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Abstract

New families of elliptic curves y2 = x3 − px with ranks 2 and 1 for p
a prime are given together with their integral points. The rank can not
always be determined by the number of integral points.
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1 Introduction

Elliptic curves of the form

Ep : y2 = x3 − px

and their ranks, for p a prime have been studied by several authors including
Kudo and Motose [3], Spearman [7] and Walsh [8]. The maximal rank of Ep

is 2, Silverman [6, Section X.6]. Conditions were given in [3], [7], [8] for the
rank to equal 2. In particular, Walsh gave the most general condition for the
rank to equal 2 by considering the number of integral points on Ep. With one
exception, five integral points was enough to conclude that the rank was equal
to 2. In the exceptional case, this theory could only guarantee that the rank
was equal to 1 or 2. In this paper, illustrating this exceptional case, we give
two conjecturally infinite sets of prime numbers p for which the curves Ep have
five integral points. We show that the rank is 2 for the first set of primes and 1
for the second set. We make use of the complete determination of the integral
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points on curves of the form y2 = x(x2 ± pk) given by Walsh [9] and recall this
theory in section 2. Then in section 3, we determine the ranks of our curves
and their integral points. These families of curves are not covered by any of
the earlier work [3], [7], [8]. Our main theorems are as follows.

Theorem 1.1. Suppose that p is a prime and e, t are integers such that

p = e2 + 1 and e = 41t2 + 58t + 41, t �= −1.

Then the rank of Ep is equal to 2 and Ep has exactly five integral points, namely
(0, 0), (−1,±e) and (p,±pe).

Theorem 1.2. Suppose that p is a prime and e, t are integers such that

p = e2 + 1 and e = 4t + 2, t ≥ 0.

Then the rank of Ep is equal to 1 and Ep has exactly five integral points, namely
(0, 0), (−1,±e) and (p,±pe).

2 The Primitive Integral Points on Ep

In this section we outline the theory of primitive integral points on Ep as given
by Walsh [9]. A primitive integral point (x, y) satisfies y > 0. Let εp = T+U

√
p

denote the fundamental unit in Z[
√

p]. The primitive integral points (x, y) on
Ep are given as follows:

(i) If p = 2u2 −1 for some positive integer u, then (x, y) = (u2, u(u2−1)) ∈
Ep.

(ii) If norm(εp) = −1 and U = u2 for some positive integer u, then (x, y) =
(pu2, puT ) ∈ Ep.

(iii) If p = u4 +v2 for positive integers u and v, then (x, y) = (−u2, uv) ∈ Ep.

There are at most four primitive integral points on Ep. These include at most
one of type (i), at most one of type (ii) and at most two of type (iii). There
are exactly two primitive integral points of type (iii) when p = u4 + v4 for
positive integers u and v. We note that the elliptic curve Ep : y2 = x3−px has
at least two primitive integral points if and only if it has at least five integral
points. The main Theorem of Walsh in [8] is as follows.

Theorem 2.1. If there are at least two primitive integral points on Ep,
then the rank of the Mordell-Weil group of Ep(Q) is equal to 2, unless all of
the following conditions hold in which case the rank is either equal to 1 or 2.
1. p = u4 + v2 with v a nonsquare integer,
2. norm(εp) = −1 and εp = T + U

√
p satisfies the property that U is a

square,
3. (p + 1)/2 is a nonsquare integer.
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Therefore, if there are exactly two primitive integral points (or equivalently
five integral points), one of type (ii) and one of type (iii), then the rank of
Ep cannot be determined by Theorem 2.1, although it must be 1 or 2. It is
precisely this case where our theorems apply, giving in our first theorem a
new family of rank 2 curves Ep. To calculate the rank we must return to the
method outlined in Chahal [2].

3 Proof of Theorems

Proof of Theorem 1.1. We show that the rank of our family of curves is equal
to 2. Following Chahal [2] and applying it to the curve Ep, the first step is to
determine the number of quartic equations of the form

dX4 + cY 4 = Z2

which are solvable in integers (X, Y, Z) with gcd(X, c) = 1, where (d, c) =
(p,−1) or (−1, p). The number of these equations which are solvable is 2ω − 2
for some integer ω ≥ 1. For the pair (p,−1) we have the solution (X, Y, Z) =
(1, 1, e) and for the pair (−1, p) we have the solution (X, Y, Z) = (1, 1, e).
Therefore ω = 2. The second step is determine the number of quartic equations
of the form

dX4 + cY 4 = Z2

which are solvable in integers (X, Y, Z), with gcd(X, c) = 1 where (d, c) =
(2p, 2) and (2, 2p). The number of these equations which are solvable is 2ω − 2
for some integer ω ≥ 1. For the pair (d, c) = (2p, 2) we have the solution
(X, Y, Z) = (1, t, 58t2 + 82t + 58) and for the pair (2, 2p) we have the solution
(X, Y, Z) = (t, 1, 58t2 + 82t + 58). From the equation for p in the statement
of Theorem 1.1, we observe that p is an odd prime and that t must be odd.
Therefore the required gcd conditions hold in all cases including the cases
where (d, c) = (2, 2p) or (2p, 2). We now have that ω = 2. We conclude that
the rank of EP = ω + ω − 2 = 2.

Next we determine the exact number of integral points on Ep by determin-
ing the primitive integral points. We gave five easily confirmed integral points
in the statement of Theorem 1.1. From Theorem 2.1 part 1, there is exactly
one type (iii) primitive integral point (−1, e) since p = e2 + 1 = u4 + v2 with
v = e a nonsquare positive integer. To see this note that e = 41t2 +58t+41 is
never a square modulo 9 so is never a square in Z and t �= −1 so e is positive.
Further, the curve Ep has one type (ii) primitive integral point (p, pe) since
the defining equation for p can be rearranged into

(e)2 − p(1)2 = −1.
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Finally there does not exist a type (i) primitive integral point since this would
imply that

2u2 − 1 = e2 + 1 = (41t2 + 58t + 41)2 + 1

for some integers u and t. This would contribute an integer point on the quartic
curve

y2 = 2(41x2 + 58x + 1)2 + 4.

Appealing to Magma [1] and using the IntegralQuarticPoints command,
we find that the only integral points on this quartic curve are (1,±198) and
(−1,±34). These integral points correspond to t = ±1. The value t = 1 does
not yield a prime in the formula for p given in Theorem 1.1 and we have already
omitted t = −1. The last integral point (0, 0) is obvious. This completes the
proof.

We note that the value t = −1 gives p = 577 for which Ep has three primitive
integral points, hence seven integral points which is not in the exceptional case
we are considering. It follows from Theorem 2.1 that the rank of Ep equals 2
when p = 577.

Proof of Theorem 1.2. First we show that the rank r of Ep is equal to 1. Fol-
lowing the proof of the previous theorem, we use the the equation

r = ω + ω − 2.

In exactly the same manner we obtain ω = 2. However, this time we have ω =
1. Suppose that the quartic equation 2pX4 + 2Y 4 = Z2 with p = (4t + 2)2 + 1
were solvable in integers (X, Y, Z) with gcd(X, 2p) = 1. Then X would be
nonzero and Z would be even so that substituting Z = 2Z1 we could deduce
that pX4 + Y 4 = 2Z2

1 is solvable in integers (X, Y, Z1) not all zero. For the
primes p in Theorem 1.2, we have p ≡ 5(mod 8) so that 2 is a quadratic
nonresidue modulo p. The insolvability of this quartic equation in nonzero
integers can then be deduced from the well known Theorem of Legendre (see
[5, p. 242]). Similarly the quartic equation 2X4 + 2pY 4 = Z2 is not solvable
in integers (X, Y, Z) with gcd(X, 2) = 1. Therefore 2ω − 2 = 2 so that ω = 1.
Hence the rank r of Ep = ω +ω− 2 = 1. We have given five integral points on
this curve so we must show that there are no more. As in the proof of Theorem
1.1, we apply Theorem 2.1 to see that Ep has exactly one type (iii) primitive
integral point (−1, e) since p = e2 + 1 = u4 + v2 with v = e a nonsquare
positive integer. To see this note that e = 4t + 2 > 0 is not a square modulo
4. Further, the curve Ep has one type (ii) primitive integral point (p, pe) since
the defining equation for p can be rearranged into

(e)2 − p(1)2 = −1.
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Finally, there does not exist a type (i) primitive integral point since this would
imply that

2u2 − 1 = e2 + 1 = (4t + 2)2 + 1

for some integers u and t. This equation has no solutions as a congruence
modulo 8. This completes the proof.

We are unable to prove that the set of primes in Theorem 1.1 or Theorem 1.2 is
infinite. A famous conjecture of Buniakowski (see Murty [4]), which applies to
the representations for the primes in our Theorems, states that an irreducible
polynomial with integer coefficients and no fixed divisors represents infinitely
many primes. Some smaller primes given by the formula in our Theorem 1.1
include

{55697, 341057, 2702737, 6031937, 15085457, 19044497} .

Small primes covered by Theorem 1.2 include

{5, 37, 101, 197, 677, 2917, 4357, 5477, 8101} .
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