
Int. J. Contemp. Math. Sciences, Vol. 5, 2010, no. 2, 61 - 66

Self-Orthogonality and Gorenstein Projectivity

Driss Bennis and Khalid Ouarghi

Department of Mathematics, Faculty of Science and Technology of Fez
Box 2202, University S. M. Ben Abdellah Fez, Morocco
driss bennis@hotmail.com, ouarghi.khalid@hotmail.fr

Abstract
In this paper, we investigate the conjecture that every self-orthogonal

Gorenstein projective module is projective. Namely, we give an affir-
mative answer to this conjecture for a particular case of Gorenstein
projective module. Rings over which every module is self-orthogonal is
also investigated.
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1 Introduction

Throughout this paper, R denotes a non-trivial associative ring with iden-
tity, and all modules are left R-modules. If R is a commutative ring, we use
gldim(R) to denote the classical global dimension of R.

In the sixties, Auslander and Bridger introduced, for finitely generated
modules and over Noetherian rings, which are called now Gorenstein mod-
ules [1, 2]. Several decades later, this notion of modules was extended, by
Enochs et al. [9, 10, 11], to not necessarily finitely generated modules and
over not necessarily Noetherian rings. In the last years, the notion of Goren-
stein projective modules is extensively studied and developed by Avramov,
Christensen, Ding, Enochs, Esmkhani, Foxby, Jenda, A. Jorgensen, Jørgensen,
Frankild, Holm, Huang, Li, Luo, Mao, Sather-Wagstaff, Şega, Tousi, White,
and Yassemi among others (see [6, 7, 8]).

Recall that a module M is said to be Gorenstein projective, if there exists
an exact sequence of projective modules

P = · · · → P1 → P0 → P−1 → P−2 → · · ·
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such that M ∼= Im(P0 → P−1) and such that HomR(−, Q) leaves the sequence
P exact whenever Q is a projective module. The exact sequence P is called a
complete projective resolution. It is well known that every projective module
is Gorenstein projective, and that a Gorenstein projective module is projec-
tive if and only if it has finite projective dimension. Recently, in [15], Luo and
Huang investigated the relation between Gorenstein projectivity and the clas-
sical projectivity using the notion of self-orthogonality. Recall that a module
M is said to be self-orthogonal if Extn(M, M) = 0 for every integer n ≥ 1. In
[15], Luo and Huang proved that, over a commutative Artinian ring, a finitely
generated Gorenstein projective module M is projective if and only if it is self-
orthogonal [15, Theorem 4.7]. Then, it is natural to ask when this result holds
for arbitrary modules and over associative rings. Namely, one would like to in-
vestigate whether a self-orthogonal Gorenstein projective module is projective.
In this paper, we investigate this question. We first show that the question has
an affirmative answer for n-strongly Gorenstein projective modules (Theorem
2.1), and more generally for a Gorenstein projective module such that in its
correspondent complete projective resolution P, there exists an integer i such
that Mi = Im(Pi → Pi−1) is n-strongly Gorenstein projective for some posi-
tive integer n (Theorem 2.2). Then, we are interested in the rings over which
every modules is self-orthogonal (see Theorems 2.4 and 2.7, Proposition 2.5,
and Corollary 2.6).

2 Main results

In [15, Theorem 4.7], It is shown, over commutative Artinian rings, that a self-
orthogonal Gorenstein projective module is projective. However, the question
is still open for arbitrary rings. In this paper, we treat this question in some
particular cases. We begin with the following. Recall that a module M is
said to be n-strongly Gorenstein projective, if there exists an exact sequence
of modules 0 → M → Pn → · · · → P1 → M → 0, where each Pi is projective,
such that Hom(−, Q) leaves the sequence exact whenever Q is a projective
module. The n-strongly Gorenstein projective modules are introduced and
studied in [4] as a particular cases of Gorenstein projective modules [4, Propo-
sition 2.5(2)]. The 1-strongly Gorenstein projective modules are already intro-
duced in [3] and they are simply called strongly Gorenstein projective modules.
Let us call a module M n-self-orthogonal, for an integer n ≥ 1, if Extn(M, M) =
0. Then, a module M is self-orthogonal if it is n-self-orthogonal for every in-
teger n ≥ 1. We have:

Theorem 2.1 For an integer n ≥ 1, an n-strongly Gorenstein projective
module is n-self-orthogonal if and only if it is projective.
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Proof. We only need to prove the direct implication. Then, consider an n-
strongly Gorenstein projective module M which is n-self-orthogonal. Then,
there exists an exact sequence of modules 0 → M → Pn → · · · → P1 → M →
0, where each Pi is projective. We decompose this sequence into two exact
sequences 0 → M → Pn → Mn → 0 and 0 → Mn → Pn−1 → · · · → P1 →
M → 0, where Mn = Im(Pn → Pn−1). From [16, Theorem 9.4(iii)] and since
M is n-self-orthogonal, we get 0 = Extn(M, M) = Ext1(Mn, M). Then, the
first short exact sequence above splits and therefore M is projective.

Note that the n-self-orthogonality of M in Theorem 2.1 is necessary. In
fact, the principal ideal (X̄) of the Gorenstein ring S = R[[X, Y ]]/(XY ) is 2-
strongly Gorenstein projective and 1-self-orthogonal, but it is not projective.
Indeed, (X̄) is 2-strongly Gorenstein projective (by [4, Example 2.6]). And
(X̄) is 1-self-orthogonal because if we apply the functor Hom((X̄),−) to the
short exact sequence 0 → (X̄) → S → (Ȳ ) → 0 we get an exact sequence

Hom((X̄), (Ȳ )) → Ext((X̄), (X̄)) → Ext((X̄), S)

Since X̄Ȳ = 0, Hom((X̄), (Ȳ )) = 0, and since (X̄) is Gorenstein projective,
Ext((X̄), S) = 0. Therefore, Ext((X̄), (X̄)) = 0.

The next result shows that the question has an affirmative answer in the
following more general case.

Theorem 2.2 A Gorenstein projective module M is projective if and only
if it self-orthogonal and in its correspondent complete projective resolution P,
there exists an integer i such that Mi = Im(Pi → Pi−1) is n-strongly Gorenstein
projective for some positive integer n.

To prove this result we need the following key lemma.

Lemma 2.3 Let n ≥ 1 be an integer and let 0 → M → P → N → 0 be a
short exact sequence of modules, where P is projective, such that Exti(M, Q) =
0 for every i > 0 and every projective module Q. Then, M is m-self-orthogonal
for every 1 ≤ m ≤ n if and only if N is m-self-orthogonal for every 1 ≤ m ≤ n.

Proof. We prove the “only if” part, and the converse is proved similarly.
Suppose that M is m-self-orthogonal for every 1 ≤ m ≤ n. Applying the
functor Hom(−,M) to the short exact sequence 0 → M → P → N → 0, we
get

Exti(M, M) → Exti+1(N, M) → Exti+1(P, M).

Then, Exti+1(N, M) = 0 for i = 1, ..., n. Now, applying the functor Hom(N,−),
we get

Exti(N, P ) → Exti(N, N) → Exti+1(N, M).

Therefore, by the reason above and by hypothesis, we get Exti(N, N) = 0 for
i = 1, ..., n.
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Proof of Theorem 2.2. The “only if” part is straightforward.
We prove the “if” part. First, Note that every image Mi of P is a Gorenstein
projective module and so it satisfies Exti(M, Q) = 0 for every i > 0 and every
projective module Q (from [12, Proposition 2.3]). So, decomposing P into short
exact sequences and applying recursively Lemma 2.3, we obtain that every
Mi = Im(Pi → Pi−1) is self-orthogonal. Now, since Mi = Im(Pi → Pi−1) is n-
strongly Gorenstein projective, Mi is projective (by Theorem 2.1). Therefore,
in both cases i ≥ 0 or i < 0, we get that M is projective (we only need to note
that for the case i ≥ 0 we apply [12, Proposition 2.27]).

A particular kind of rings satisfying every Gorenstein projective module is
projective are those rings over which every module is self-orthogonal. These
kind of rings can be of interest. For commutative Noetherian rings, these rings
are the same the classical semisimple rings. Namely, we have:

Theorem 2.4 Assume R to be a commutative Noetherian ring. Then, the
following assertions are equivalent for an integer n ≥ 1:

1. Every module is n-self-orthogonal;

2. gldim(R) ≤ n − 1.

Proof. The equivalence is a consequence of [14, Corollary 5.80, Theorems 5.92,
and Lemma 5.90].

As a necessary condition on rings over which every module is self-orthogonal,
we have the following result:

Proposition 2.5 Assume R to be a commutative ring. If every module is
self-orthogonal, then every non zero-divisor element x of R is invertible.

Proof. From [5, Examples (1), page 102], Ext1
R(R/xR,R/xR) ∼= R/xR. Since

R/xR is self-orthogonal, Ext1
R(R/xR,R/xR) = 0, then R/xR = 0. Thus,

R = xR, which means that x is invertible.

As a consequence we get:

Corollary 2.6 Assume R to be an integral commutative domain. Then,
every module is self-orthogonal if and only if R is a field.

Proof. Follows from Proposition 2.5.
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Recall that a ring R is called a PP ring, if every principal ideal of R is
projective; equivalently, each element of R is a product of a non zero-divisor
and an idempotent (see [13, Lemma 1]). This implies that every PP local ring
(not necessarily Noetherian) is integral, and so every localization of a PP ring
is integral. In fact, this follows from the known fact that in local rings there
are no idempotent elements except the trivial ones: 0 and 1.

Theorem 2.7 Assume R to be a commutative PP ring. If every module is
self-orthogonal, then R is a von Neumann regular ring.

Proof. Let p be a prime ideal of R. Consider an element y in the localization
Rp. Then, y = x/s for x ∈ R and s ∈ R\p. Since R is a PP ring, the ideal xR
is projective and so it is infinitely presented (from [5, Exercise 7(a), page 180]);
that is xR admits a free resolution of modules · · · → Fn → Fn−1 → · · · →
F0 → M → 0, such that the free modules Fi are finitely generated. Then, from
[16, Theorem 9.50], Exti

Rp
(Rp/yRp, Rp/yRp) = (Exti

R(R/xR,R/xR))p. Then,

by hypothesis, we obtain that Exti
Rp

(Rp/yRp, Rp/yRp) = 0. Now, since R is
a PP ring, the localization Rp is an integral domain. Then, by [5, Examples
(1), page 102], 0 = Exti

Rp
(Rp/yRp, Rp/yRp) ∼= Rp/yRp and so Rp = yRp. This

implies that each element of Rp is invertible which means that Rp is a field.
Therefore, R is a von Neumann regular ring.
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exposés de Maurice Auslander, par Marquerite Mangeney, Christian Pe-
skine et Lucien Szpiro, Ecole Normale Superieure de Jeunes Filles.

[2] M. Auslander and M. Bridger, Stable module theory, Memoirs. Amer.
Math. Soc., 94, American Mathematical Society, Providence, Rhode Is-
land, 1969.

[3] D. Bennis and N. Mahdou, Strongly Gorenstein projective, injective, and
flat modules, J. Pure Appl. Algebra 210 (2007) 437–445.

[4] D. Bennis and N. Mahdou, A generalization of strongly Gorenstein pro-
jective modules, J. Algebra Appl. 8 (2009) 219–227.
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