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Abstract

Let G be a group and S a right transversal to a subgroup H of
G. Then S is a right quasigroup with identity with respect to the
binary operation ◦ given by {x ◦ y} = S ∩ Hxy. The group GS =
(〈S〉 ∩ H)/(〈S〉 ∩ CoreG(H)) called the group torsion (or associator) of
the transversal S and the group M(S) = 〈S〉/[〈S〉 ∩ H]〈S〉 called the
Grothendieck group completion of the transversal S depend only on the
right quasigroup structure on S. It is the purpose of this article to
study a group G with prescribed properties on GS and M(S) for right
transversals in G. It also generalizes some results of Huppert [3].
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1 Introduction

Study of groups all of whose proper subgroups have either prescribed properties
or embedded in a suitable given manner has been of consistent interest to
mathematicians from the beginning of the last century. Such groups are called
Dedekind-type groups. Indeed, a group all of whose subgroups are normal,
is called a Dedekind group. Miller and Moreno [12] studied groups all of
whose proper subgroups are abelian and proved that such a finite group is
solvable. Such an infinite group can even be simple, for example, the Tarski
monsters [10]. Baer [2] showed that a non-abelian group all of whose subgroups
are embedded as normal subgroups is a direct product of Q8, an elementary
abelian 2-group and an abelian group all of whose elements are of odd order.
Groups in which given any subgroup all right transversals to the subgroup in



800 Ramji Lal and B. K. Sharma

the group have a prescribed property has also been studied. A subgroup H
of a group G is said to be stable if for any pair S1, S2 of right transversals to
H in G, the group torsions GS1 = (〈S1〉 ∩ H)/(〈S1〉 ∩ CoreG(H)) and GS2 =
(〈S2〉 ∩ H)/(〈S2〉 ∩ CoreG(H)) are isomorphic. Clearly, any normal subgroup
of G is stable. A finite solvable group all of whose proper subgroups are stable
is a Dedekind group [7, Theorem 2.4], and a finite simple group has all its
subgroups stable if and only if it is non-factorisable [7, Theorem 3.9]. On
the same line a subgroup H of G is said to be perfectly stable if all right
transversals to H in G are isomorphic as right quasigroups. For finite groups,
perfectly stable subgroups and normal subgroups are same [8]. For infinite
groups, we do not know if this result is true. Groups in which group torsions
of all proper right transversals are isomorphic are precisely the Tarski monsters
[10].

In this article, we study a group G with prescribed properties on group
torsions GS and Grothendieck group completions M(S) of right transversals
S in G.

2 Stable Subgroups

Let S be a right transversal to a subgroup H of a group G containing the
identity. Then S is right quasigroup with identity with respect to the operation
◦ given by {x ◦ y} = S ∩ Hxy. Conversely, every right quasigroup (S, ◦) with
identity can be embedded as a right transversal to a subgroup of a group which
is universal in certain sense [6]. Consider the subgroup 〈S〉 of G generated by a
right transversal S to a subgroup H of G and HS = 〈S〉∩H . Then 〈S〉 = HSS
and HS = 〈{xy(x ◦ y)−1 | x, y ∈ S}〉, where ◦ is the binary operation on S as
given above. We have a permutation representation φ : G −→ Sym(S) given
by {φ(g)(x)} = S ∩ Hxg. Let GS = φ(HS). Then GS is called the group
torsion (or associator) of the right quasigroup (S, ◦) and depends only on the
right quasigroup structure on S [6].

Definition 2.1. [7] A subgroup of a group G is called a stable subgroup if for
any pair S1, S2 of right transversals to H in G, the group torsions GS1 and
GS2 are isomorphic.

Proposition 2.2. Let H be a subgroup of a finite group G. Then the following
conditions are equivalent:

1. H is a stable subgroup of G.

2. G = HK, where K is a subgroup of G implies that

(K ∩ H)/(K ∩ CoreG(H)) ∼= H/CoreG(H).
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3. G = HK, where K is a subgroup of G implies that

H = CoreG(H)(K ∩ H).

4. G = HK, where K is a subgroup of G implies that

G = CoreG(H)K.

Proof. (1 ⇒ 2). Assume the contrary. Let (G, H) be a minimal counter
example. Then H is a stable subgroup of G for which the condition 2 does not
hold. We claim that CoreG(H) = 1. Suppose not. Then |G/CoreG(H)| < |G|
and H/CoreG(H) is a stable subgroup of G/CoreG(H) [7, Proposition 2.1].
Hence the subgroup H/CoreG(H) of G/CoreG(H) satisfies the condition 2.
Suppose that G = HK. Then

G/CoreG(H) = (H/CoreG(H))(KCoreG(H)/CoreG(H)).

This means that
((KCoreG(H))∩H)/CoreG(H)

(KCoreG(H)/CoreG(H))∩CoreG/CoreG(H)(H/CoreG(H))

∼= (H/CoreG(H))
CoreG/CoreG(H)(H/CoreG(H))

∼= H/CoreG(H)

But, then KCoreG(H) ∩ H = H .
Clearly (K ∩ H)CoreG(H) = KCoreG(H) ∩ H . Thus

K ∩ H/K ∩ CoreG(H) ∼= (K ∩ H)CoreG(H)/CoreG(H) ∼= H/CoreG(H).
This is a contradiction to the supposition that (G, H) is a minimal counter
example. It follows that CoreG(H) = 1. Let S be a right transversal to H in
G. Then GS = φ(〈S〉 ∩H) where φ is the permutation representation of G on
S given by {φ(g)(x)} = S ∩Hxg. Clearly the kernel of φ is CoreG(H). Hence
GS = (〈S〉∩H)/(〈S〉∩CoreG(H)) ∼= 〈S〉∩H . Since H is stable, if there is any
right transversal which generates G, then all right transversals will generate G.
But, then G = HK =⇒ K = G and so K∩H/K∩CoreG(H) ∼= H/CoreG(H).
This contradicts the supposition that (G, H) is a minimal counter example.
Thus, no right transversal S to H in G generates G and 〈S1〉 ∩H ∼= 〈S2〉 ∩ H
for all pairs S1 and S2 of transversals to H in G. We derive a contradiction. 1

Suppose that there is a right transversal S to H in G and x ∈ S \{e} such that
H〈S \ {x}〉 = G. Then 〈S \ {x}〉 ∩ Hx 
= ∅. Let y ∈ 〈S \ {x}〉 ∩ Hx. Then
T = (S \ {x})∪{y} is a right transversal such that 〈T 〉 = 〈S \ {x}〉. Further,
since 〈S \ {x}〉 ⊆ 〈S〉 
= G, Hx\ 〈S \ {x}〉 
= ∅. Hence we can find an element
z ∈ Hx \ 〈S \ {x}〉 so that T ′ = (S \ {x}) ∪ {z} is also a right tranversal and
then 〈T 〉 = 〈S \ {x}〉 is a proper subgroup of 〈T ′〉. This means that |〈T 〉∩H| <
|〈T ′〉 ∩H| and so 〈T 〉 ∩H 
∼= 〈T ′〉 ∩H . We can, therefore, assume that for any
right tranversal S to H in G and x ∈ S \ {e}, H〈S \ {x}〉 
= G. Let x ∈ G \H

1The authors are grateful to Z. Arad for giving the argument that follows.
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and T any right transversal containing x. Then H〈T \{x}〉 
= G or equivalently
H〈T \{x}〉 = G\Hx. This shows that Hx is a union of left cosets of 〈T \{x}〉
in G. Thus Hx〈T \ {x}〉 = Hx, or equivalently 〈T \ {x}〉 ⊆ x−1Hx. Since T
is an arbitrary right transversal containing x, 〈G \ Hx〉 ⊆ x−1Hx. This is a
contradiction.

(2 ⇒ 3). Follows from the Noether isomorphism theorem and the fact that
H is finite.

(3 ⇒ 4). Obvious.

(4 ⇒ 1). Assume 4. Let S be a right transversal to H in G. Then
G = H〈S〉 = 〈S〉H = CoreG(H)〈S〉. The isomorphism g(〈S〉 ∩ CoreG(H)) �→
gCoreG(H) from 〈S〉/(〈S〉 ∩ CoreG(H)) to G/CoreG(H) maps

(〈S〉 ∩ H)/(〈S〉 ∩ CoreG(H)) onto H/CoreG(H).

Remark 2.3. 1. The implications 2 ⇔ 3 ⇔ 4 ⇒ 1 holds in arbitrary groups
whereas 1 ⇒ 2 need not hold in an infinite group.

2. The proof of the above theorem can be imitated to prove a more general
result that if G is a group which satisfies the minimum condition on quotient
groups (in the sense that given any family A of quotients of G, A has a
minimal member K in the sense that no proper quotient of K is in A) and H
a subgroup of G all of whose subgroups and quotient groups are Hopfian and
also co-hopfian, then the conditions of the Proposition 2.2 are equivalent.

Corollary 2.4. Let G be a finite solvable group such that G = HK ⇒ G =
CoreG(H)CoreG(K). Then G is Dedekind.

Proof. Follows from [7, Theorem 2.4] and Proposition 2.2.

The Theorem 3.9 in [7] states that a finite simple group has all its subgroup
stable if and only if it is non-factorisable. The proof of this theorem given in
[7] uses the classification of finite simple groups. Indeed, it uses the fact that
all finite simple groups can be generated by two elements. This result follows
immediately (without using classification) from the Proposition 2.2.

Corollary 2.5. Let G be a finitely generated solvable group such that G =
HK =⇒ G = CoreG(H)CoreG(K). Then G is nilpotent.

Proof. Follows from Proposition 2.2 and [7, Corollary 2.5].

A finite just non-Dedekind group all of whose subgroups are stable is a
simple non-factorisable group [7, Corollary 2.6]. A just non-abelian group
which is Dedekind is Q8. It follows that a finite just non-abelian group all
of whose subgroups are stable is either Q8 or a finite simple non-factorisable
group.
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Following are few results which support the statement: “ Stable subgroups
and solvable groups bear similar relationship as normal subgroups and arbi-
trary groups.”

Proposition 2.6. A finitely generated solvable group has all its subgroups sta-
ble if and only if it is Dedekind.

Proof. Let G be a finitely generated solvable group all of whose subgroups
are stable. Then G is nilpotent [7, Corollary 2.5]. Also all finite quotients
of G are Dedekind [7, Theorem 2.4]. Further, since every finitely generated
hyperabelian group (in particular a solvable group) which is not a T -group has
a finite factor which is not a T -group [15] or [5, Thoerem 17.12], it follows that
G is also a T -group. Since it is also nilpotent, it is a Dedekind group.

Proposition 2.7. Let G be a finite solvable group. Then the following condi-
tions are equivalent:

1. G is nilpotent.

2. All maximal subgroups of G are stable.

3. All Sylow subgroups of G are stable.

Proof. 1 ⇒ 2 and 1 ⇒ 3 are obvious.

(2 ⇒ 1) Assume the contrary. Let G be a minimal counter example and M
a maximal subgroup of G which is stable but not normal. Since G is solvable
there is a Sylow subgroup P of G such that G = MP . Since M is stable,
G = CoreG(M)P (by Proposition 2.2). Thus CoreG(M) 
= {e}. Further
all maximal subgroups of G/CoreG(M) are stable and since G is a minimal
counter example, G/CoreG(M) is nilpotent. In particular M/CoreG(M) is
normal. This is a contradiction to the supposition that M is not normal in G.

( 3 ⇒ 1 ). Assume 3. Let P be a Sylow p-subgroup of G. Since G is solvable,
G = PQ where Q is a Hall p′-subgroup. In particular P ∩Q = {e}. Since P is
stable, G = CoreG(P )Q (by Proposition 2.2). It follows that CoreG(P ) = P
and so P � G.

3 Groups with prescribed properties on group

torsions of transversals

The following result generalizes the fact that if all subgroups of a finite group
are supersolvable (nilpotent, generalized Hamiltonian, abelian), then the group
is solvable.



804 Ramji Lal and B. K. Sharma

Theorem 3.1. Let P be a group theoretic property which is preserved under
subquotients and that every minimal finite simple group contains a proper sub-
group which does not satisfy the property P. Let G be a finite group such that
group torsions of all right transversals to subgroups of G satisfies the property
P. Then G is solvable.

Proof. Suppose the contrary. Let G be a minimal counter example. Then
group torsions of all right transversals in G satisfy P and G is non-solvable.
Suppose that G is simple. Let H be a proper non-trivial subgroup of G. Let
K be a subgroup of H and S a right transversal to K in H . Embed S into a
right transversal T to K in G. Clearly GS

∼= (〈S〉 ∩ K)/(〈S〉 ∩ CoreH(K)) is
a subquotient of GT

∼= (〈T 〉 ∩ K)/(〈T 〉 ∩ CoreG(K)) ∼= 〈T 〉 ∩ K. Since group
torsions of all transversals in G are assumed to have the property P, GT and
so also GS has the property P. Since G is a minimal counter example, it
follows that H is solvable. Thus G is, indeed, a minimal simple group. Fur-
ther G is generated by two elements. Hence if L is any proper subgroup of
G, there is a right transversal S ′ to L in G which generates G. But, then
GS′ ∼= (〈S ′〉 ∩ L)/(〈S ′〉 ∩ CoreG(L)) ∼= L satisfies the property P. This is a
contradiction to the supposition that every minimal simple group contains a
subgroup which does not satisfy the property P. It follows, now, that G can not
be simple. Let H be a nontrivial proper normal subgroup of G. The transver-
sals to K/H in G/H are isomorphic to transversals to K in G. Hence group
torsions of all right transversals in G/H satisfy the property P. Since G is a
minimal counter example, G/H is solvable. Thus G is a finite just non-solvable
group. It follows that G is a monolithic group. Let μ(G) be the monolith of G.
Then G/μ(G) is solvable. Let K be nontrivial proper subgroup of μ(G). Then
CoreG(K) = {e}. If S is a right transversal to K in μ(G) which is contained
in a right transversal T to K in G, then GS

∼= (〈S〉 ∩ K)/(〈S〉 ∩ Coreµ(G)(K))
is a subquotient of GT

∼= (〈T 〉 ∩ K)/(〈T 〉 ∩ CoreG(K)) ∼= 〈T 〉 ∩ K. It follows
that group torsions of all right transversals in μ(G) satisfy the property P,
Since G is minimal counter example, μ(G) is solvable. This shows that G is
solvable, a self contradiction.

Corollary 3.2. Let G be a finite group such that group torsions of all transver-
sals in G are supersolvable (nilpotent, abelian, generalized Hamiltonian group,
solvable T -group). Then G is solvable.

Proof. All the properties mentioned in the Corollary satisfy the hypothesis of
the Theorem 3.1.

Corollary 3.3. Let G be a finite group and P a group theoretic property which
is preserved under subquotients and that every minimal finite simple group
contains a proper subgroup which does not satisfy the property P. Suppose
that H/CoreG(H) satisfies P for all subgroups H of G . Then G is solvable.
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Proof. If H/CoreG(H) satisfy the property P for all subgroups H of G, then
group torsions of all right tranversals in G also satisfy the property P. The
result follows from the Theorem 3.1.

Remark 3.4. The corollary is a generalization of a result of Huppert [3]. Note
that there are groups G in which H/CoreG(H) satisfies the property P for all
subgroups H of G but all subgroups of G need not satisfy the property P. For
example in S4, H/CoreG(H) is supersolvable for all subgroup H but A4 is not
supersolvable.

Corollary 3.5. A finite group is Dedekind if and only if all its subgroups are
stable and group torsions of all transversals are supersolvable.

Proof. Follows from Corollary 3.2 and [7, Theorem 2.4].

Proposition 3.6. A finite group is nilpotent if and only if group torsions of all
tranversals to maximal subgroups are supersolvable and all maximal subgroups
are stable.

Proof. If a group G is nilpotent, then all group torsions being subquotients of
G are nilpotent and so super solvable. All maximal subgroups, being normal,
are stable. Conversely, suppose that all maximal subgroups of G are stable
and group torsions of all right transversals to maximal subgroups of G are
supersolvable. We assert that G is nilpotent. Suppose the contrary. Let
G be a minimal counter example. Suppose that G is simple. Let M be a
maximal subgroup of G. Since every finite simple group is generated by two
elements, we have a transversal S to M in G such that 〈S〉 = G. But, then
GS

∼= (〈S〉 ∩ M)/(〈S〉 ∩ CoreG(M)) ∼= M . Hence all maximal subgroups of G
will be supersolvable. In particular, all subgroups of G will be supersolvable,
a contradiction. Thus G can not be simple. Further if H is a nontrivial
proper normal subgroup of G, then G/H is nilpotent, since G is a minimal
counter example. Thus G is a just non-nilpotent and so it is monolithic. Let
μ(G) 
= 1 denotes the monolith of G. Let M be a maximal subgroup of G. If
μ(G) ⊆ M , then since G/μ(G) is nilpotent, M � G. Suppose that μ(G) 
⊆ M .
Then G = Mμ(G) and CoreG(M) = 1. Since M is supposed to be stable,
It follows from Proposition 2.2 that G = CoreG(M)μ(G) = μ(G). This is a
contradiction.

There are group theoretic properties P (for example the property of being
T -group) which are preserved under quotients but not under subquotients and
every finite minimal simple group has a subgroup which does not satisfy P. In
the following we generalize the Corollary 3.3 and the result of Abramovskii [1]
which states that a finite generalized Hamiltonian group (a group G is called
a generalized Hamiltonian group if all its subgroups are T -groups) is solvable.
Indeed if G is a generalized Hamiltonian group, then all subgroups of G′ are
normal in G.
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Theorem 3.7. Let P be a group theoretic property which is preserved under
homomorphic images and every minimal finite simple group contains a proper
subgroup which does not satisfy the property P. Let G be a finite group such
that H/CoreG(H) satisfies the property P for all subgroups H of G. Then G
is solvable.

Proof. Suppose that the Theorem is not true. Let G be a minimal counter ex-
ample. Thus G is group of smallest order which is not solvable and H/CoreG(H)
satisfies the property P for all subgroups H of G. Clearly G is non-abelian.
Suppose that G is non-simple. Let K be a nontrivial proper normal subgroup
of G. Let H be a subgroup of K. Then by our hypothesis H/CoreG(H)
satisfies the property P. We note that CoreG(H) ⊆ CoreK(H). Hence
H/CoreK(H), being quotient of H/CoreG(H), also satisfies the property P.
This shows that H/CoreK(H) satisfies the property P for all subgroups H
of K. Since G is a minimal counter example, K is solvable. Also given a
subgroup L/K of G/K, CoreG(L) ⊇ K and CoreG(L)/K = CoreG/K(L/K).
Hence (L/K)/CoreG/K(L/K) ∼= L/CoreG(L) satisfies the property P. Again,
since G is a minimal counter example, G/K will be solvable. But, then G will
be solvable, a contradiction to the supposition that G is a minimal counter
example. Thus G is simple. Since H/CoreG(H) ∼= H is assumed to satisfy
the property P for all subgroups H of G, all proper subgroups of G satisfy the
property P. Let K be a subgroup of G. Then as before, H/CoreK(H) satisfies
the property P for all subgroups H of K. Since G is a minimal counter exam-
ple K is solvable. This shows that G is a minimal simple group. Further, since
every minimal simple group has a proper subgroup which does not satisfy the
property P, such a counter example does not exist.

Corollary 3.8. Let G be a finite group such that H/CoreG(H) is a T -group
for all subgroups H of G. Then G is solvable.

Remark 3.9. The condition that H/CoreG(H) is T -group for every subgroup
H of G does not imply that G is a generalized Hamiltonian group. For example,
H/CoreG(H) is T -group for all subgroups H of S4 but A4 is not a T -group.

Proposition 3.10. A finite group G is Dedekind if and only if all subgroups
of G are stable and group torsions of all right transversals in G are T -groups.

Proof. If G is Dedekind, then all subgroups of G are normal and so are stable.
Also, the group torsions of all right transversals are trivial (as all transversals
are groups) and so T -groups also. Conversely, suppose that G is a finite group
in which all subgroups are stable and also group torsions of all right transversals
are T -groups. It is sufficient [7, Theorem 2.4] to show that G is solvable.
Suppose the contrary. Let G be a minimal counter example. Then G is
nonsolvable all of whose subgroups are stable and group torsions of all right
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transversals in G are T -groups. Clearly, G is non-Dedekind. Further given any
normal subgroup H of G, all subgroups of G/H are stable and group torsions
of all right transversals in G/H are T -groups [7, Proposition 2.1]. Since G is
a minimal counter example, G/H is solvable. But, then by Theorem 2.4 of
[7], G/H is Dedekind. Thus G is a non-Dedekind group all of whose proper
quotient groups are Dedekind. By Corollary 2.6 and Theorem 3.4 of [7], G
is simple and non-factorizable. In particular, each proper transversal in G
generates G. Let H be a proper subgroup of G and S a right transversal to
H in G. Then GS = (〈S〉 ∩ H)/(〈S〉 ∩ CoreG(H)) = H/CoreG(H) ∼= H is a
T -group. This shows that all proper subgroups of G are T -groups. But, then
by Corollary 3.8, G is solvable, a contradiction.

4 Group completions of transversals

Let (S, ◦) be a right quasigroup with identity. Consider the group M(S) given
by the presentation 〈S; R〉, where R = {xy(x ◦ y)−1| x, y ∈ S}. We have an
obvious homomorphism α : S −→ M(S) such that given any homomorphism
β : S −→ K where K is a group, there exists a unique homomorphism η :
M(S) −→ K with β = η ◦ α. Indeed, M defines a functor from the category
RQG of right quasigroups with identities to the category G of groups which is
left adjoint to the forgetful functor from G to RQG. The functor M is called the
Grothendieck group completion and M(S) is called the Grothendieck group
completion of (S, ◦). The group M(S) when (S, ◦) is embedded as a right
transversal to a subgroup in a group can be described from a different angle,
is given by following proposition.

Proposition 4.1. Let H be a subgroup of a group G. Let S be right transversal
to H in G and (S, ◦) the corresponding right quasigroup (◦ is given by {x◦y} =
S ∩Hxy). Then M(S) = 〈S〉/[〈S〉 ∩ H ]〈S〉 (HG denotes the normal closure of
H in G).

Proof. We have a map f : S × S −→ H , maps σx : H −→ H for each x ∈ S
and a right action θ of H on S given by xy = f(x, y)x ◦ y and xh = σx(h)xθh.
The quadruple (S, H, σ, f) is a c-groupoid [6, Definition 2.1]. Indeed, the
multiplication in G = HS is given by hx · ky = hσx(k)f(xθk, y)((xθk) ◦ y)
for all h, k ∈ H and x, y ∈ S. Also (x ◦ y) ◦ z = xθf(y, z) ◦ (y ◦ z) for all
x, y, z ∈ S. It is also clear that 〈S〉 ∩H = 〈f(S ×S)〉, the subgroup generated

by {f(x, y)| x, y ∈ S}. Let K denotes the normal closure [〈S〉 ∩ H ]〈S〉 of
〈S〉 ∩ H in 〈S〉. We have a map α : S −→ 〈S〉/K given by α(x) = Kx. Since
f(S × S) ⊆ K, any element of 〈S〉/K is of the form Kx for some x ∈ S.
Thus α is a surjective map. Also α(x ◦ y) = K(x ◦ y) = K(f(x, y)x ◦ y) =
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Kxy = KxKy = α(x)α(y). Thus α is a homomorphism. Next, let L be a
group and β : S −→ L a homomorphism. Then β(x)β(y)β(z) = β(x◦y)β(z) =
β((x◦y)◦z) = β(xθf(y, z)◦(y◦z)) = β(xθf(y, z))β(y)β(z) ∀x, y, z ∈ S. Hence
β(xθf(y, z)) = β(x) ∀x, y, z ∈ S. This implies that β(xθh) = β(x) ∀x ∈ S
and h ∈ 〈f(S × S)〉. Define a map χ : 〈f(S × S)〉S −→ L by χ(hx) = β(x),
where h ∈ 〈f(S × S)〉 and x ∈ S. Then χ(hx.ky) = χ(hσx(k)f(xθk, y)xθk ◦
y) = β(xθk ◦ y) (by definition) = β(xθk)β(y) = β(x)β(y) = χ(hx)χ(ky).
This shows that χ is a homomorphism. Clearly, f(S × S) ⊆ Ker χ. Hence

K = 〈f(S × S)〉〈S〉 ⊆ Ker χ. This shows that there is a unique homomorphism
η : 〈S〉/K −→ L given by η(Kx) = β(x).

If H is a normal subgroup of G, then for all transversals S to H in G,
M(S) ∼= G/H . This motivates to have the following:

Definition 4.2. ([7]) A subgroup H of a group G is called pre-normal sub-
group if M(S1) ∼= M(S2) for every pair S1 and S2 of right transversals to H
in G. Equivalently, H is pre-normal subgroup if

〈S1〉/[〈S1〉 ∩ H ]〈S1〉 ∼= 〈S2〉/[〈S2〉 ∩ H ]〈S2〉

for every pair S1 and S2 of right transversals to H in G.

Every normal subgroup is a pre-normal subgroup. However, if H is a
subgroup of a simple group G which has no proper supplement in the sense that
G = HK =⇒ K = G, then H is pre-normal. As observed in [7, Section 4], all
subgroups of a finite solvable group are pre-normal if and only if it is Dedekind
and a finite just non-Dedekind group all of whose subgroups are prenormal is
a simple group. More particularly, we have the following definition.

Definition 4.3. A subgroup H of a group G is called strongly pre-normal
subgroup if

G = HK1 = HK2 =⇒ K1/[K1 ∩ H ]K1 ∼= K2/[K2 ∩ H ]K2,

or equivalently
G = HK =⇒ K/[K ∩ H ]K ∼= G/HG.

Proposition 4.4. Let H be a subgroup of a finite group G. Then the following
conditions are equivalent.

1. H is strongly pre-normal.
2. G = HK =⇒ [K ∩ H ]K = K ∩ HG.

Proof. (1 =⇒ 2). Assume (1). Suppose that G = HK. Then
K/[K ∩ H ]K ∼= G/HG. Clearly [K ∩ H ]K ⊆ K ∩ HG.
Next, G/HG = KH/HG = KHG/HG ∼= K/K ∩ HG. Thus K/[K ∩ H ]K ∼=
K/K ∩ HG. Since K is finite and [K ∩H ]K ⊆ K ∩HG, [K ∩H ]K = K ∩HG.
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(2 =⇒ 1). Assume (2). Suppose that G = HK. Then K/[K ∩ H ]K =
K/K ∩ HG ∼= KHG/HG = G/HG. This shows that H is strongly pre-normal.

Proposition 4.5. A stable subgroup H of a finite group is pre-normal if and
only if it is strongly pre-normal.

Proof. Clearly a strongly pre-normal subgroup is pre-normal. Conversely, we
show that a stable and pre-normal subgroup of a finite group is strongly pre-
normal. Suppose the contrary and let (G, H) be a minimal counter exam-
ple. Suppose that CoreG(H) 
= 1. Then H/CoreG(H) is a stable and pre-
normal subgroup of G/CoreG(H). Since (G, H) is a minimal counter example,
H/CoreG(H) is a strongly stable subgroup of G/CoreG(H). Suppose that
G = HK, where K is a subgroup. Since H/CoreG(H) is strongly stable and

G/CoreG(H) = H
CoreG(H)

KCoreG(H)
CoreG(H)

, it follows that

(
KCoreG(H)

CoreG(H)
)/[

KCoreG(H)

CoreG(H)
∩ H

CoreG(H)
]

KCoreG(H)

CoreG(H)

∼= (
G

CoreG(H)
)/[

H

CoreG(H)
]

G
CoreG(H) ∼= G/HG

Thus KCoreG(H)

[KCoreG(H)∩H]KCoreG(H)
∼= G/HG. (1)

Clearly [K ∩ H ]KCoreG(H) � KCoreG(H).
Also KCoreG(H) ∩ H = [K ∩ H ]CoreG(H) ⊆ [K ∩ H ]KCoreG(H).
Thus [KCoreG(H)∩H ]KCoreG(H) ⊆ [K ∩H ]KCoreG(H). Further [K ∩H ]K ⊆
[KCoreG(H)∩H]KCoreG(H) and CoreG(H) ⊆ KCoreG(H)∩H ⊆ [K∩H]KCoreG(H).
Hence [KCoreG(H) ∩ H ]KCoreG(H) = [K ∩ H ]KCoreG(H) (2)

From (1) and (2), KCoreG(H)
[K∩H]KCoreG(H)

∼= G/HG (3)

Consider the surjective homomorphism η : K −→ KCoreG(H)
CoreG(H)

given by η(k) =

kCoreG(H). Then Ker η = K ∩ CoreG(H) ⊆ [K ∩ H ]K. Thus from the first

isomorphism theorem K/[K ∩ H ]K ∼= (KCoreG(H)
CoreG(H)

)/ [K∩H]KCoreG(H)
CoreG(H)

∼= G/HG.

This is a contradiction to the supposition that (G, H) is a minimal counter
example. Thus CoreG(H) = 1. Since H is stable, G = HK =⇒ G = K
(Proposition 2.2). This means that H has no proper supplement and so it
is strongly pre-normal. This again is a contradiction to the supposition that
(G, H) is a minimal counter example.

5 Groups with prescribed properties on group

completions of right transversals

The group completion M(S) = 〈S〉/[〈S〉 ∩ H ]〈S〉 of a right transversal S to
a subgroup H of a group G is G/HG in case 〈S〉 = G. However, in general
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M(S) need not be isomorphic to a subgroup of G/HG. Indeed [〈S〉 ∩ H ]〈S〉 ⊆
〈S〉 ∩ HG and hence there is a surjective homomorphism from M(S) to a
subgroup of G/HG which may not be injective (for example, G = S4, H = S3

and S a transversal such that 〈S〉 is a Sylow 2-subgroup of S4). Thus unlike
the case of group torsion where abelianness (nilpotency, solvability) of the
group torsions GS

∼= (〈S〉 ∩ H)/(〈S〉 ∩ CoreG(H)) = H/CoreG(H) in case
〈S〉 = G, implies the abelianness (nilpotency, solvability) of group torsions
of all right transversals, the abelianness (nilpotency, solvability) of the group
completion M(S) = 〈S〉/[〈S〉 ∩ H ]〈S〉 = G/HG in case 〈S〉 = G does not
imply the abelianness (nilpotency, solvability) of group completions of all right
transversals to H in G. However, if G satisfies the property

(∗) G = HK =⇒ K/[K ∩ H ]K ∈ P
for all non-trivial subgroups H and K of G, then the group completion M(S) ∈
P for all right transversals S in G, where P is a class of groups ( P may be class
of abelian groups, nilpotent groups, supersolvable groups or solvable groups).
Indeed, in particular, if G satisfies (∗), then all proper quotients of G are in P.
There is a good amount of literature describing such groups (see for example
[5] and references therein).

In this section, we try to describe finite groups G for which K/[K ∩H ]K is
nilpotent (supersolvable, abelian) whenever G = HK, H and K are nontrivial
subgroups of G.

If G is nilpotent, then K/[K ∩ H ]K is nilpotent for all subgroups H and
K of G. In particular group completions of all right transversals in G are
nilpotent. Suppose that G is non-nilpotent finite group and K/[K ∩ H ]K

is nilpotent whenever G = HK, H and K nontrivial subgroups of G. In
particular G = HG and so G/HG is nilpotent for all nontrivial subgroups H
of G. Thus all proper quotients of G are nilpotent and G is a finite just non-
nilpotent group for which G = HK, H 
= 1 
= K implies that K/[K ∩ H ]K is
nilpotent. There are two cases.

Case 1. G is simple non-abelian group.
Case 2. G is not a simple group.
Consider the case 1: If G is not properly factorizable, then G = HK =⇒

H = G or K = G. But, then K/[K ∩ H ]K = 1 is nilpotent. Suppose that
G = HK where H and K are proper subgroups with H ∩ K = 1. Then
K/[K ∩ H ]K ∼= K and H/[H ∩ K]H ∼= H are nilpotent. Since product of two
nilpotent groups is a solvable group, this is a contradiction to the supposition
that G is a simple nonabelian group. Thus G = HK, H 
= 1 
= K implies
that H ∩K 
= 1. Looking at the factorizations of finite simple groups [11], we
can determine finite simple groups G for which G = HK =⇒ K/[K ∩ H ]K is
nilpotent.

Consider the case 2: G is not simple. Clearly G is a monolithic group with
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monolith μ(G) a nontrivial proper normal subgroup. Since every characteristic
subgroup of μ(G) is normal in G, μ(G) is characteristically simple. Further
μ(G)′ = μ(G) or μ(G)′ = 1. Thus μ(G) is either perfect and isomorphic to
direct product of isomorphic nonabelian simple groups or μ(G) is an elementary
abelian p-group for some prime p [16, 3.3.15]. Suppose further that G is not
semi-simple. Then μ(G) is an elementary abelian p-group for some prime p.
Since G is finite just non-nilpotent, it follows [4] or [5, Theorem 12.2] that
there is a nilpotent group H such that

(i) G = H � μ(G),
(ii) H = NG(H) and CG(μ(G)) = μ(G),
(iii) all compliments to μ(G) are conjugate to H ,
(iv) H is a p′-subgroup and Z(H) is a cyclic group.
Suppose that H is not a prime power group. Let Q be a Sylow q-subgroup,

where q divides |H |, q 
= p. Then H = KQ for some nontrivial normal
subgroup K of H with K ∩Q = 1. But, then G = KQμ(G). Clearly Qμ(G) is

a subgroup and Qμ(G)∩K = 1. But, then Qμ(G) ∼= Qμ(G)/[Qμ(G) ∩ K]Qµ(G)

is nilpotent. This means that μ(G) normalizes Q. Since Q is an arbitrary Sylow
subgroup of H, μ(G) ⊆ NG(H), a contradiction to the supposition that G is
non-nilpotent. Thus H is a q-group for some prime q 
= p. Indeed, H is an
indecomposable q-group. To summarize, we have the following:

Theorem 5.1. Let G be finite non-nilpotent group such that K/[K ∩ H ]K is
nilpotent whenever G = HK, H 
= 1 
= K. (In particular, group completions
of all transversals are nilpotent.) Then following holds:

1. If G is simple, then G = HK, H 
= 1 
= K implies that H ∩ K 
= 1.
2. If G is not semi-simple, then G is semi-direct product H�μ(G), where H

is an indecomposable q-group for some prime q with Z(H) cyclic and μ(G) an
elementary abelian p-group, p a prime different from q. Further H = NG(H)
and CG(μ(G)) = μ(G). �

Next, we describe finite non-abelian groups G for which G = HK, H 
=
1 
= K implies that K/[K ∩ H ]K is abelian. In particular, it is just non-
abelian. If G is simple, then as in previous case G = HK, H 
= 1 
= K implies
that H ∩ K 
= 1. Looking at factorizations of finite simple groups [11] one
can describe finite simple groups satisfying the property (∗), where P is the
class of abelian groups. Suppose that G is a non-semi-simple group. Then the
monolith μ(G) is an elementary abelian p-group for some prime p. There are
two cases:

Case (i). Z(G) = 1.
Case (ii). Z(G) 
= 1.
In case (i), μ(G) = G′ is a maximal abelian normal subgroup of G and it

conjugately splits over μ(G) and then G is isomorphic to a subgroup of the
group F∗

pn � Fpn of affine transformations x �→ ax + b, a 
= 0, a, b ∈ Fpn (the
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Galois field of order pn) of the form H � Fpn, where H is a subgroup of F∗
pn

of order m with m|pn − 1 but m � pk − 1 for k < n [13, Theorem 6.4]. Here
Fpn is the monolith of G. Further if H = KL, where K and L are proper
subgroups of H which is cyclic, then G = K(LFpn) and LFpn � G (for Fpn is
the commutator of G). Further since Fpn is maximal abelian normal subgroup
of G, LFpn is non-abelian. Since G is assumed to satisfy the condition (∗)
where P is the class of abelian groups, LFpn/[LFpn ∩ K]L�pn is abelian. Clearly
LFpn ∩K = 1. This shows that LFpn is abelian, contradiction to the fact that
Fpn is maximal abelian normal subgroup of G. Thus H is indecomposable
cyclic. Hence |H | = qr for some prime q with qr|pn − 1 but qr � pk − 1 for
k < n.

Consider the case (ii), when Z(G) 
= 1. Then μ(G) = G′ ⊆ Z(G) and G is
a just nilpotent group of class 2 (JN2-group [14]). But, then every subgroup
of G′ is normal in G and hence G′ is a cyclic group of prime order p and
G/Z(G) is an elementary abelian p-group [14, Theorem 2]. This means that G
is generalised extraspecial p-group. To summarize again, we have the following:

Theorem 5.2. Let G be a non-semisimple non-abelian finite group such that
it satisfies (∗) where P is the class of abelian groups. Then the following holds:

1. If Z(G) = 1, then G ∼= H �Fpn, where p is a prime, Fpn the Galois field
of order pn, H a cyclic subgroup of order qr for some prime q with qr|pn − 1
but qr � pk − 1 for k < n.

2. If Z(G) 
= 1, then G is a generalized extraspecial p-group for some prime
p.
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