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Abstract

Let B be an indecomposable Galois extension of BG with Galois
group G such that BG is a separable CG-algebra where C is the center
of B. It is shown that B satisfies the fundamental theorem if and only
if for each separable extension A of BG in B, VB(A) = ⊕∑

g∈G(A) Jg,
and the centers of A and BG(A) are the same where VB(A) is the com-
mutator subring of A in B, Jg = {b ∈ B | bx = g(x)b for each x ∈ B}
for a g ∈ G, and G(A) = {g ∈ G | g(a) = a for all a ∈ A}. More-
over, a correspondence theorem between subgroups of G and separable
subextensions of BG in B is given.
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1 Introduction

For a finite field Galois extension, it is well known that the fundamental the-
orem holds. This fact was extended to a finite indecomposable commutative
Galois ring extension ([1], Theorem 2.3), and the DeMeyer-Kanzaki Galois ex-
tensions ([2], Theorem 3), that is, there is a one-to-one correspondence between
the set of subgroups of the Galois group G and the set of separable subexten-
sions of BG in B. Recently, a characterization of Galois extension B of BG
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with Galois group G satisfying the fundamental theorem is given; that is, B is
one of the following two types: (1) B = BGe⊕BG(1−e) where e and 1−e are
minimal central idempotents in B and (2) B is indecomposable satisfying the
fundamental theorem ([10], Theorem 3.7). For type (1), it is easy to see that
G = {1, g}, an order 2 group, so the correspondence is given by 〈1〉 −→ B
and G −→ BG, where g(re) = r(1 − e) for all r ∈ BG. We want to continue
to investigate type (2). The purpose of the present paper is to characterize an
indecomposable Galois extension B of BG with Galois group G satisfying the
fundamental theorem where BG is a separable CG-algebra. Assuming that BH

is separable over BG for each subgroup H of G, it is shown that B satisfies
the fundamental theorem if and only if for each separable extension A of BG

in B, VB(A) = ⊕∑
g∈G(A) Jg, and the centers of A and BG(A) are the same

where VB(A) is the commutator subring of A in B, Jg = {b ∈ B | bx = g(x)b
for each x ∈ B} for each g ∈ G, and G(A) = {g ∈ G | g(a) = a for all a ∈ A}.
This generalizes the result for a Galois algebra as given in [9] to any Galois
extension of a ring. Moreover, let B be an indecomposable ring with a finite
automorphism group G, C the center of B. We shall show that B is a Galois
extension of BG with Galois group G such that BG is a separable CG-algebra
if and only if B is a Galois extension of BGC which is a separable CG-algebra
with Galois group K where K = {g ∈ G | g(c) = c for all c ∈ C}. This induces
the fundamental theorem for the Galois extension B of BGC with Galois group
K, and BGC of BG with Galois group G/K.

2 Definitions and Notations

Let B be a ring with 1, G a finite automorphism group of B, BG the set of
elements in B fixed under each element in G, and A a subring of B with the
same identity 1. We call B a Galois extension of BG with Galois group G if
there exist elements {ai, bi in B, i = 1, 2, ..., m} for some integer m such that
∑m

i=1 aig(bi) = δ1,g for each g ∈ G ([2]). A ring B is called a Galois algebra over
R if B is a Galois extension of R such that R is contained the center C of B ([3]).
We call B a separable extension of A if there exist {ai, bi in B, i = 1, 2, ..., m
for some integer m} such that

∑
aibi = 1, and

∑
bai ⊗ bi =

∑
ai ⊗ bib for all

b in B where ⊗ is over A. A ring B is called a Hirata separable extension of
A if B ⊗A B is isomorphic to a direct summand of a finite direct sum of B as
a B-bimodule. An Azumaya algebra is a separable extension of its center. A
Galois extension B with Galois group G is called a DeMeyer-Kanzaki Galois
extension if B is an Azumaya algebra over its center C and C is a Galois
algebra with Galois group G|C ∼= G. We call B is a Hirata Galois extension of
BG with Galois group G if it is a Hirata separable and Galois extension of BG

with Galois group G ([7]). A ring B is called indecomposable if it contains no
central idempotents but 0 and 1. We call B satisfying the fundamental theorem
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if α : H −→ BH for a subgroup H of G is a one-to-one correspondence between
the set of subgroups of G and the set of separable subextensions of BG in B.

Throughout this paper, C is the center of B, G a finite automorphism
group of B, K = {g ∈ G | g(c) = c for all c ∈ C}, Jg = {b ∈ B | bx = g(x)b for
each x ∈ B} for a g ∈ G, and for a subring A of B, G(A) = {g ∈ G | g(a) = a
for all a ∈ A}, and VB(A) denotes the commutator subring of A in B.

3 The Fundamental Theorem

Throughout this section, let B be an indecomposable Galois extension of BG

with Galois group G such that BG is a separable CG-algebra. We shall gener-
alize the fundamental theorem for an indecomposable Galois algebra ([9]) to
B. We begin with a property of Jg.

Lemma 3.1 For any g ∈ K, Jg is a projective rank one C-module, and
Jg = {0} for any g 	∈ K.

Proof. Since B is a Galois extension of BG, it is a separable extension of BG.
But BG is a separable CG-algebra, so B is a separable CG-algebra by the tran-
sitivity property of separable extensions. Hence B is an Azumaya C-algebra
and C is a separable CG-algebra ([4], Theorem 3.8, page 55). Noting that
BGC is a homomorphic image of BG ⊗CG C, we have that BGC is a separable
C-algebra. Thus B is a left projective module over BGC ([4], Proposition 2.3,
page 48). Therefore B is a Hirata separable extension of BGC ([5], Theo-
rem 1). But then Jg is a projective rank one C-module for each g ∈ K ([7],
Theorem 2). Moreover, since C is an indecomposable separable CG-algebra
with an automorphism group G/K, C is a Galois algebra over CG with Galois
group G/K ([4], Proposition 1.2, page 80). Hence both BGC and BK are
Galois extensions of BG with Galois group G/K such that BGC ⊂ BK . Thus
BGC = BK ; and so B is a Galois extension of BGC with Galois group K.
Therefore ⊕∑

g∈G Jg = VB(BG) = VB(BGC) = VB(BK) = ⊕∑
g∈K Jg. ([6],

Proposition 1). This implies that Jg = {0} for any g 	∈ K.

Let α : H −→ BH for a subgroup H of G. Next we claim that α is
one-to-one.

Lemma 3.2 Let H, L be subgroups of G. If BH = BL, then H = L.

Proof. Since BH = BL, B is a Galois extension of BH (= BL) with Galois
groups H and L, respectively. Hence ⊕∑

g∈H Jg = VB(BH) = VB(BL) =
⊕∑

g∈L Jg ([6], Proposition 1). By Lemma 3.1, Jg = {0} for each g 	∈ K. Hence
⊕∑

g∈H∩K Jg = ⊕∑
g∈L∩K Jg. Thus H ∩ K = L ∩ K. Also (BH)K = (BL)K ,

so BHK = BLK . On the other hand, since C is an indecomposable separable
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CG-algebra with an automorphism group G/K, C is a Galois algebra over CG

with Galois group G/K satisfying the fundamental theorem ([4], Proposition
1.2, page 80). But BHK = BLK and BK = BGC, so (BGC)HK = (BGC)LK .
Hence HK/K = LK/K restricted to C; and so HK/K = LK/K on BGC also.
Consequently, H/(H∩K) ∼= L/(L∩K). In particular, since BH = BG(BH ), we
can take L = G(BH); and so H/(H∩K) ∼= G(BH)/(G(BH)∩K). Noting that
H ⊂ G(BH) and H ∩ K = G(BH) ∩ K, we have that H = G(BH). Similarly,
L = G(BL). Consequently H = G(BH) = G(BL) = L.

Next we characterize a separable extension A of BG in B such that A =
BG(A).

Lemma 3.3 Assume that BH is separable over CG for each subgroup H of
G. Let A be a separable extension A of BG in B. Then A = BG(A) if and only
if VB(A) = ⊕∑

g∈G(A) Jg, and the centers of A and BG(A) are the same.

Proof. The necessity is clear. For the sufficiency, since A and BG(A) are sepa-
rable CG-algebras with the same center, They are Azumaya algebras over the
same center Z. Noting that A ⊂ BG(A), we have that BG(A) ∼= A⊗Z VBG(A)(A)
([4], Theorem 4.3, page 57). Now by hypothesis, VB(A) = ⊕∑

g∈G(A) Jg =

VB(BG(A)) ([6], Proposition 1), so VBG(A)(A) = BG(A) ∩ VB(A) = BG(A) ∩
VB(BG(A)) = VBG(A)(BG(A)) = Z. Thus BG(A) = A ⊗Z Z = A.

Combine Lemma 3.2 and Lemma 3.3, we have the main result of this sec-
tion.

Theorem 3.4 The Galois extension B satisfies the fundamental theorem if
and only if for each separable extension A of BG, VB(A) = ⊕∑

g∈G(A) Jg, and

the centers of A and BG(A) are the same.

4 The Correspondence

Let B be an indecomposable Galois extension of BG with Galois group G
such that BG is a separable CG-algebra as given in section 3. By keeping the
notations of section 3, in [11], it was shown that B is a Hirata Galois extension
of BGC with Galois group K and BGC is a DeMeyer-Kanzaki Galois extension
of BG with Galois group G/K ([11], Theorem 2.1 and Theorem 2.2). Also
in [11], the correspondence H −→ (BGC)H is a bijection between the set of
subgroups of G containing K and the set of separable extensions of BG in BGC
([11], Theorem 2.4). In this section, we shall show that the above one-to-one
correspondence holds also for subgroups of K. Consequently, the one-to-one
correspondence holds for all subgroups comparable with K. We begin with
a generalization of the fact that the order of the Galois group for a central
Galois algebra is a unit.
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Lemma 4.1 Let B be an indecomposable Galois extension of BG with Ga-
lois group G such that BG is a separable CG-algebra. Then B is a Hirata
Galois extension of BGC with Galois group K and the order of K is a unit in
B.

Proof. By Theorem 2.1 in [11], B is a Hirata Galois extension of BGC with
Galois group K. Moreover, since BG is a separable CG-algebra, BGC, as a
homomorphic image of BG ⊗CG C, is a separable subalgebra of the Azumaya
algebra B. Hence BGC is a direct summand of B as a bimodule over BGC.
Thus, noting that B is a Hirata Galois extension of BGC with Galois group
K, we conclude that the order of K is a unit in B ([7], Proposition 4).

For the Hirata Galois extension B of BGC with Galois group K satisfying
the fundamental theorem, the equivalent condition on the centers of A and
BG(A) being the same as given in Theorem 3.4 can be removed by using Lemma
4.1.

Theorem 4.2 Let B be an indecomposable Galois extension of BG with
Galois group G such that BG is a separable CG-algebra as given in Lemma 4.1.
Then the Hirata Galois extension B of BGC with Galois group K satisfies the
fundamental theorem if and only if for each separable extension A of BGC,
VB(A) = ⊕∑

g∈G(A) Jg.

Proof. The necessity is clear because A = BG(A). Conversely, by Lemma 4.1,
the order of K is a unit in B, so the order of any subgroup H of K is also
is a unit in B. This implies that BH is a separable extension of BGC. Next
we claim that for each separable extension A of BGC, A = BG(A). In fact,
since B is a Galois extension of BG(A) with Galois group G(A), VB(BG(A)) =
⊕∑

g∈G(A) Jg. By hypothesis, VB(A) = ⊕∑
g∈G(A) Jg. Hence VB(BG(A)) =

VB(A). Since A and BG(A) are separable subalgebras of the Azumaya algebra
B, A = VB(VB(A)) = VB(VB(BG(A))) = BG(A). Thus α : H −→ BH is an onto
map from the set of subgroups of K and the set of separable subextensions of
BGC in B. Therefore α is a one-to-one correspondence by Lemma 3.2.

Combining Theorem 4.2 and Theorem 2.4 in [11], we have a correspondence.

Theorem 4.3 Let B be an indecomposable Galois extension of BG with Ga-
lois group G such that BG is a separable CG-algebra. If VB(A) = ⊕∑

g∈G(A) Jg

for each separable extension A of BGC in B, then α : H −→ BH is a one-to-
one correspondence between the set of subgroups H of G comparable with K
and the set of separable extensions of BG comparable with BGC.
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Proof. Since B is an indecomposable Galois extension of BG which is a sepa-
rable CG-algebra with Galois group G/K, it satisfies the fundamental theorem
([10], Theorem 2.4), so the conclusion is immediate by Theorem 4.2.
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