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Abstract

An r.t. extension of a valuation v on K to a rational function field
with n variables is defined by using r.t. extensions of v to a rational
function field with one variable and some properties of this valuation
are investigated.
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1 Introduction

Residual transcendental extensions of v to K(x) are described by N. Popescu,

V. Alexandru and A. Zaharescu in 1988, 1990. All valuations on K(x) are

classified by them in 1990. Certain residual transcendental and residual alge-

braic extensions of v to K(x, y) are defined by F. Öke and H. İşcan in 2002. In

this paper a residual transcendental extension of v to K(x1, ..., xn) is defined

using residual transcendental extensions of v to K(xi) for i = 1, ..., n. Certain

properties of residual transcendental extensions of v to a rational function field

with one variable are generalized for rational function field with n variables.

2 Preliminaries and Some Notations

Throughout this paper, v is a valuation of a field K with value group Gv,

valuation ring Ov and residue field kv, K is an algebraic closure of K, v is

the unique extension of v to K, the value group of v is the divisible closure
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of Gv i.e. Gv = Gv = QGv is the smallest divisible group which contains Gv

and the residue field kv = kv of v is the algebraic closure of kv. Let L be an

extension of a field K. If v′ is an extension of v to L then kv will be identified

canonically with a subfield of kv′ and Gv with a subgroup of Gv′ . Let K and

M be subfields of a field L and u be a valuation of L. If the restriction of u

to K is a valuation v and the restriction of u to L is valuation w then u is

called common extension of v and w to L. K(x) and (x1, ..., xn) are rational

function fields over K with one and n variables respectively. For any b ∈ Ov,

b∗ denotes the natural image of b in kv. If a1, ..., an ∈ K, then the restriction

of v to K(a1, ..., an) will be denoted by va1,...,an.

w is called residual transcendental (r.t.) extension of v if kw/kv is a tran-

scendental extension. For each F =
n∑

i=1

aix
i ∈ K[x], w defined as w(

∑
i

aix
i) =

min
i

(v(ai)) is a r. t. extension of v to K(x). It is called as Gaussian extension

of v. Its value group is Gw = Gv and residue field is kw = kv(x
∗), where x∗

trans / kv.

An element (a, δ) of K × G where G is an ordered abelian group which

contains Gv is usually called a pair. A pair (a, δ) is called minimal with respect

to K if for every b ∈ K such that [K(b) : K] < [K(a) : K], one has v̄(a − b) <

δ. If w is an r.t. extension of v to K(x) then there exists a minimal pair

(a, δ)inK × Gv̄ respect to K where a is seperable over K and w is defined as

follows: Let f = Irr(a, K) be a minimal polynomial of a respect to K and

γ = w(f). If F ∈ K [x],

F = F0 + F1f + ... + Fnfn, deg Fi < deg f , i = 0, ..., n then

w(F ) = inf
i

(va(Fi(a)) + iγ). Let e be the smallest non-zero positive integer

such that eγ ∈ Gva . Then Gw = Gva + Zγ, [Gw : Gv] = e[Gva : Gv]. Let

h ∈ K [x] such that deg h < deg f , va(h(a)) = eγ. Then r = f e/h is an

element of Ow of the smallest order such that r∗ ∈ kw is transcendental over

kv. Thus the field kva can be identified cannonically with the algebraic closure

of kv in kw and kw = kva(r∗). For any r ∈ K(x), r /∈ K, degr is defined

as deg r = [K(x) : K(r)]. If w is a r.t. extension of v to K(x) defined as

above deg(w/v) is the least natural number such that there exists r ∈ Ow of

degree n and r∗ is transcendental over kv. The ramification index of Gw over

Gv is denoted by e(w/v) = [Gw : Gv] and the residue degree of w over v is

f(w/v) = [kva : kv] which is degree of algebraic closure of kv in kw



Residual transcendental extensions 499

3 Results

Let wi be a r.t. extension of v to K(xi) defined by a minimal pair (ai, δi) ∈
K ×Gv̄ and fi = Irr(ai, K), γi = wi(fi), ei be the smallest number such that

eiγi ∈ Gvai
where vai

is the restriction of v to K(ai), hi ∈ K[xi] such that

deg hi < deg fi and vai
(h(ai)) = eiγi for i = 1, ..., n and such that r∗i trans/kv.

Each polynomial F ∈ K[x1, ..., xn] can be written uniquelly as:

F =
∑

i1,...,in
finite

Fi1...inf
i1
1 ...f in

n , degxi
Fi1...in < deg fi, i = 1, ..., n.

Define

u(F ) = inf
i1...in

(va1...an(Fi1i2...in(a1, ..., an)) + i1γ1 + ... + inγn) (1)

It is easily seen that u satisfies all valuation conditions on K[x1, ..., xn] and

it can be uniquelly extended to K(x1, ..., xn).

Proposition 2.1: Let u be a valuation which is defined in (1). u is a r.t.

extension of v to K(x1, ..., xn).

1. If F (x1, ..., xn) ∈ K[x1, ..., xn] and degxi
F (x1, ..., xn) < deg fi for i =

1, ..., n then u(F (x1, ..., xn)) = v̄(F (a1, ..., an)) and Gw = Gva1,...,an
+

Zγ1 + ... + Zγn.

2. kva1,...,an
is the algebraic closure of kv in ku and ku = kva1,...,an

(r∗1, ..., r
∗
n)

where ku = kva1,...,an
(r∗1, ..., r

∗
n) for i = 1, ..., n.

Proof : wi which is the restriction of u to K(xi) for i = 1, ..., n is a r.t.

extension of u to K(xi) defined by the minimal pair (ai, δi) ∈ K ×Gv̄. u is the

common extension of wi to K(x1, ..., xn) for i = 1, ..., n.

1. According to Theo 2.1 of [1] if g(xi) ∈ K [xi] and deg g < deg fi then

wi(g(xi)) = v̄(g(ai)). Therefore if degxi
F (a1, ..., ai−1, xi, ai+1, ..., an) <

deg fi then u′
i(F (a1, ..., ai−1, xi, ai+1, ..., xn)) = v̄(F (a1, ..., ai, ..., an)) where

u′
i is the restriction of u′ which is the fixed extension of u to K(x1, ..., xn)

for

i = 1, ..., n. Hence if degxi
F (x1, ..., xn) < deg fi for i = 1, ..., n then

u(x1, ..., xn) = v̄(F (a1, ..., an)) = va1,...,an(F (a1, ..., an)) and then

Gw = Gva1,...,an
+ Zγ1 + ... + Zγn.

2. Since eiγi ∈ Gvai
there exists a polynomial hi ∈ K[xi], deg hi < deg fi

such that wi(hi) = vai
(h(ai)) and r∗i trans/kvai

for i = 1, ..., n. Let wai
be
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the restriction of u′ to K(x1, ..., xi−1, ai) and ui is the common extension

of w1, ..., wi to K(x1, ..., xn) for i = 1, ..., n. u1 is the r.t. extension of

v to K(x1) defined by the minimal pair (a1, δ1) ∈ K × Gv̄ and ui is the

r.t. extension of ui−1 defined by the minimal pair (ai, δi) ∈ K × Gv̄ for

i = 2, ..., n. Since kw1 = kva1
,

r1 trans/kva1
, ku1 = kva

1
(r∗1) and kwi

= kwai−1
kvai

, r∗i trans/kvai
for

i = 2, ..., n then it is obtained that to the algebraic closure of kv in ku is

kvai,...,an
and ku = kva1,...,an

(r∗i , ..., r
∗
n) by the induction.

Definition 2.2: Let u be an extension of v to K(x1, ..., xn) defined in (1).

Then degree of u/v is defined as;

D(u/v) = [K(x1, ..., xn) : K(r1, ..., rn)]

Moreover the ramification index of u/v is defined as; E = E(u/v) =

[Gu : Gv] and the residue degree of u/v is defined as, F = F (u/v) =
[
kva1,...,an

: kv

]

which is the degree of the algebraic closure of kv in ku over kv.

Theorem 2.3: Let u be the r.t. extension of v to K(x1, ..., xn) which is

defined in (1) and ni = deg fi for i = 1, ..., n. Then

D(u/v) =

n∏

i=1

d(wi/v)

.

Also the equality D(u/v) =
n∏

i=1

eini holds.

Proof: Using the Theorem. 2.1. of [2] it can be seen that

d(u/v) = [K(x1, ..., xn) : K(r1, ..., rn)] =
n∏

i=1

deg ri =
n∏

i=1

d(wi/v). Since

d(wi/v) = nif(wi/v) for i = 1, ..., n the equality D(u/v) =
n∏

i=1

eini holds.

Theorem 2.4: Let u be the r.t. extension of v to K(x1, ..., xn) which is

defined in (1). Then the inequality

D(u/v) ≥
n∏

i=1

e(wi/v)f(wi/v)

holds.

Proof: According to the Theo.2.2. and Corollary 2.2. of [2]

d(wi/v) ≥ e(wi/v)f(wi/v) for i = 1, ..., n then using the Theo. 2.3 the

proof is completed.
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Theorem 2.5: The equality D(u/v) =
n∏

i=1

e(wi/v)f(wi/v) holds if one of

the following contitions is satisfied.

i) rankv = 1 and charkv = 0

ii) rankv = 1 and v is discrete

iii) v is Henselian and charkv = 0.

Proof: According to Corollary 2.5 and Corollary 2.6. of [1] if one of

this conditions is satisfied the equality d(wi/v) = e(wi/v)f(wi/v) holds for

i = 1, ..., n. Therefore using the Theorem.2.3 the proof is obtained.

Corollary 2.6: Let E and F be the ramification index and the residue

degree of u/v respectively. Then the inequality

D(u/v) ≥ EF

holds.

Proof: Since the value group of u is Gu = Gva1,...,an
+ Zγ1 + ... + Zγn

E = e(u/v) = ē
[
Gva1,...,an

: Gv

]

where e is the smallest multiple of ei for i = 1, ..., n. Therefore using the

Theo. 2.3. it is obtained that

D(u/v) ≥
n∏

i=1

e(wi/v)f(wi/v) =
n∏

i=1

ei

[
Gvai

: Gv

] [
kvai

: kv

] ≥ EF .

References

[1] V. Alexandru, N. Popescu And A. Zaharescu, A theorem of characteriza-

tion of residual transcendental extensions of a valuation J. Math. Kyoto

Univ.. 24-8 (1988) 579-592.

[2] V. Alexandru, N. Popescu And A. Zaharescu, Minimal pairs of definition

of a residual transcendental extension of a valuation, J. Math. Kyoto Univ..

30-2 (1990) 207-225.

[3] V. Alexandru, N. Popescu And A. Zaharescu, All valuations on K(x), J.

Math. Kyoto Univ.. 30-2 (1990) 281-296.

[4] S.K. Khanduja, On valuations of K(x), Proceedings of the Edinburgh Math-

ematical Society. 35 (1992) 419-426.



502 Figen Öke
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