2), too.�

Definition 3.3 An s−structure {sx} on a Berwald space (M, F ) is said to
be parallel if the tensor field S is parallel with respect to the Chern connection
i.e. ∇S = 0.

Theorem 3.4 Each parallel s−structure on a Berwald space is regular.
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Proof: Suppose {sx} to be a parallel s−structure on (M, f). Let p ∈ M be
a fixed point and put S ′ = sp∗(S). Because ∇S = 0 and sp is connection
preserving, we have ∇S ′ = 0. Now S ′

p = (sp∗)p(Sp) = Sp, from the uniqueness
of a parallel extension we have S ′ = S. Thus for all points p ∈ M we get
(sp∗)(S) = S and hence {sx} is regular by lemma 3.1.�

Definition 3.5 A generalized symmetric Berwald space is a connected Berwald
manifold (M, F ) admitting a regular s−structure and a Berwald space (M, F )
is said to be k−symmetric (k ≥ 2) if it admits a regular s−structure of order
k.

The following theorem generalizes a result for generalized Riemannian sym-
metric spaces.

Theorem 3.6 Let (M, F ) be a simply connected generalized symmetric Be-
wald space and M = M0 × M1 × ... × Mr its de Rham decomposition, where
M0 is a Euclidean space and M1,..., Mr are irreducible. Then each factor is
generalized symmetric Berawld space. Moreover, every regular s−structure of
order k on (M, F ) determines a regular s−structure of order ki on each Mi,
where ki|k for i = 0, 1, ..., r.

Proof: The proof is similar to the Riemannian case.�

Theorem 3.7 Any generalized symmetric Berwald space (M, F ) of dimen-
sion 2 is symmetric.

Proof: (M, F ) is homogeneous and of constant curvature. Hence it is homo-
thetic to one of the following spaces: the Euclidean plane E2, the cylinder
S1 ×E1, the flat torus T 2, the sphere S2, the projective plane P 2 = S2/{±I},
or the hyperbolic plane H2 [6].�
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