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Abstract

This paper deals with the boundary and initial value problems for the
Bratu-type model by using the modified variational iteration method.
The efficiency of this modified method is to provide the analytical or
approximate solutions to linear and nonlinear equations without the in-
tegral related with nonlinear term, linearization or discretization, which
makes it reliable for solving the nonlinear differential equations. The
numerical results are presented to show its efficiency.
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1 Introduction

The Bratu-type boundary value problem in one-dimensional planar coordinates

u′′ + λeu = 0, (1)

u(0) = u(1) = 0.

arises from a simplification of the solid fuel ignition model in thermal com-
bustion theory, physical applications ranging from chemical reaction theory,
radiative heat transfer and nanotechnology to the expansion of universe [1, 2,
7, 10, 11]. The initial value problem of the Bratu-type model [11] is given by

u′′ − 2eu = 0 (2)

u(0) = u
′
(0) = 0.
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Due to its mathematical and physical properties, the Bratu-type problems have
been studied extensively[3, 10, 11]. Recently, Wazwaz [11] applied Adomian
decomposition method to study the Bratu-type equations, Syam [10] discussed
the Bratu-type problems by variational iteration method, and Feng [3] consid-
ered these problems by means of modified homotopy perturbation method.

However, the existing methods such as Adomian decomposition method,
variational iteration method and homotopy perturbation method involve the
computation of Adomian polynomials, the integral related with eu or the per-
turbation of small parameters, this leads to increase the numerical computa-
tion cost and narrow down their applications. To avoid these disadvantages,
we propose a modified variational iteration method to solve the Bratu prob-
lems, based upon the Taylor series expansion. This efficiency of this modified
approach is verified by three examples.

The rest of this paper is arranged as follow. In section 2, we introduce
the variational iteration method (VIM) proposed by He, and modify the VIM
based upon the expansion of the nonlinear term N(u). Then we deal with
the Bratu-type problems by means of modified variational iteration method in
section 3. Finally, we conclude this paper with some comments.

2 Variational iteration method and its modi-

fication

To illustrate its basic concepts of the variational iteration method [4, 5, 6], we
consider the following differential equation:

Lu + Nu = g(x), (3)

where L is a linear operator, N is a nonlinear operator, and g(x) is an inho-
mogeneous term. Then, we can construct a correct functional as follows:

un+1(x) = un(x) +
∫ x

0
λ{Lun(ξ) + Nũn(ξ) − g(ξ)}dξ, (4)

where λ is a general Lagrange multiplier [4, 5], which can be optimally identi-
fied via variational theory. The second term on the right is called the correction
and ũn is considered as a restricted variation, i.e. δũn = 0.

For the nonlinear differential equation (3), the nonlinear term N(u) can be
expressed in Taylor series

N(u) = Σ∞
k=0aku

k.

We determine the Lagrange multiplier λ in the correction functional (4) with
the series above. This results in the following iteration formula:

u1(x) = u0(x) +
∫ x

0
λ{Lu0(ξ) + a0 − g(ξ)}dξ,
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u2(x) = u1(x) +
∫ x

0
λ{Lu1(ξ) + (a0 + a1u1(ξ)) − g(ξ)}dξ,

...

un+1(x) = un(x) +
∫ x

0
λ{Lun(ξ) + (Σn

k=0aku
k
n(ξ)) − g(ξ)}dξ.

For simplicity, we denote MVIM by the above modification of the variation
iteration method [9].

3 Numerical examples

In this section, we will apply the modified variational iteration method for solv-
ing boundary value problemss or initial value problems of the Bratu-type equa-
tion. Numerical results are showed to illustrate the efficiency of the MVIM.

First we focus on discussing the Bratu-type equation

u
′′ − π2eu = 0 (5)

with the boundary conditions

u(0) = u(1) = 0.

Based upon the Taylor series of eu,

eu =
∞∑

n=0

un

n!
= 1 + u +

u2

2
+

u3

6
+ · · · , (6)

the correct functional reads as

un+1(x) = un(x) +
∫ x

0
λ{u′′

n(ξ) − π2(Σn
k=0

uk
n

k!
)(ξ)}dξ.

Making the above correct functional stationary yields the general Lagrange
multiplier λ = ξ − x. So the iteration formula is as follows

un+1(x) = un(x) +
∫ x

0
(ξ − x){u′′

n(ξ) − π2(Σn
k=0

uk
n(ξ)

k!
)}dξ.

Now we begin with an initial approximation u0 = ax, by the above iteration
formula, we can obtain the following results:

u1(x) = ax +
π2

2
x2,

u2(x) = ax +
π2

2
x2 +

π2

6
ax +

π4

24
x4

. . . . . .
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Imposing the boundary condition u(1) = 0 on the approximate solution un(x)
leads to obtain a = π. This results in the closed form solution

u(x) = − ln(1 + cos(
1

2
+ x)π).

Compared with the results in [9, 11], it does not require the Adomian polyno-
mials, or the integral related to eu.

Then we consider the Bratu-type equation

u
′′

+ π2e−u = 0 (7)

with the boundary conditions

u(0) = u(1) = 0.

Using the MVIM together with the Taylor series of e−u, the iteration formula
for (7) reads as follows

un+1(x) = un(x) +
∫ x

0
(ξ − x){u′′

n(ξ) + π2(Σn
k=0

(−1)kuk
n

k!
)(ξ)}dξ.

With the initial approximation u0(x) = ax, the following approximate solu-
tions are followed

u1(x) = ax − π2

2
x2,

u2(x) = ax − π2

2
x2 +

π2

6
ax − π4

24
x4,

. . . . . .

Similarly, by the boundary condition u(1) = 0, it follows that a = π. This
results in the closed form solution

u(x) = ln(1 + sin(1 + πx)).

Finally, we consider the initial value problem of Bratu-type equation (2).
Similarly, by the MVIM with an initial approximation u0 = 0, it follows that
the following approximate solutions

u1(x) = x2,

u2(x) = x2 +
1

6
x4,

u3(x) = x2 +
1

6
x4 +

2

45
x6 +

1

168
x8 +

1

3240
x10,

. . . . . .

Here the exact solution is given by u(x) = − ln(cos(x))[11]. Specially, with the
third order approximation, one can obtain high accuracy in the whole domain
(0 ≤ x ≤ 1), see figure 1. Notice that the accuracy can be improved by
considering more iteration steps of the MVIM.
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Figure 1: The third order approximate and exact solution of (2)

4 Conclusion

The Bratu-type problems have been solved by modified variational iteration
method together with the Taylor series. This approach is useful to avoid the
computation of Adomian polynomial or the integral related with the nonlinear
term eu. The effectiveness is demonstrated by the boundary condition prob-
lems and initial value problems of Bratu-type equation. We think this approach
is reliable and efficient to solve other nonlinear differential equations.
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