
International Journal of Algebra, Vol. 3, 2009, no. 19, 911 - 918

Equivalences and Dualities between

FCI and FGP Modules

Salah Al-Nofayee

Department of Mathematics

Taif University, P.O.Box 439

Hawiah 21974 Saudi Arabia

alnofayee@hotmail.com

Syed Khalid Nauman

Department of Mathematics, King Abdulaziz University

P.O. Box 80203, Jeddah 21589, Saudi Arabia

synakhaled@hotmail.com

Abstract
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1 Introduction

We assume that the rings are associative with identity, the ring homomor-

phisms are identity preserving, all (left, right) modules are unital, and all sub-

categories are full and additive. Let A be a ring, M a fixed right A-module

and D = EndA(M), the ring of endomorphisms of M . We denote by FCI-A

the subcategory of Mod-A of all finitely cogenerated injective right A-modules

and by FGP -D we mean the subcategory of Mod-D of all finitely generated

projective right D-modules.

In [2] it is proved that Mod-(A|weak-M), the subcategory of Mod-A of

all objects V which weakly divide M in Mod-A and Mod(D|weak-D) which
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is a subcategory of Mod-D of all those modules which weakly divide D in

Mod-D are equivalent subcategories. It is to be noted that Mod-(A|weak-

M) ≤ Stat(M) which is a subcategory of Mod-A of all those objects (called M-

static) which remain invariant under the composite functor HomA(M,−)⊗DM

and Mod(D|weak-D) ≤ Adst(M) which is a subcategory of Mod-D of all

those objects (called M-adstatic) which remain invariant under the composite

functor HomA(M,−⊗D M). It is clear from both definitions that Stat(M) and

Adst(M) are naturally equivalent subcategories.

Xue in [5] prove that there exist an equivalence and a duality between

finitely generated projective modules and finitely cogenerated injective mod-

ules, which is induced by a finitely cogenerated injective cogenerator.

Obviously, Mod(D|weak-D) = FGP -D. In this work we will prove the

equality between Mod-(A| weak M) and FCI-A and will prove some results

of [5] in terms of categories of static modules and adstatic modules.

For notions about ring, modules, and categories, we refer a casual reader

to [1] and for details and more references about static and adstatic modules

we refer the expository work of Wisbauer in [4].

2 Equivalences and dualities

It is proved in Theorem 3.7 of [2] that

Theorem 1 The restrictions of the additive functors

HomA(M,−) : Mod-(A| weak M) � FGP -D : −⊗D M

define an equivalence.

Proposition 2 Let M be a right A-module. Then M is a finitely cogenerated

injective cogenerator in Mod-A, if and only if

Mod-(A| weak M) = FCI-A

in Mod-A.

Proof. Assume first that M is a finitely cogenerated injective cogenerator

in Mod-A. Let V ∈ Mod − (A| weak M), then

Mn ∼= V ⊕ F,

for finite direct sum of n-copies of M , where n is some integer, F ∈ Mod -A.

Mn is finitely cogenerated injective, consequently, V is finitely cogenerated
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injective. Let V ∈ FCI-A. Since M is a cogenerator, under the finiteness

condition, we have the exact sequence,

0 −→ V −→ Mn,

which splits, since V is injective. So

Mn ∼= V ⊕ F,

for finite direct sum of n-copies of M , where n is some integer and for some

F ∈ Mod-A. Hence V ∈ Mod-(A| weak M).

Conversely, assume the equality as given in the hypothesis. By the def-

inition, M ∈ Mod-(A| weak M), so M ∈ FCI-A. Let S be a simple right

A-module. If V is the injective envelope of S, then it can be seen easily

thatV ∈ FCI-A or V ∈ Mod-(A| weak M). Thus

Mn ∼= V ⊕ F,

for some F ∈ Mod-A and some integer n. Thus V can be embedded into Mn,

and so S is embedded in Mn. Hence M is a cogenerator.

Theorem 3 Let M be a right A-module and D = EndA(M). The following

statements are equivalent for M.

(1) M is a finitely cogenerated injective cogenerator in Mod-A,

(2) Mod-(A| weak M) = FCI-A,

(3) HomA(M,−) : FCI-A � FGP -D : −⊗D M define an equivalence,

(4) HomA(M,−) : FCI-A � D-FGP : HomD(−,M) define a duality.

Proof. (1) implies (2) and (2) implies (1) by Proposition 2.

(2) implies (3)

By Theorem 1, we get the desired equivalence.

(3) implies (2)

We know that FCI-A and Mod-(A| weak M) are subcategories of Mod-A.

By Theorem 1

HomA(M,−) : Mod-(A| weak M) � FGP -D : ⊗DM

define an equivalence. So, for any object W of FGP -D, W ⊗D M is in FCI-A

and also in Mod-(A| weak M). Now, if V ∈ FCI-A, then

HomA(M, V ) ∈ FGP -D,
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and hence

HomA(M, V ) ⊗D M ∈ FCI-A.

But the composition of Hom and tensor functors is naturally isomorphic to

the identity functor on FCI-A, hence

HomA(M, V ) ⊗D M ∼= V,

in Mod-(A| weak M). Similarly, if V ′ ∈ Mod-(A| weak M), then

HomA(M, V ′) ⊗D M ∼= V ′,

in FCI-A. Hence Mod-(A| weak M) coincides with FCI-A,

(2) implies (4)

Set V ∗ = HomA(V, M) for V ∈ Mod-A and W ∗ = HomD(W, M) for

W ∈ D-Mod. It is clear that D∗ ∼= M and M∗ ∼= D. Hence both D and M

are M-reflexive modules, and so are Dn and Mn for each integer n. Now if

W ∈ D-FGP , then

Dn ∼= W ⊕ Q,

for some Q ∈ D-FGP and some integer n. Since Dn is M-reflexive, so W is

M- reflexive. Also we have

W ∗ ⊕ Q∗ ∼= (Dn)∗ ∼= Mn.

Thus it is coucluded that W ∗ weakly divides M in Mod-A. Hence W ∗ ∈ FCI-

A.

Conversely, if V ∈ FCI-A = Mod-(A| weak M), then

Mn ∼= V ⊕ F,

for some F ∈ FCI-A and some integer n. Since Mn is M-reflexive, so V is

M-reflexive. As well we have

Dn ∼= (Mn)∗

∼= V ∗ ⊕ F ∗,

then V ∗ ∈ D-FGP. Hence we get the desired duality.

(4) implies (2)
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Since D ∈ D-FGP , we have

M ∼= HomD(D, M) ∈ FCI-A.

So as we can see in the proof of Proposition 2,

Mod-(A| weak M) ⊆ FCI-A.

Conversely, if V ∈ FCI-A, then V ∗ = HomA(V, M) ∈ D-FGP. Hence,

Dn ∼= V ∗ ⊕ Q,

for some Q ∈ D-FGP and some integer n. Now we have the sequence of

isomorphisms,

Mn ∼= HomD(Dn, M)
∼= HomD(V ∗Q, M)
∼= HomD(V ∗, M)HomD(Q, M)
∼= (V ∗)∗ Q∗

∼= V Q∗.

Thus

V ∈ Mod-(A| weak M).

Which completes the proof.

Corollary 4 Let M be a right A-module and D = EndA(M). If H and T are

additive covariant functors, such that

H : FCI-A � FGP -D : T

define an equivalence, and M = T (D), then

1- M is a finitely cogenerated injective cogenerator in Mod-A.

2- T ∼= −⊗D M and H ∼= HomA(M,−).

Proof. (1)-Since D ∈ FGP -D and M = T (D), then M ∈ FCI-A. Thus as

we did in the proof of Proposition 2,

Mod-(A| weak M) ⊆ FCI-A.

Now let V ∈ FCI-A. Then H(V ) ∈ FGP -D. So

Dn ∼= H(V ) ⊕ Q,
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for some Q ∈ FGP -D and some integer n.Now

Mn ∼= T (Dn)
∼= T (H(V ) ⊕ Q)
∼= TH(V ) ⊕ T (Q)
∼= V ⊕ T (Q).

Thus V ∈ Mod-(A| weak M), hence

FCI-A ⊆ Mod-(A| weak M).

Hence by Proposition 2, M is a finitely cogenerated injective cogenerator in

Mod-A.

(2)- Let V ∈ FCI-A. Then

H(V ) ∼= HomD(D, H(V ))
∼= HomA(T (D), V )
∼= HomA(M, V ).

Hence

H ∼= HomA(M,−).

By Theorem 3, − ⊗D M is an inverse functor of HomA(M,−) ∼= H, hence

T ∼= −⊗D M.

Corollary 5 Let M be a right A-module, D = EndA(M) and H1 and H2 are

additive contravariant functors, such that

H1 : FCI-A � D-FGP : H2

define a duality, and M = H2(D). Then,

1- M is a finitely cogenerated injective cogenerator in Mod-A.

2- H2
∼= HomA(−,M) and H2

∼= HomD(−,M).

Proof. Analogous to the proof of Corollary 4.

Theorem 6 Let M be a finitely cogenerated injective cogenerator and finitely

generated projective in Mod-A. If A is finitely cogenerated injective as a regu-

lar right A-module, then,

1- The Morita derived context (A, D, M, M∗) is projective, where M∗ = HomA(M, A).

2- We have these equivalences,

FGP -A ≈ FCI-A ≈ FGP -D ≈ FCI-D.
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Proof. 1-Since M is a finitely cogenerated injective cogenerator in Mod-A,

then by Theorem 3 we have the equivalence,

HomA(M,−) : FCI-A � FGP -D : −⊗D M.

Now since A ∈ FCI-A, then

HomA(M, A) ⊗D M ∼= A.

Hence A is M-static. Since M is finitely generated projective in Mod-A, then

by [3, Lemma3.5andTheorem3.6], (A, D, M, M∗) becomes a projective Morita

context.

2- Since (A, D, M, M∗) is a projective Morita context, then we have the

equivalence

HomA(M,−) : Mod-A � Mod-D : −⊗D M.

Now, if V ∈ FCI-A, then

HomA(M, V ) ∈ FCI-D.

Again, if W ∈ FCI-D, then

W ⊗D M ∈ FCI-A.

Hence the restrictions of the two functors HomA(M,−) and −⊗D M on FCI-

A and FCI-D, respectively, define an equivalence between FCI-A and FCI-

D. Similarly there is an equivalence between FGP -A and FGP -D. Since the

equivalence is transitive, we get the desired equivalences.

FGP -A ≈ FCI-A ≈ FGP -D ≈ FCI-D.
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