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Abstract

Let � be a prime number and L/K be a finite Galois �–extension of
function fields of one variable with field of constants k an algebraically
closed field of characteristic p �= �. If L/K is a cyclic finite extension,
it is obtained the Galois module structure of the generalized Jacobian
C0�(�), associated to the modulus B in L induced by a modulus A in K,
where A not necessarily contains all the prime divisors of K ramified in
L in its support. If L/K is any finite Galois �–extension, we determine
the injective component of C0�(�). For L/K finite abelian, we obtain
the injective component of the usual Jacobian C0L(�).
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748 F. Jarqúın-Zárate and G. Villa-Salvador

Keywords: Integral representation; Galois modules; Galois cohomology;
injective modules; class groups; Jacobian; generalized Jacobian

1 Introduction

Let k be an algebraically closed field of characteristic p ≥ 0, � be a prime
number, K/k be an algebraic function field of one variable with field of con-
stants k and L/K be a finite Galois �–extension of function fields with Galois
group G = Gal(L/K). The group G acts naturally on the �–torsion of the Ja-
cobian variety JL associated to the function field L/k. By restriction, G acts
on �mJL, the group of points of JL of order dividing �m. Then, the direct limit

JL(�) := lim→
m

�mJL =
∞⋃
m=1

�mJL has a Z�[G]–module structure, where Z� denotes

the ring of �–adic integers and Z�[G] denotes the group ring over Z�. We have
what JL(�) is naturally G–isomorphic to C0L(�), the �–Sylow subgroup of the
group C0L of divisor classes of degree 0 of L. It is well known that, for � �= p,
C0L(�) ∼= R2gL as groups, where gL denotes the genus of L, R = Q�/Z� and Q�

denotes the field of �–adic numbers. There has been great interest in obtaining
the Z�[G]–module structure of C0L(�). For � = p and L/K unramified, Valen-
tini determined in [13] the structure of the Tate module TL(�) := lim←

m
�mJL,

which is the Pontryagin’s dual of JL(�). For the case when L/K is ramified
and � = p, Villa and Madan determined the structure of C0L(�) for certain
special families [16, 17]. Finally, in the case � = p, López and Villa [5], deter-
mined in general the Galois Z�[G]-module structure of C0L(�), that is, if L/K
is an arbitrary finite Galois �–extension, they obtained the decomposition of
C0L(�) as direct sum of indecomposables Z�[G]–modules.

When � �= p and L/K is cyclic ramified or not, in [9], the authors use a co-
homological result due to Jakovlev and obtain the structure of the Tate module
TL(�). For the general case, with L/K unramified and � �= p, Rzedowski and
Villa [8], obtained the Galois module structure of the usual Jacobian C0L(�).
Recently, for the case � �= p and L/K a finite cyclic ramified extension, Mej́ıa
and Rzedowski [6], obtained the explicit decomposition of C0L(�) as direct sum
of indecomposables Z�[G]–modules.

The basic tool used to find the decompositions we mentioned above in both
cases � = p and � �= p, has been the consideration of the generalized Jacobian
variety C� where the modulus N contains in its support all the primes in L
ramified in the extension L/K, and the exact sequence

0 → R → C0�(�) → C0L(�) → 0, (1)

where C0�(�) is the �–torsion of C� and R is the kernel of the natural map
which was characterized as Z�[G]–module by Villa and Madan in [17]. For the
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case � = p, it turns out to be that C0�(�) is an injective Z�[G]–module, that
is, C0�(�) ∼= R[G]u for some u ≥ 0 (see [16], Proposition 8).

For the case � �= p, C0�(�) is non-injective in any case (see [18], Theorem
6). In fact, one has that C0�(�) ∼= R[G]u⊕S with S an indecomposable Z�[G]–
module which is, as a group, isomorphic to Rs0 where s0 = |G|(d− 1) +1, and
d denotes the minimum number of generators of G. An interesting question
is, what happens if N does not contain in its support all the ramified primes
of L/K and � �= p? In this paper we give an answer to this question in the
cyclic case. Our main goal in this paper is to obtain explicitly the Galois
module structure of the generalized Jacobian C0�(�), where B is a modulus in
L which not necessarily contains in its support all the ramified prime divisors
of the ramified finite cyclic �–extension L/K. This is Theorem 4.12, proved in
Section 4. The tools used are the exact sequence (1) of Z�[G]–modules, Galois
cohomology, the dual of Heller’s loop operator, and some results of [4], [6], [17]
and [18]. Section 2 is devoted to the calculation of the Tate cohomology groups
of various Z�[G]–modules associated to the �–extension L/K. In Section 3 we
determine, for any L/K finite Galois �-extension, the injective component of
generalized Jacobians C0�(�), where B is a modulus in L which does not
necessarily contain in its support all the prime divisors of K ramified in L,
i.e., we obtain the number of regular representations afforded by C0�(�), this
is Theorem 3.5. Also, we characterize the injective component of the usual
Jacobian C0L(�) of a finite abelian Galois ramified �–extension L/K, that is,
we obtain for the abelian ramified case the number of regular representations
afforded by C0L(�), this is Theorem 3.10, proved in Section 3.

2 Cohomology of Generalized Jacobians

The ingredients, which we will be working with, are: L/K denotes a finite
Galois �–extension of function fields of one variable of order �n with Galois
group G = Gal(L/K) and field of constants k an algebraically closed field of
characteristic p �= �. Let

P = {P1,P2, . . . ,Ps,Ps+1, . . . ,Pt} and

P̂ =
{

Q
(i)
j

∣∣∣i ∈ {1, . . . , t}, j ∈ {1, . . . , �n−ni}
}
,

where P consists of all the different prime divisors of K ramified in L, P̂ is the
set of prime divisors Q

(i)
j of L such that Q

(i)
j divides the prime divisor Pi, for

1 ≤ j ≤ �n−ni, and �ni denotes the ramification index of the prime divisor Pi.
Let M and A be the modulus in K defined by:

M =
t∏
i=1

Pi and A =
s∏
i=1

Pi.
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Let N and B be the modulus in L induced by M and A respectively, given by:

N =
∏
Q|Pi
1≤i≤t

Q and B =
∏
Q|Pi

1≤i≤s

Q.

We use the following notation

PL is the set of prime divisors of L,

DL is the divisor group of L,

D� is the group of divisors of L relatively prime to B,

D0� denotes the group of divisors of degree zero relatively prime to B,

P� denotes the group of principal divisors (α) such that α ≡ 1 mod B,

C0� :=
D0�

P�
is the group of classes of divisors of degree 0 associated to B,

L� is the group of α ∈ L∗ such that (α) is relatively prime to B, and

L�(1) denotes the group of α ∈ L� such that α ≡ 1 mod B.

We denote by C0�(�) the �–Sylow subgroup of the class group C0� and call
it removed generalized Jacobian.

For any G–module A, the ith Tate cohomology group Ĥ i(G,A) with i ∈ Z

is denoted by H i(G,A) which will be simply denoted by H i(A) in case the
group G is clear. The trivial group is denoted by 0, whether its structure is
additive or multiplicative. Also, we denote the elements of A fixed by the
action of G, by AG = {m ∈M | gm = m ∀ g ∈ G} and by NG = N the norm
(or trace) map, that is, N(m) =

∏
g∈G gm (or

∑
g∈G gm). Sometimes we will

use the additive notation N(A) and some other the multiplicative notation AN

for the norm of A. On the other hand, NM denotes the kernel of N acting
on A, IGA denotes the module generated by 〈gm−m | g ∈ G,m ∈ A〉 and
IG = 〈g − 1 | g ∈ G〉 ⊆ Z�[G]. Finally, we will denote by Cm the cyclic group
with m elements.

The following proposition has been proved in [4], Lemma 2.2 and Proposi-
tions 2.6, 2.7 and 2.10.

Proposition 2.1 Let G be a finite �–group and H a subgroup of G. Then

(i) H i(G,Z[G]) ∼= H i(G,Z�[G]) ∼= 0, for all i ∈ Z.

(ii) H−1(G,Z[G/H]) ∼= H−1(G,Z�[G/H ]) ∼= 0.

(iii) H0(G,Z[G/H]) ∼= H0(G,Z�[G/H ]) ∼= C|H|.

(iv) H1(G,Z[G/H]) ∼= H1(G,Z�[G/H ]) ∼= 0. �



Integral representation of generalized Jacobians 751

Proposition 2.2 If G is a finite �–group, then

(i) H0(G,D�) ∼=
t⊕

i=s+1

C�ni ,

(ii) H−1(G,D�) ∼= 0,

(iii) H1(G,D�) ∼= 0.

Proof. In [4], page 70 it is obtained the isomorphism of Z[G]–modules

DL
∼=
⊕
P∈�K

Z[G/G�] ∼=
( ⊕

P/∈{P1,... ,Ps,Ps+1,...,Pt}
Z[G]

)⊕( t⊕
i=1

Z[G/Gi]
)
. (2)

Thus, as Z[G]–modules we have

D�
∼=
( ⊕

P/∈{Ps+1,...,Pt}
Z[G]

)⊕( t⊕
i=s+1

Z[G/Gi]
)
, (3)

where Gi = GQi
denotes the decomposition group of the prime divisor Qi

above Pi. Using (3) and Proposition 2.1, the result follows. �

Remark 2.3 If B = N, that is, if the modulus B contains in its support
all the primes ramified in L/K, then H i(G,D�) = 0, for all i ∈ Z. This result
was obtained in [18], page 45.

Using the exact sequence of Z[G]–modules (see [14], page 64)

0 −→ D0� −→ D�
dL−→ Z −→ 0, (4)

where dL denotes the degree map, the fact that H−1(G,Z) = 0 and Proposition
2.2, we obtain the exact sequence of cohomology groups

0 −→ H0(G,D0�) −→ H0(G,D�)
d∗−→ H0(G,Z) −→ H1(G,D0�) −→ 0. (5)

In order to determine Im d∗, we consider p ∈ PK . Since k is an algebraically
closed field, we have dL(p) = �n (see [14], Theorem 5.3.4, page 129), that is,
dL(DK) = �nZ. We denote by conK/L(p) = (P1 · · ·Ph)

e� the conorm of p in
L. Let p1/e� := P1 · · ·Ph. It is easy to see that

DG
� =

〈
p1/e� | p ∈ PK , (p,A) = 1

〉
.
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If q ∈ DG
�, we have q =

m∏
j=1

(
q

1
e�j

j

)αj

and dL(qj) =
�n

e�j

. Since e�j
= �nj ,

then dL(q) =

m∑
j=1

αj�
n−nj . Now we denote by �ni0 the maximum ramification

index of the primes ramified in the extension L/K not contained in the support
of A. It follows that �n−ni0 | dL(q). Thus, �n−ni0 | �n−ni for all s + 1 ≤ i ≤ t.
Hence dL(DG

�) ∼= (�n−ni0 )Z. Therefore

Im d∗ ∼= (�n−ni0 )Z

�nZ
∼= C�ni0 . (6)

Proposition 2.4 If G is a finite �–group, then H1(G,D0�) ∼= C
�
n−ni0

.

Proof. From (5) we obtain that H1(G,D0�) ∼= H0(G,Z)

Im d∗
. Using H0(G,Z) ∼=

C�n and (6), the result follows. �

Proposition 2.5 If G is a finite �–group, then H0(G,D0�) ∼=
t⊕

i=s+1
i�=i0

(C�ni ).

Proof. From the exact sequence (5), we obtain the exact sequence

0 −→ H0(G,D0�) −→ H0(G,D�) −→ Im d∗ −→ 0.

From Proposition 2.2 (i) and (6), we obtain the exact sequence

0 −→ H0(G,D0�) −→
t⊕

i=s+1

C�ni −→ C�ni0 −→ 0. (7)

Since C�ni0 is of maximum order, the exact sequence (7) splits. Therefore

H0(G,D0�) ∼=
t⊕

i=s+1
i�=i0

C�ni . �

Next we are interested in obtaining H−1(G,D0�). For this end we need the
following results:

Lemma 2.6 With the previous notation, we have H−1(G,D0�) ∼= IGD�

IGD0�

.



Integral representation of generalized Jacobians 753

Proof. From the exact sequence (4) and properties of the degree map dL, it
follows that ker(N(D�)) = ker(N(D0�)). Hence

H−1(G,D0�) ∼= ker(N(D0�))

IGD0�

=
kerN(D�)

IGD0�

.

Finally the result follows from Proposition 2.2 (ii). �

Lemma 2.7 If P0 ∈ D� is of degree 1, then

H−1(G,D0�) =
〈
(P0)σ−1 | σ ∈ G

〉
,

where (Pσ−1
0 ) = Pσ−1

0 mod IGD0�.

Proof. Let S ∈ D�. From S = P
dL(�)
0 P

−dL(�)
0 S, we let S0 = P−m0 S be of

degree 0, where m = dL(S). Then dL(S0) = 0 and Sσ−1 = (Pm
0 )σ−1(S0)

σ−1

for all σ ∈ G, so that Sσ−1 ≡ (Pm
0 )σ−1 mod IGD0�. The result follows. �

Remark 2.8 If P1,P2 ∈ D� are divisors of the same degree, then

Pσ−1
1 ≡ Pσ−1

2 mod IGD0� for all σ ∈ G.

Let P0 ∈ D� of degree 1 be fixed and letH−1(G,D0�) =
〈
(P0)σ−1 | σ ∈ G

〉
.

Let ϕ : G −→ H−1(G,D0�) be given by ϕ(σ) := Pσ−1
0 . From Remark 2.8,

it is easy to see that, ϕ is a homomorphism of groups. Since
〈
(P0)σ−1 | σ ∈ G

〉
generates H−1(G,D0�), we have that ϕ is an epimorphism.

On the other hand, since H−1(G,D0�) is an abelian group, we have G′ ⊆
kerϕ. Now we consider the maximal abelian extension Knr

� of K contained
in L such that Ps+1, . . . ,Pt are unramified in Knr

� /K. Let U = Gal(L/Knr
� ).

Then U is a normal subgroup of G. It is known that U is generated by all
the inertia groups of the prime divisors Ps+1, . . . ,Pt. If I = I(P1|p) is an
inertia group for some p ∈ {Ps+1, . . . ,Pt}, then P1 is fully ramified in L/LI

and Pσ
1 = P1 for all σ ∈ I. Therefore ϕ(σ) = Pσ−1

0 = Pσ−1
1 = η = {1}, which

implies that σ ∈ kerϕ, i.e. I ⊆ kerϕ. Therefore U ⊆ kerϕ.
In short, we have obtained:

Proposition 2.9 With the previous notation, we have that G′U is a sub-
group of kerϕ. Furthermore ϕ induces an epimorphism

ϕ̃ : G/G′U −→ H−1(G,D0�). �
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Let E = LG
′U ∼= Knr

� and G = G/G′U . Then G ∼= Gal(E/K). The prime
divisors of K ramified in E belong to the set {P1, . . . ,Ps}. Let B′ be the
modulus of E containing all the ramified prime divisors. From Remark 2.3, we
obtain that H i(G,D�′) = 0 for all i ∈ Z. Thus H−1(G,D0�′) ∼= H−2(G,Z) ∼=
G. Therefore

|H−1(G,D0�′)| = |G|.
Let ψ = NL/E be the norm map from L to E, that is, ψ =

∑
θ∈G′U

θ and

NL/E
D� = ker(NL/E(D�)). Since NL/E(D�) = D�′ and dE(NL/E(A)) =

[L : E]dL(A), for A ∈ D� (see [14], Theorem 5.3.4, page 129), we obtain
NL/E(D0�) = D0�′.

Given any A ∈ NL/K
D0�, ANL/K = η which implies what η = (ANL/E)NE/K =

(ψ(A))NE/K , that is ψ(A) ∈ NE/K
D0�′ . Also, if a ∈ NE/K

D0�′, we have aNE/K =

η. Let F ∈ D0� be such that FNL/E = a and (FNL/E)NE/K = aNE/K = η. There-
fore (ψ(F))NE/K = η, i.e. ψ(F) ∈ NE/K

D0�′ . It follows that the restriction
of ψ is an epimorphism of NL/K

D0� to NE/K
D0�′. Therefore we obtain that

ψ̃ = π ◦ ψ,

NL/K
D0�

ψ−→ NE/K
D0�′

π−→ NE/K
D0�′

IGD0�′

is an epimorphism.
On the other hand, if Aσ−1 ∈ IGD0� with σ ∈ G, then ψ(Aσ−1) = ψ(A)σ−1

where σ = σ mod G′U , that is ψ(Aσ−1) ∈ IGD0�′. Therefore ψ̃ induces an

epimorphism ψ̃1:

ψ̃1 : H−1(G,D0�) −→ H−1(G,D0�′).

In short, we have obtained

|H−1(G,D0�)| ≥ |H−1(G,D0�′)| = |G/G′U |. (8)

Theorem 2.10 We have

H−1(G,D0�) ∼= G/G′U.

Proof. Since the map

ϕ̃ : G/G′U −→ H−1(G,D0�)

is an epimorphism of groups, from (8) and Proposition 2.9, we obtain that
|G/G′U | = |H−1(G,D0�)|. The result follows. �

Our next goal is to prove that, if B �= N, that is B is nontrivial, then P�
is cohomologically trivial. We need the following
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Lemma 2.11 If B is nontrivial, then P� ∼= L�(1).

Proof. Given the map Φ : L�(1) −→ P� defined by Φ(α) = (α), we obtain the
exact sequence of G–modules:

{1} −→ ker Φ −→ L�(1) −→ P� −→ {1}.
Since ker Φ = L�(1) ∩ k∗ = {1}, the result follows. �

Lemma 2.12 If G is an arbitrary finite �–group and B is nontrivial, then

H1(G,P�) = 0.

Proof. From Lemma 2.11, it is sufficient to prove that H1(G,L�(1)) = 0. Let
f ∈ Z1(G,L�(1)) be any 1–cocycle, given by f : G −→ L�(1) ⊆ L∗, f(σ) = aσ.

Let b :=
∑
σ∈G

aσ. If b = 0, then
∑
σ∈G

aσ ≡ |G| mod B. Hence aσ ∈ L�(1) , that is

aσ ≡ 1 mod B. In this case, we obtain 0 ≡ |G| mod B = �n mod B, which
implies that �n ∈ B, but this is not possible, since �n ∈ k∗ and vP(�n) = 0, for
all places P. Therefore b �= 0.

Let ξ =
1

�n

∑
σ∈G

aσ. Since aσ ≡ 1 mod B, it follows that ξ ≡ 1 mod B,

that is, ξ ∈ L�(1) . We will see that ξ−1 ∈ L�(1) , i.e. ξ−1 ≡ 1 mod B.
We have that vP(ξ − 1) ≥ 1 and vP(1) = 0 for every place P dividing B.

Then vP(1) = vP(1 − ξ + ξ) implies that vP(ξ) = 0 for every place P dividing
B. Therefore vP(ξ−1) = 0 for P|B.

Since ξ(1−ξ−1) = ξ−1 ∈ B with ξ �∈ B, we obtain 1−ξ−1 = ξ−1(ξ−1) ∈ B.
Therefore ξ−1 ≡ 1 mod B.

Thus, for θ ∈ G, we have

θ(ξ) =
1

�n

∑
σ∈G

θ(aσ) =
1

�n

∑
σ∈G

θf(σ).

Since f ∈ Z1(G,L�(1)), we have aθσ = f(θσ) = θf(σ)f(θ) = θaσaθ. Thus
θ(aσ) = a−1

θ aθσ. In particular

θ(ξ) =
1

�n

∑
σ∈G

a−1
θ aθσ = a−1

θ

(
1

�n

∑
σ1∈G

aσ1

)
= a−1

θ ξ, where σ1 = θσ.

Finally, we obtain that aθ =
ξ

θ(ξ)
=

θ(ξ−1)

ξ−1
∈ B1(G,L�), i.e. f is a 1–

coboundary, proving the result. �
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Lemma 2.13 If G is an �–group and B is nontrivial, then H0(G,P�) = 0.

Proof. First we will prove that NL/K : P� −→ P� is surjective. If we prove
this for the case when G is cyclic of order �, then the general case follows im-
mediately applying induction on n where |G| = �n. In [17], page 267, equation
29, the following exact sequence of Z�[G]–modules is settled

0 −→

s⊕
i=1

R[G/Gi]

Re∗s
−→ C0�(�) −→ C0L(�) −→ 0, (9)

where Re∗s =

⎧⎨⎩
⎛⎝ ∑
σ∈G/G1

xσ, . . . ,
∑

σ∈G/Gs

xσ

⎞⎠ ∈
s⊕
i=1

R[G/Gi] | x ∈ R

⎫⎬⎭ for 1 ≤

s ≤ t. Let T ∼=
s⊕
i=1

R[G/Gi] be and R ∼= Re∗s. Then we have the exact

sequence of G–modules

0 −→ R −→ T −→ T

R
−→ 0. (10)

Since H1(G,R[G/H ]) ∼= C|H| and H0(G,R[G/H ]) ∼= 0, then h(R[G/H ]) =
1

�
,

where h(M) :=
|H0(G,M)|
|H1(G,M)| denotes the Herbrand’s quotient of the Z�[G]–

moduleM . Further, we have h(T ) =
|H0(G, T )|
|H1(G, T )| =

1

�s
and h(R) =

|H0(G,R)|
|H1(G,R)| =

1

�
. From (10), we obtain h

(
T

R

)
=

1

�s−1
. Using the Tate cohomology group

of C0L (see [9], Proposition 1, page 81), we have h(C0L) = �t−2. Using (9),
we conclude that h(C0�) = �t−s−1. From Propositions 2.4 and 2.5, we obtain
h(D0�) = �t−s−1, since in our case ni0 = n = 1. Thus, using the exact sequence
of Z[G]–modules

0 −→ P� −→ D0� −→ C0� −→ 0, (11)

we have h(P�) =
h(D0�)

h(C0�)
= 1. From Lemma 2.12, it follows that |H0(G,P�)| =

1, that is PG
� = N(P�). Finally, since PG

�
∼= LG

�(1) = L�(1)

⋂
K = K�(1) = P�,

the result follows. �

Theorem 2.14 We have that P� is cohomologically trivial. In particular

H i(G,P�) ∼= 0 for all i ∈ Z.
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Proof. With the arguments in the proof of Lemma 2.13, we have in general
that, if G is a finite �-group, then PG

� = LG
�(1) = K�(1) = P�. Therefore

H0(G,P�) ∼= PG
�

N(P�)
∼= P�
P�

∼= 0. (12)

From (12) and Lemma 2.12, we have that H i(G,P�) ∼= 0 for two successive
values of i and for an arbitrary finite �–group G. Finally, by [10], Theorem 8,
Chapter IX, Section 5, we obtain the proof of the theorem. �

Theorem 2.15 For an arbitrary finite �–group G, we have H i(G,C0�) ∼=
H i(G,D0�) and H i(G,C�) ∼= H i(G,D�) for all i ∈ Z.

Proof. We have the exact sequences of Z[G]–modules

0 −→ P� −→ D0� −→ C0� −→ 0,

0 −→ P� −→ D� −→ C� −→ 0.

Using Theorem 2.14, we obtain the result. �

3 Injective components of Jacobians

The goals in this section are: the determination of the injective components
of the generalized Jacobians C0�(�) for every finite Galois �–extension L/K,
and the number of regular representations of the usual Jacobian C0L(�) in the
case when L/K is an abelian finite Galois �–extension , that is, the injective
component of C0L(�). The tools we use are contained in the next two results.

Theorem 3.1 ([12], Valentini) Let F be an algebraically closed field of
characteristic �, G be a finite �–group and let M be a finitely generated F [G]–
module. Let N denote the norm map. If n = dimF N(M), then M ∼=
F [G]n

⊕
P and F [G] is not a component of P . �

This result holds removing the hypothesis that F is an algebraically closed
field. The proof is the same as the one in [12].

Let M be a Z�[G]–module such that the Pontryagin’s dual of M , denoted

by X(M) := Hom��
(M,R) = Hom��

(
M,

Q�

Z�

)
, is a finitely generated Z�[G]–

module, G being a finite �–group and M Z�–injective and as groups, M ∼= Rm0

with m0 < ∞. If �M denotes the set of elements of M whose order divide �,
then �M is a finitely generated F�[G]–module where F� denotes the finite field
with � elements. We have
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Theorem 3.2 ([9], Rzedowski-Villa-Madan) Let M and G be given as
above. If �M ∼= F�[G]n

⊕
U , where F�[G] is not a component of U and M ∼=

R[G]m
⊕

V where R[G] is not a component of V , then n = m. �

Lemma 3.3 If L/K is a finite Galois �–extension and G = Gal (L/K),
then ∣∣∣�CG

0�

∣∣∣ = �2gK+t−2.

Proof. From the exact sequence of Z[G]–modules

0 −→ P� −→ D0� −→ C0� −→ 0

and using Theorem 2.14, we obtain the exact sequence of groups

0 −→ PG
� −→ DG

0� −→ CG
0� −→ 0, (13)

where PG
� = P�. Let conK/L(p) =

(
P1 · · ·Ph

)e�
be the conorm of p in L.

Fix p0 ∈ D0� and let p1/e� := P1 · · ·Ph. From Proposition 2.5, we have

H0(G,D0�) ∼=
t⊕

i=s+1
i�=i0

C�ni .

We also have N(D0�) = D0�. Therefore H0(G,D0�) =
DG

0�

N(D0�)
∼= D0�

G

D0�

∼=
t⊕

i=s+1
i�=i0

C�ni .

From (13) and Proposition 2.2, we obtain that CG
0� =

DG
0�

PG
�

=
DG

0�

P�
and

t⊕
i=s+1
i�=i0

C�ni
∼= DG

0�

D0�

∼= DG
0�/P�

D0�/P�
∼= CG

0�

C0�
. Therefore we obtain the exact sequence

0 −→ C0�(�) −→ CG
0�(�) −→

t⊕
i=s+1
i�=i0

C�ni −→ 0. (14)

Since C0�(�) is Z�–injective, taking �–parts in (14), we have that the following
exact sequence splits

0 −→ �C0� −→ �C
G
0� −→ Ct−s−1

� −→ 0,
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that is, �C
G
0�

∼= �C0�

⊕
Ct−s−1
� . Finally, from [18], page 45, it follows that

C0�
∼= Rλ� as groups, where λ� = 2gK + s− 1. The result follows. �

Let M be a Z�[G]–module that it is Z�–divisible and X(M) is finitely gen-
erated. That is, as groups, M ∼= Rm0 for some m0 ∈ N

⋃{0}. Then

0 −→ �M −→M
�−→M −→ 0 (15)

is an exact sequence of Z�[G]–modules, where � denotes the homomorphism
multiplication by � on M .

From (15), we obtain the exact sequence of cohomology groups

· · · −→ H i−1(G,M)
�−→H i−1(G,M) −→ H i(G, �M) −→ (16)

−→ H i(G,M)
�−→H i(G,M) −→ · · ·

From (16), it follows that

H i(G, �M) ∼= C
αi−1(M)+αi(M)
� , (17)

where

αi(M) = dim��

H i(G,M)

�H i(G,M)
= dim�� �H

i(G,M).

Using Theorems 2.15 and 2.10 and Proposition 2.5, we have

α0(C0�) = t− s− 1 and α−1(C0�) = e, (18)

where e denotes the minimum number of generators of the group G/G′U .
From (17) and (18), it follows that

H0(G, �C0�) ∼= Ce+t−s−1
� . (19)

In short, we have:

Theorem 3.4 Let L/K be a finite Galois �–extension and let A be a non-
trivial modulus in K such that its support consists only of prime divisors of K
ramified in L. Then

|N(�C0�)| = �2gK+|�|−1−e,

where e is the minimum number of generators of the group G/G′U with U
the group generated by the decomposition groups of the prime divisors different
from those in the support of A and |A| = s is the number of prime divisors in
the support of A.
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Proof. If follows from Lemma 3.3 and (19). �

Now, using Theorems 3.1, 3.2 and 3.4, we have:

Theorem 3.5 Let L/K be any finite Galois �–extension. Then the integral
representation of Jacobians C0�(�) is of the form

C0�(�) ∼= R[G]2gK+s−1−e ⊕W,

where R[G] is not a component of W , e denotes the minimum number of
generators of G/G′U and U is the group generated by the decomposition groups
of the prime divisors different from those in the support of A. �

Remark 3.6 If A = M, that is, if A contains in its support all the primes
ramified in the extension L/K, then U = {id} and s = t = |M|. Consequently,
it is obtained that the injective component of the integral representation of the
generalized Jacobian C0�(�). This was achieved in [18], Theorem 6, page 47.
�

Next, our interest will be centered in determining the injective component
of the integral representation of the �–torsion of the usual Jacobian variety
JL(�) ∼= C0L(�). In the rest of this section, we assume that L/K is a finite
ramified abelian �–extension.

Let p be a prime divisor of K ramified in L and let P be a prime divisor
in L such that P|K = p. Let I = I(P|p) be a decomposition group of p. Since
|G| = �n and I is a cyclic subgroup of G, there exists a normal subgroup H
of I of order �. Let E := LH be the fixed field of L under H . Then L/E is a
fully ramified cyclic extension of degree �. With this notation we have

Lemma 3.7 If Lnr and Enr denote the maximal unramified extensions of
K contained in L and of K contained in E respectively, then Lnr = Enr.

Proof. We always have Enr ⊆ Lnr. Conversely, since H ≤ I ≤ T , where T is
the group generated by all the inertia groups, then Lnr = LT ⊆ LH = E. �

Lemma 3.8 Let TL = Gal(L/Lnr), G/TL ∼= Gal(Lnr/K), TE = Gal(E/Enr)

and G/H = Gal(E/K). Then δdL
= δdE

, where δdL
= dim��

(G/TL)

Φ(G/TL)
, and

Φ(G/TL) denotes the Frattini subgroup of G/TL.
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Proof. From Lemma 3.7, we obtain Enr = Lnr. From Galois Theory, we obtain

Gal(E/K)

TE
∼= G/H

TL/H
∼= G

TL
.

Therefore

δdE
= dim��

(
Gal(E/K)

TE

)
Φ
(

Gal(E/K)
TE

) = dim��

(G/TL)

Φ(G/TL)
= δdL

. �

Theorem 3.9 Let L/K be an abelian finite Galois �–extension. Then

dim��
(N(�C0L)) = 2(gK − d0)

where d0 := δdL
is the minimum number of generators of G/T , T = Gal(L/Knr)

and Knr/K is the maximal unramified extension of K contained in L.

Proof. The proof is by induction on n, where [L : K] = �n. For n = 1, we
have that L/K is a cyclic extension and the result follows from Proposition 2,
page 42 of [9]. Assume that n > 1. If L/K is an unramified extension, the
result follows from Theorem 3.2 and Theorem 3.1, page 558 of [8]. Finally, if
L/K is a ramified extension, we keep notation as above. Let E = LH , with
H a normal subgroup of G of order �. From [18], page 43, we obtain that the
norm map NL/E : �C0L −→ �C0E is surjective. Hence

NL/K(�C0L) = NE/K(NL/E(�C0L)) = NE/K(�C0E).

Using the induction hypothesis we obtain

dim��
NE/K(�C0E) = 2(gK − δdE

).

From Lemma 3.8, it follows that

dim��
NL/K(�C0L) = 2(gK − δdL

) = 2(gK − d0). �

From Theorems 3.1, 3.2 and 3.9, we have:

Theorem 3.10 Let L/K be an abelian finite Galois �–extension. Then the
integral representation of JL(�) is given by

JL(�) ∼= R[G]2(gK−d0) ⊕W1,

where W1 does not contain R[G] as a component and d0 denotes the minimum
number of generators of G/T , where T = Gal(L/Knr) and Knr/K is the
maximal unramified extension of K contained in L. �
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Note that Theorem 3.10 partially generalizes in the abelian case the fol-
lowing result:

Theorem 3.11 ([8], Rzedowski-Villa) Let L/K be a finite unramified
Galois �–extension of function fields with G = Gal(L/K). Then the integral
representation of JL(�) is given by

JL(�) ∼= R[G]2(gK−δd) ⊕W0,

where δd is the minimum number of generators of G and W0 does not contain
R[G] as a component and its decomposition as direct sum of indecomposable
Z�[G]–modules is well known. �

In [5] the structure of the Z�[G]–module C0L(p) was obtained explicitly.
That is, in the case � = p, the integral representation of C0L(p) is known. In
particular we have

Theorem 3.12 ([5], López-Villa) Let L/K be an arbitrary finite Galois
�–extension of function fields with G = Gal(L/K) and � = p. Then the integral
representation of JL(�) is given by

JL(�) ∼= R[G]τK−dG/ �H ⊕W2,

where τK denotes the Hasse-Witt invariant of K, dG/ �H denotes the minimum

number of generators of G/Ĥ, Ĥ is the group generated by all the decomposi-
tion groups and their conjugates, and W2 does not have R[G] components being
its decomposition as direct sum of indecomposable Z�[G]–modules well known.
�

From the above results, considering the appropriate identifications in The-
orems 3.10, 3.11 and 3.12, it seems reasonable the following:

Conjecture 3.13 Let L/K be an arbitrary finite Galois �–extension of
function fields with field of constants k an algebraically closed of character-
istic p �= �. Then

dim��
(N(�C0L)) = 2(gK − d0),

where d0 denotes the minimum number of generators of G/G′T with G′ the
commutator subgroup of G, T = Gal(L/Knr) and Knr/K is the maximal un-
ramified extension of K contained in L.
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4 Integral Representation of Removed Gener-

alized

Jacobians in the cyclic case

In this section we are interested in determining the integral representation of
removed generalized Jacobians for the case when the cyclic �–extension L/K is
of degree �n. That is, we want to obtain the decomposition of C0�(�) as direct
sum of indecomposable Z�[G]–modules. The analysis is divided in determining
the injective and the non-injective components of C0�(�). To study the non-
injective components of C0�(�), we use the dual of the Heller’s loop operator
and we decompose ker ρ (see definition below) as direct sum of indecomposable
Z�[G]–modules.

In [17], page 267, equation 29, was obtained the exact sequence of Z�[G]–
modules (9) and

0 −→

t⊕
i=1

R[G/Gi]

Re∗t
−→ C0�(�) −→ C0L(�) −→ 0. (20)

Let B1 and B2 be modulus over L. We say that B2 divides B1, denoted
by B2|B1, if vP(B1) ≥ vP(B2) for all P ∈ PL.

In [11], Proposition 6, page 91, it was obtained the existence of a unique
epimorphism ϕ : C0�1(�) −→ C0�2(�) such thatH�2|�1 = ker(ϕ) is a connected
subgroup (in the Zariski topology) of C0�1(�).

We have that the moduli B and N over L satisfy that B|N. Then it is
obtained the following commutative diagram of Z�[G]–modules

0 ��

s⊕
i=1

R[G/Gi]

Re∗s

�� C0�(�)
π �� C0L(�) �� 0

0 ��

t⊕
i=1

R[G/Gi]

Re∗t

��

�ϕ

��

C0�(�)
π ��

ϕ

��

C0L(�) ��

id

����

0

Applying the Snake Lemma (see [14], Lemma 16.4), we have

0 −→ ker ϕ̃ −→ kerϕ −→ 0,

so that ker(ϕ) ∼= ker(ϕ̃). Furthermore, it is easy to see that ker ϕ̃ ∼=
t⊕

i=s+1

R[G/Gi].
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Hence we have the exact sequence of Z�[G]–modules

0 −→
t⊕

i=s+1

R[G/Gi] −→ C0�(�) −→ C0�(�) −→ 0. (21)

In [18], Theorem 6, page 47, the authors determined the general structure
of C0�(�) as Z�[G]–module. In particular, for the case when L/K is a cyclic
finite �–extension, we have

C0�(�) ∼= R[G]2gK−2+t ⊕R. (22)

From (21) and (22), we obtain the following commutative diagram:

0 ��
t⊕

i=s+1

R[G/Gi] �� C0�(�)
π �� C0�(�) �� 0

0 �� ker ρ ��

�θ
��

P

θ

��
ρ

���������������

0 �� ker θ̃ ��

��

ker θ

��

where θ = (id, ξG) : P −→ R[G]2gK−2+t⊕R ∼= C0�(�), with P = R[G]2gK−1+t =
R[G]2gK−2+t⊕R[G], and ξG : R[G] −→ R is the augmentation Z�[G]–epimorphism

given by ξG

(∑
σ∈G

aσσ

)
=
∑
σ∈G

aσ. Furthermore

ρ = π ◦ θ : R[G]2gK−1+t −→ C0�(�)

is a Z�[G]–epimorphism. That is, we obtain the exact sequence of Z�[G]–
modules

0 −→ ker ρ −→ R[G]2gK−1+t −→ C0�(�) −→ 0, (23)

and from the Snake Lemma

ker θ̃ ∼= ker θ ∼= IG =

{∑
σ∈G

aσσ ∈ R[G] |
∑
σ∈G

aσ = 0

}
,

that is, we also have the exact sequences of Z�[G]–modules

0 −→ IG −→ R[G]2gK−1+t −→ C0�(�) −→ 0, (24)

0 −→ IG −→ ker ρ −→
t⊕

i=s+1

R[G/Gi] −→ 0. (25)
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Theorem 4.1 With the notations as above, it follows that dim��
N(�ker ρ) =

1.

Proof. The Z�[G]–module IG is �–divisible (see [6]). Therefore from (25), we

have ker ρ ∼= IG ⊕
(

t⊕
i=s+1

R[G/Gi]

)
as Z�–modules. Since also

t⊕
i=s+1

R[G/Gi]

is �–divisible, ker ρ is �-divisible. Taking �–parts in the exact sequence (23),
we have

0 −→ � ker ρ −→ F�[G]2gK+t−1 −→ �C0� −→ 0. (26)

Since F�[G] is cohomologically trivial, we have H i(�C0�) ∼= H i+1(� ker ρ). In
particular H1(� ker ρ) ∼= H0(�C0�) and H0(� ker ρ) ∼= H−1(�C0�). From (17),
Theorem 2.15 and Propositions 2.4 and 2.5, we obtain

H1(� ker ρ) ∼= Ct−s−1+e
� and H0(� ker ρ) ∼= Ct−s−1+e

� . (27)

From the exact sequence (26), we have the exact sequence of cohomology
groups

0 −→ (� ker ρ)
G −→ F

2gK+t−1
� −→ �C

G
0� −→ H1(� ker ρ) −→ 0, (28)

so that |�ker ρG||�CG
0�| = |F2gK+t−1

� ||H0(�C0�)|. Therefore from Theorem 3.4,
we have

|� ker ρG| =
|F2gK+t−1
� |

|N(�C0�)| =
�2gK+t−1

�2gK+s−1−e = �t−s+e. (29)

From (27), we have |H0(� ker ρ)| = |H0(�C0�)| = �t−s−1+e. Finally

|N(�C0�)| =
|� ker ρG|

|H0(� ker ρ)| =
�t−s+e

�t−s−1+e
= �.

Theorem 4.2 With the hypothesis and notation as above, we have:

� ker ρ ∼= F�[G] ⊕ U and ker ρ ∼= R[G] ⊕ V,

where F�[G] and R[G], are not direct summands of U and V respectively.

Proof. This result is obtained from Theorems 3.1, 3.2 and 4.1. �

Our following objective is to find the decomposition of V as direct sum
of indecomposable Z�[G]–modules. For this end, we prove an analogue of
Proposition 5 in [17].
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Lemma 4.3 Let G be a finite �–group and let G1, . . . , Gt−1, Gt be subgroups
of G. Assume that G1, . . . , Gt−1 ⊆ Gt and Gt is normal in G. Let

Z�ei =

⎧⎨⎩ ∑
σ∈G/Gi

xσ ∈ Z�[G/Gi] | x ∈ Z�

⎫⎬⎭ for 1 ≤ i ≤ t and

Z�e
∗ =

⎧⎨⎩
⎛⎝ ∑
σ∈G/G1

xσ, . . . ,
∑

σ∈G/Gt

xσ

⎞⎠ ∈
t⊕
i=1

Z�[G/Gi] | x ∈ Z�

⎫⎬⎭ .

Then

t⊕
i=1

Z�[G/Gi]

Z�e∗
∼=
{

t−1⊕
i=1

Z�[G/Gi]

}⊕ Z�[G/Gt]

Z�et
.

Proof. Let Λi : Z�[G/Gt] −→ Z�[G/Gi], 1 ≤ i ≤ t− 1 be, given by

Λi

⎛⎝ ∑
σ∈G/Gt

aσσ

⎞⎠ =
∑

σ∈G/Gt

aσ

(∑
ψ⊆σ

ψ

)
.

Then Λi is a Z�[G]–monomorphism.

Now we consider Φ :
t⊕
i=1

Z�[G/Gi] −→

t⊕
i=1

Z�[G/Gi]

Z�e∗
be given by

Φ(ξ1, . . . , ξt−1, ξt) = (ξ1 + Λ1(ξt), . . . , ξt−1 + Λt−1(ξt), ξt) mod Z�e
∗.

Then Φ is a Z�[G]–epimorphism. On the other hand

(ξ1, . . . , ξt−1, ξt) ∈ ker Φ ⇐⇒ (ξ1 + Λ1(ξt), . . . , ξt−1 + Λt−1(ξt), ξt) ∈ Z�e
∗

⇐⇒ ξt =
∑

σ∈G/Gt

xσ, where x ∈ Z� and ξi + Λi(ξt) =
∑

σ∈G/Gt

xσ, 1 ≤ i ≤ t− 1

⇐⇒ ξt =
∑

σ∈G/Gt

xσ, ξi = 0, 1 ≤ i ≤ t− 1,

that is (0, . . . , 0,Z�et) = ker Φ. Therefore Φ is a Z�[G]-isomorphism. The
result follows. �

A fundamental result on the Pontrjagin’s dual is the following proposition.
The proof can be found in [7], page 84.
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Proposition 4.4 (Pontrjagin-Van Kampen) Let G be a finite �–group
and let M be a Z�[G]–module such that M as group is locally compact in the
compact-open topology. Then X(X(M)) ∼= M as Z�[G]–modules. �

Lemma 4.5 Let G be a finite �–group and H a subgroup of G. Then

(i) X(Z�) ∼= R and X(R) ∼= Z� as Z�[G]–modules.

(ii) X(Z�[G/H ]) ∼= R[G/H ] and X(R[G/H ]) ∼= Z�[G/H ] as Z�[G]–modules.

(iii) If 0 −→ A −→ B −→ C −→ 0 is an exact sequence of Z�[G]–modules,
then 0 −→ X(C) −→ X(B) −→ X(A) −→ 0 is an exact sequence of
Z�[G]–modules.

Proof. We will only show the first isomorphisms of (i) and (ii), the others are
an immediate consequence of Proposition 4.4. If α ∈ X(Z�) = Hom(Z�, R),
let θ : X(Z�) −→ R be given by θ(α) = α(1). It is easy to see that θ is an
isomorphism, which shows (i).

Let ϕ ∈ Hom(Z�[G/H ], R) such that G acts as (g ◦ ϕ)(a) = ϕ(g−1a), with
g ∈ G and a ∈ Z�[G/H ]. Let θ : X(Z�[G/H ]) −→ R[G/H ] be given by

θ(ϕ) =
∑

σ∈G/H
ϕ(σ)σ. Then it is easy to see that θ is a Z�[G]–isomorphism, this

shows (ii).
On the other hand, since R[G] is an injective Z�[G]–module and 0 −→

A −→ B −→ C −→ 0 is an exact sequence of Z�[G]–modules, by Theorem 8.4
of [2], page 36, we obtain the following exact sequence of Z�[G]–modules

0 −→ Hom��[G](C,R[G]) −→ Hom��[G](B,R[G]) −→ Hom��[G](A,R[G]) −→ 0.

Finally, since Hom��[G](M,R[G]) ∼= (Hom��
(M,R[G]))G ∼= Hom��

(M,R) as
Z�[G]–modules, we obtain (iii). �

Lemma 4.6 Let G be a cyclic finite �–group. We keep the hypothesis of
Lemma 4.3. Let

IG/Gi
=

⎧⎨⎩ ∑
σ∈G/Gi

aσσ ∈ R[G/Gi]
∣∣∣ ∑
σ∈G/Gi

aσ = 0

⎫⎬⎭ and

Rei =

⎧⎨⎩ ∑
σ∈G/Gi

aσσ ∈ R[G/Gi]
∣∣∣aσ ∈ R

⎫⎬⎭ for 1 ≤ i ≤ t.

Then



768 F. Jarqúın-Zárate and G. Villa-Salvador

(i) X

(
Z�[G/Gi]

Z�ei

)
∼= IG/Gi

. Furthermore X

(
Z�[G/Gi]

Z�ei

)
∼= R[G/Gi]

Rei
.

(ii) X

⎛⎜⎜⎜⎜⎝
t⊕
i=1

Z�[G/Gi]

Z�e∗

⎞⎟⎟⎟⎟⎠ ∼= R[G/Gt]

Ret

⊕(
t−1⊕
i=1

R[G/Gi]

)
.

Proof. We have the exact sequence of Z�[G]–modules

0 −→ Z�
i−→ Z�[G/Gi] −→ Z�[G/Gi]

Z�
−→ 0,

where i : Z� −→ Z�[G/Gi] is given by i(x) =
∑

σ∈G/Gi
xσ. From Lemma 4.5

(iii), the following sequence of Z�[G]–modules is exact

0 −→ X

(
Z�[G/Gi]

Z�

)
−→ R[G/Gi]

�i−→ R −→ 0,

where ĩ : R[G/Gi] −→ R is given by ĩ(
∑

σ∈G/Gi
aσσ) =

∑
σ∈G/Gi

aσ. Since

ker ĩ ∼= IG/Gi
, we have X

(
Z�[G/Gi]

Z�

)
∼= IG/Gi

. The second isomorphism of (i)

is proven in [17], Proposition 6, page 260.

Using Lemma 4.3, Lemma 4.5 (ii) and Hom��

(
t⊕
i=1

Mi, R

)
∼=

t⊕
1=1

Hom��
(Mi, R)

for Mi, 1 ≤ i ≤ t, as Z�[G]–modules, we have:

X

⎛⎜⎜⎜⎜⎝
t⊕
i=1

Z�[G/Gi]

Z�e∗

⎞⎟⎟⎟⎟⎠ ∼= X

{(
t−1⊕
i=1

Z�[G/Gi]

)⊕(
Z�[G/Gt]

Z�et

)}

∼= X

{
t−1⊕
i=1

Z�[G/Gi]

}⊕
X

(
Z�[G/Gt]

Z�et

)
∼=

t−1⊕
i=1

X(Z�[G/Gi])
⊕

X

(
Z�[G/Gt]

Z�et

)
∼=
(

t−1⊕
i=1

R[G/Gi]

)⊕ R[G/Gt]

Ret
. �

The following two properties of the Z�[G]–module V will be useful to obtain
the decomposition of V as direct sum of indecomposable Z�[G]–modules. They
are analogous to Theorem 5 and Proposition 4 in [6].
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Proposition 4.7 There exists a Z�[G]–monomorphism from V to

t⊕
i=s+1

R[G/Gi].

That is, V embeds into

t⊕
i=s+1

R[G/Gi].

Proof. From Theorem 4.2 and the exact sequence (25), we obtain the following
exact sequence of Z�[G]–modules

0 −→ IG
γ−→ R[G] ⊕ V

�θ−→
t⊕

i=s+1

R[G/Gi] −→ 0 (30)

We will prove that θ̃|V is a Z�[G]–monomorphism. Since R[G/Gi] is not

an injective Z�[G]–module for Gi �= {id}, we have θ̃|R[G] is not a Z�[G]–
monomorphism. Therefore A = γ(IG) ∩ R[G] �= 0. In particular �A �= 0.
Suppose that B = γ(IG)∩V �= 0. Then �B �= 0. Hence �A⊕ �B ⊆ γ(IG) ∼= IG.
Therefore

2 ≤ dim��
(�A

G ⊕ �BG) ≤ dim�� �(IG)G = 1,

which is absurd. Therefore γ(IG) ∩ V = 0, and the result follows. �

Proposition 4.8 With the same notations, we have

t⊕
i=s+1

R[G/Gi]

V
∼= R as Z�[G]–modules.

Proof. From the exact sequence (30) we have that as Z�–modules

R[G] ⊕ V ∼= IG ⊕
(

t⊕
i=s+1

R[G/Gi]

)
.

On the other hand, the following sequences of Z�[G]–modules are exact

0 −→ IG −→ R[G]
ξG−→ R −→ 0,

0 −→ R −→ R[G]
(σ−1)−→ IG −→ 0,

where ξG is the augmentation Z�[G]–epimorphism and G = 〈σ〉. Then, as
Z�–modules, we obtain R[G] ∼= IG ⊕R. Hence

IG ⊕
(

t⊕
i=s+1

R[G/Gi]

)
∼= R[G] ⊕ V ∼= IG ⊕ R⊕ V.
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Therefore
t⊕

i=s+1

R[G/Gi]

V
∼= R, as Z�–modules.

Now, we have the exact sequence of Z�[G]–modules

0 −→ V −→
t⊕

i=s+1

R[G/Gi] −→ S −→ 0

where S ∼= R as groups. Then we obtain the exact sequence of cohomology
groups

0 −→ V G −→
(

t⊕
i=s+1

R[G/Gi]

)G
−→ SG −→ H1(V ) −→ · · · (31)

Let ϕ : R −→ R[G/Gi]
G be given by ϕ(a) =

∑
g∈G/Gi

ag, where a ∈ R. It is easy

to see that ϕ is a Z�[G]–isomorphism. Then R[G/Gi]
G ∼= R for any subgroup

Gi of G. Hence

(
t⊕

i=s+1

R[G/Gi]

)G
∼= Rt−s. From the exact sequence (23) and

from H i(G,R[G]) ∼= 0 for all i ∈ Z, we obtain

H i(C0�) ∼= H i+1(ker ρ) ∼= H i+1(V ).

In particular

H−1(C0�) ∼= H0(V ) ∼= V G

N(V )
.

From Theorem 2.10, we obtain that G/U ∼= V G

N(V )
, where U is the group

generated by all the inertia groups of the ramified prime divisors not contained
in the support of A. That is V G ∼= G/U ⊕N(V ) ∼= C

�
n−ni0

⊕N(V ), where ni0
denotes the maximum ramification index of the prime divisors not contained
in the support of A.

From (29) and Theorem 4.2, we have:

�t−s+e = |(� ker ρ)G| = �|�V G|.

Hence

�C�n−ni0
=

{ {id}; if e = 0
C�; if e = 1

= Ce
� ,
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that is, |�V G| = �t−s+e−1. Since |�V G| = |�C�n−ni0
||�N(V )| = �e|�N(V )|, we

have |�N(V )| = �t−s−1. Since V is divisible, we have that N(V ) is divisible.
Therefore N(V ) ∼= Rt−s−1.

From (31), we obtain

0 −→ C
�
n−ni0

⊕ Rt−s−1 −→ Rt−s −→ SG −→ H1(V ) −→ · · · ,

where H1(V ) is a finite group. Therefore 0 −→ R −→ SG −→ · · · is an exact
sequence of Z�[G]–modules. Thus R embeds in SG as Z�[G]–modules, that is,
S is G–trivial. Therefore S ∼= R as Z�[G]–modules. This shows the result. �

Theorem 4.9 With the notations of Theorem 4.2, we have

V ∼= R[G/Gi0 ]

R

⊕⎛⎜⎝ t⊕
i=s+1
i�=i0

R[G/Gi]

⎞⎟⎠ ,

where Gi0 denotes the decomposition group of the prime divisor Pi0 ∈ {Ps+1, . . . ,Pt}
with the maximum ramification index.

Proof. From Propositions 4.7 and 4.8, we obtain the exact sequence of Z�[G]–
modules

0 −→ V −→
t⊕

i=s+1

R[G/Gi] −→ R −→ 0. (32)

Taking the Pontryagin’s dual module and using Lemma 4.5, we obtain the
exact sequence of Z�[G]–modules

0 −→ Z� −→
t⊕

i=s+1

Z�[G/Gi] −→ X(V ) −→ 0. (33)

From (33) and Lemma 4.3, we obtain

X(V ) ∼=

t⊕
i=s+1

Z�[G/Gi]

Z�

∼= Z�[G/Gi0]

Z�ei0

⊕⎛⎜⎝ t⊕
i=s+1
i�=i0

Z�[G/Gi]

⎞⎟⎠ . (34)

Finally, taking Pontryagin’s dual modules in (34) and using Lemma 4.6, we
obtain the result. �
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Remark 4.10 Using the techniques used in the proof of Theorem 4.9, we
can obtain a new proof of Theorem 7, page 541 of [6].

Now, the main tool that we will use to determine the non-injective compo-
nents of C0�(�) will be the dual of Heller’s loop operator.

Let M be a Z�[G]–module and let 0 −→ M −→ Y −→ P −→ 0 be any
exact sequence with Y an injective Z�[G]–module. Write P = A⊕B where A
is an injective Z�[G]–module and B has no Z�[G]–injective components. Then,
by definition, Ω#(M) = B is the dual of Heller’s loop operator of M . Ω#(M)
is unique up to isomorphism. Note that Ω# is well defined, since we have
that Krull-Schmidt-Azumaya’s Theorem (see [1], (6.12), page 128) holds for
Z�[G]–modules.

In [17], Proposition 4, page 258, it was proved the following:

Proposition 4.11 Let G be a finite �-group and let H be a subgroup of G.
Then

(i) R[G/H ] and
R[G]

R[G/H ]
are indecomposable Z�[G]–modules.

(ii) Ω#(R[G/H ]) ∼= R[G]

R[G/H ]
.

(iii) If M1 and M2 are Z�[G]–modules, then Ω#(M1 ⊕ M2) ∼= Ω#(M1) ⊕
Ω#(M2).

�

In [6], page 542, the authors obtain, for a cyclic finite �–group G that

Ω#

{
R[G/H ]

R

}
∼= R[G]

IG/H
, (35)

where H is a maximal subgroup of G and IG/H ∼= R[G/Gi0 ]

R
as Z�[G]–modules.

With all the above, we are ready to state the main result of this section.

Theorem 4.12 Let L/K be a finite cyclic Galois �–extension of function
fields of one variable with field of constants k an algebraically closed field of
characteristic p �= �. Then the structure of C0�(�) as a Z�[G]–module is given
by

C0�(�) ∼= R[G]2gK−1−e+|�|⊕(
Ω#

{
R[G/Gi0 ]

R

})⊕⎛⎜⎝ t⊕
i=s+1
i�=i0

R[G]

R[G/Gi]

⎞⎟⎠ ,
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where Ω#
{
R[G/Gi0

]

R

} ∼=
(

R[G]
R[G/Gi0

]

R

)e
and e is the minimum number of gener-

ators of G/U .

Proof. The injective component of C0�(�) is characterized by Theorem 3.5.
From the exact sequence (23) and from Theorems 4.2 and 4.9, we obtain the
exact sequence of Z�[G]–modules

0 −→ R[G]
⊕ R[G/Gi0]

R

⊕⎛⎜⎝ t⊕
i=s+1
i�=i0

R[G/Gi]

⎞⎟⎠ −→ R[G]2gK−1+t −→ (36)

−→ C0�(�) −→ 0.

Applying the dual of Heller’s loop operator to (36) and using the Proposition
4.11 and (35) we obtain the non-injective component of C0�(�). The result
follows. �
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