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Abstract

The problem of statistical inference for reliability is of increasing
interest in recent literature. We introduce the reliability for multistate
Markov chain. The aim of this paper is to develop Bayesian estimation
of reliability for multistate Markov chain, based on Jeffreys’ noninfor-
mative prior. The Bayesian estimation is approximated using Lindley
technique. Finally, the reliability for Markov model is examined nu-
merically by the estimators, and a comparison is made with Maximum
likelihood estimators (MLE’s).
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1 Introduction

Reliability theory is mainly concerned with the determination of the proba-
bility that a system, consisting possibly of several components, will operate
adequately for a given period of time in its intended application. The prob-
lem of estimation and statistical inference of reliability for Markov models has
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been considered in several papers. Balakrishnan et al. (2001) gave the basic
probabilistic theory for Markov models in reliability and also gave statistical
estimation for reliability. Sadek and Limnios (2002, 2005), studied the max-
imum likelihood estimation of reliability for discrete and continuous Markov
chains, and showed that this estimator is uniformly strongly consistent and
converges in distribution to normal random variables. Ouhbi and Limnios
(1999, 2003), studied maximum likelihood estimator (MLE) and empirical es-
timator of reliability function for semi-Markov systems.

In this research, we aim to introduce a Bayes technique to estimate relia-
bility for Markov chain.

This paper is organized as follows: in section 2, we present a definition
of reliability for multistate Markov chain and its maximum likelihood esti-
mator. In section 3, we show Jeffreys’ prior and the corresponding posterior
distribution for multistate Markov chain. In section 4, we study the Bayesian
estimator of reliability for multistate Markov chain and we describe the way to
approximate the Bayesian estimator using Lindley technique (Lindley (1980)).
In section 5, we conduct a numerical study by simulation in order to compare
the Bayesian estimator of reliability with the maximum likelihood estimator
(MLE).

2 Markov chain and reliability

Let {Xn}, n = 0, 1, ..., m, be an ergodic Markov chain with finite state space
E = {1, 2, ..., s} and transition probabilities

Pij = Pr(Xn = j | Xn−1 = i), for all i, j ∈ E. (1)

These transition probabilities satisfy

0 ≤ Pij ≤ 1, and
∑

j

Pij = 1, for all i = 1, 2, ..., s.

The initial distribution of {Xn} is
α = (αi)i∈E = Pr{X0 = i},

and the stationary distribution {πj}, πj > 0, where πj satisfy

πj =
s∑

i=1

πiPij , and
s∑

j=1

πj = 1.

We can write the transition probability matrix P of {Xn} as

P = (Pij)i,j∈E =

⎡
⎢⎢⎢⎣

P11 P12 · · · P1s

P21 P22 · · · P2s
...

...
. . .

...
Ps1 Ps2 · · · Pss

⎤
⎥⎥⎥⎦ ,
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and
α = [ α1 α2 · · · αs ].

For more details about Markov chain see, Adke and Manjunath (1984),
Medhi (1982).

2.1 Reliability for Markov chain

To study the reliability of a system, we need to know whether the current state
of this system is a working state or a failure state. For that, let us consider
the partition of the whole state space E into disjoint sets, U and D, where
U = {1, 2, ..., r} is the set of working states (up states), and D = {r +1, ..., s}
is the set of failure states (down states) (i.e., E = U ∪ D, U ∩ D = φ and
U �= φ, D �= φ) and then we need to partition the transition matrix P and the
initial distribution vector α following U and D

P =

[
P

UU
P

UD

P
DU

P
DD

]
, α = [ α

U
α

D
].

Then the reliability of Markov chain {Xn} at time n > 0, becomes:
R(n) = Pr(∀v ∈ [0, n], Xv ∈ U) = α

U
P n

UU
1r, n ≥ 0, (2)

2.2 The maximum likelihood estimator of reliability for
Markov chain

The probability of an ordered sequence for a Markov chain may be written as

Pr(X0, X1, ..., Xm) == Pr(X0)
∏

(i,j)∈E2

P
N

(m)
ij

ij , (i, j) ∈ E2, (3)

where N
(m)
ij is the number of transitions from i to j observed up to time

m, it is equal to the number of pairs (i, j) in {Xn}, the corresponding matrix
is denoted by N ,

N = (N
(m)
ij )i, j∈E =matrix of transition frequencies.

As noted by Anderson and Goodman (1957), Bartlett (1955), Equation
(3) is the likelihood function of the observed sequence (Xn, n = 0, 1, 2, ..., m).
Maximizing Equation (3) with respect to the Pij

′s and subject to
∑
j

Pij =

1, for all i = 1, 2, ..., s, the maximum likelihood estimator of the transition
probabilities are

P̂ij =
N

(m)
ij∑

j

N
(m)
ij

=
N

(m)
ij

N
(m)
i�

, (4)

where N
(m)
i� is the number of visits to state i observed up to time m.
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Then the maximum likelihood estimation of reliability is

R̂(n) = α̂
U
P̂ n

UU
1r, n ≥ 0, (5)

where P n
UU

= (P
UU

)n.

The statistical properties for this estimator are studied by Sadek and
Limnios (2002).

3 The posterior distribution under Jeffreys’

prior

One general class of prior distribution is called noninformative priors. They
are also called priors of ignorance. Box and Tiao (1973) provided a thorough
discussion of noninformative priors for one or more parameters. However, there
are other ways of defining noninformative priors, several of which are discussed
by Jeffreys (1961).

Kass and Wasserman (1996) discussed Jeffreys philosophy and explain the
techniques that he used to construct priors in estimation and testing problem.

Let θ be a vector of unknown parameters, θ = (θ1, θ2, ..., θh), the noninfor-
mative prior distribution of Jeffreys is given by

f (θ) ∝ {det (In (θ))} 1
2 ,

where det (.) denotes the determinant and In (θ) is the Fisher’s information
matrix,

i.e,. In (θ) = (Iij (θ)) = E

(
−∂2ln (θ)

∂θi∂θj

)
, i, j = 1, 2, ..., h,

and ln (θ) is the logarithm likelihood function.

By using the basic results of (Assoudou and Essebbar (2003)) we get
that the Jeffreys’ prior and posterior distributions are respectively, given by

f(θ) ∝
[

s∏
i=1

(αi + (m − 1)πi)

](s−1)/2 ∏
(i,j)∈E2

P
−(1/2)
ij , (6)

f(θ | x) ∝
[

s∏
i=1

(αi + (m − 1)πi)

](s−1)/2 ∏
(i,j)∈E2

P
(N

(m)
ij −(1/2))

ij , (7)

where αi is the probability that the initial state X0 is i and πi is the
stationary probability such that:⎧⎨

⎩
πj =

∑
i∈E

πiPij∑
j∈E

πj = 1
(8)
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4 Bayesian approximation

Under the squared error loss function, we know that Bayes estimator coincides
with the posterior mean, that is:

E(R(n) | x) =
∫

R(n)f(θ | x)d θ.
Since this integral does not seem to take a closed form, an approximation

is needed, Lindley (1980) developed an asymptotic expansion to evaluate the
ratio of two integrals of the form∫

u(θ)f(θ) exp{ln(θ)}d θ/
∫

f(θ) exp{ln(θ)}d θ, (9)
where ln(θ) is the logarithm of the likelihood function and u(θ), f(θ) are

arbitrary functions.
If f(θ) is the prior density of θ, then (9) is the posterior expectation of

u(θ).
The posterior expectation of u(θ) can be written as
ũ = E(u(θ) | x) =

∫
u(θ) exp{ln(θ) + ρ(θ)}d θ/exp{ln(θ) + ρ(θ)}d θ,

(10)
where ρ(θ) = log f(θ).
Using Lindley’s approximation, E(u(θ) | x) given by Equation (10) may be

asymptotically estimated by
ũ = E(u(θ) | x) =[u + 1

2

∑
i

∑
j

(uij + 2uiρj)σij + 1
2

∑
i

∑
j

∑
k

∑
�

Lijkσijσk�]θ̂

+terms of order n−2 or smaller. (11)
Which is the Bayes estimator of u(θ) under squared error loss function

where i, j, k, 	 = 1, 2, ..., h,

u = u(θ), ui = ∂u/∂θi, uij = ∂2u/∂θi∂θj , Lijk =
∂3ln

∂θi∂θj∂θk
,

ρj = ∂ρ/∂θj and σij = (i, j)th element in the inverse matrix {−Lij}, all
evaluated at the maximum likelihood estimator (MLE) of parameters. This
method requires that θ̂ be the unique maximum likelihood estimator (MLE).

Also we can use MCMC to solve the above integral but the results are not
good.

To explain how can we apply Lindley technique to estimate the reliability
associated to a multistate Markov chain, we discuss the particular case: re-
liability for three states Markov chain. For multistate Markov chain, we can
construct a simple computer program using the same technique, to obtain the
same results.

Let us consider a three states Markov chain with state space E = {1, 2, 3},
transition probability matrix P , initial distribution vector α and the stationary
distribution {πj}, πj > 0, j = 1, 2, 3, such that⎧⎪⎪⎨

⎪⎪⎩
πj =

3∑
i=1

πiPij

3∑
j=1

πj = 1
, (12)
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solving the system (12), we get

π1 =
(P21P32 + P31P21 + P31P23)

P12(P32 + P23) + P13(P21 + P23 + P32) + P21P32 + P31(P12 + P21 + P23)
,

π2 =
(P12P31 + P32P12 + P32P13)

P12(P32 + P23) + P13(P21 + P23 + P32) + P21P32 + P31(P12 + P21 + P23)
,

π3 =
(P13P21 + P23P12 + P23P13)

P12(P32 + P23) + P13(P21 + P23 + P32) + P21P32 + P31(P12 + P21 + P23)
·

We will partition the state space (E = {1, 2, 3}) into two sets, U = {1, 2}
and D = {3}, states 1,2 up states and state 3 is a down state, and then we
need to partition the transition matrix P and the initial distribution vector α
following U (up states) and D (down state).

P
UU

=

[
P11 P12

P21 P22

]
, α

U
= [ α1 α2 ].

The definition of reliability for Markov system can be expressed as follows,

R(n) = [ α1 α2 ]·
[

P11 P12

P21 P22

]n

·
[

1
1

]
. (13)

Hence, using Equation (11) such that u(θ) = R where θ is the vector of all
unknown parameter of R, θ = (P12, P13, P21, P23, P31, P32), we get

R5 = R6 = 0

R1j = R2j = 0, (j = 3, 4, 5, 6),

R3j = R4j = 0, (j = 1, 2, 5, 6),

Lijk = 0, (for all i �= j �= k), then

R̃(n) = E(R(n) | x) = R +
1

2
[(R11 + 2R1ρ1)σ11 + (R12 + 2R1ρ2)σ12+

+(R21 + 2R2ρ1)σ21 + (R22 + 2R2ρ2)σ22

+(R33 + 2R3ρ3)σ33 + (R34 + 2R3ρ4)σ34

+(R43 + 2R4ρ3)σ43 + (R44 + 2R4ρ4)σ44]
+

1

2
[a1σ11R1 + a2σ21R1 + a1σ12R2 + a2σ22R2

+a3σ33R3 + a4σ43R3 + a3σ34R4 + a4σ44R4,

where,

a1 = L111σ11 + L211σ21 + L121σ12 + L221σ22,
a2 = L112σ11 + L212σ21 + L122σ12 + L222σ22,
a3 = L333σ33 + L433σ43 + L343σ34 + L443σ44,
a4 = L334σ33 + L434σ43 + L344σ34 + L444σ44.

and σij , i, j = 1, 2, ..., 6, is (i, j)th element in the inverse of the matrix
{−Lij}.
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As well as,

(−Lij) =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

a +
N

(m)
12

P 2
12

a 0 0 0 0

a a +
N

(m)
13

P 2
13

0 0 0 0

0 0 b +
N

(m)
21

P 2
21

b 0 0

0 0 b b +
N

(m)
23

P 2
23

0 0

0 0 0 0 c +
N

(m)
31

P 2
31

c

0 0 0 0 c c +
N

(m)
32

P 2
32

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

where

a =
N

(m)
11

(1 − P12 − P13)2
, b =

N
(m)
22

(1 − P21 − P23)2
, c =

N
(m)
33

(1 − P31 − P32)2
.

5 Numerical study

Let {Xn}, n = 0, 1, 2, ..., m, be a Markov chain with three states, the state
space E = {1, 2, 3}, divided to up states U = {1, 2} and down states D = {3}
with transition probability matrix

P =

⎡
⎣ 0.3 0.3 0.4

0.4 0.5 0.1
0.3 0.4 0.3

⎤
⎦ .

We generate several simulations from different lengths m = 30, 60, 100,
200, 500, from this Markov chain, we begin each simulation from the state 1,
i.e., (α1 = 1). For each simulation, we can estimate the reliability of this system
and we establish a comparison between the maximum likelihood estimator
R̂(n) given by Equation (5) and the Bayesian estimator R̃(n) using Lindley
technique, given by Equation (11).

The following figures represent, for each simulation, the actual value, max-
imum likelihood estimator (MLE), and Bayesian estimator corresponding to
Jeffreys’ prior of reliability.

We can note, from Fig. 1 and Fig. 2, that the Bayesian estimator is better
than the maximum likelihood estimator (MLE) of reliability when m = 30, 60.
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For m = 100, 200, the Bayesian estimator and the maximum likelihood
estimator (MLE) of reliability for Markov chain are close to each other, (see
Fig. 3 and Fig. 4).

For m = 500 the Bayesian estimator and the maximum likelihood estimator
(MLE) of reliability for Markov chain are approximately equal, (see Fig. 5).

6 Conclusion

We note that, in most cases the Bayesian estimator of reliability for Markov
chain using Lindley technique is better than the maximum likelihood estimator
(MLE), especially when m is a small sample size (relative to the number of
parameters being estimated).

For large sample size, the Bayesian estimator using Lindley technique and
the maximum likelihood estimator (MLE) of reliability for Markov chain are
close to each other, and when m approaches infinity we get

lim
m→∞

R(n) 
 lim
m→∞

R̂(n) 
 lim
m→∞

R̃(n).

i.e., R(n), R̂(n) and R̃(n) are approximately equal or R(n), R̂(n) and R̃(n)
are sufficiently close to each other.

A numerical study by simulation is also carried out the performance of the
Bayesian estimator of reliability for Markov chain compared to the maximum
likelihood estimator (MLE).
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