
International Journal of Algebra, Vol. 3, 2009, no. 14, 693 - 705

Coset Enumeration of Symmetrically

Generated Groups Using Gröbner Bases
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1 Introduction

The word problem can be posed in several related forms. In the case of group
theory it is formulated in terms of determining a group given generators and
relations. It is normally necessary to device a means of determining if a given
word in the generators is equal to the identity element of the group, or equiv-
alently to determine whether two words generate the same element. This is
called a solution for the word problem of the group. There can be no general
algorithm which solves the word problem for arbitrary set of generators and
set of relations. However, in a great many cases of practical interest (such
as groups of finite order) it can be solved and a major technique for doing
so is coset enumeration. In 1936 Todd and Coxeter [21] described a method
for testing presentations of groups by enumerating the cosets of a known sub-
group. This was a mechanical method intended hand calculation and one of
the first area of pure mathematics to make use of electronic computers when
they became available. Various different approaches to coset enumeration can
be found in [7, 13, 14, 15, 16].
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A related problem is the ideal membership problem in rings. Let R be a
ring (not necessarily commutative) and I an ideal. The problem is to find an
algorithm for deciding if an element is or is not in the ideal. We say that two
polynomials in a polynomial ring are equivalent with respect to an ideal if their
difference belongs to the ideal. Therefore, a solution to the ideal membership
problem would give a solution to the word problem. In 1965 Buchberger, see
[5], presented an algorithm which works for any ideal in R = K[x1, . . . , xn]
(polynomials in commuting variables over a computable field). On the other
hand, Mora [17] gave an algorithm for R = K < x1, . . . , xn > (polynomi-
als in non-commuting variables over a computable field). Both Buchberger’s
and Mora’s algorithms which use the fact that coefficients are in a field are
based on a generalization of the Euclidean division algorithm to several vari-
ables. Among these contributions, an outstanding result is the theory and al-
gorithms for Gröbner bases. A Gröbner basis is defined as a set of polynomials
computed, using Buchberger’s algorithm, from another set of polynomials. It
has been extensively studied, developed, refined and it has been implemented
on most computer algebra systems. Indeed, Gröbner bases are an impor-
tant tool that make many problems in polynomial algebra computationally
tractable. However, the computation of Gröbner bases itself is expensive, and
in non-commutative algebras is not guaranteed to terminate. As a consequence
of Buchberger’s algorithm, the word problem can be solved for commutative
semigroups.

Many finite groups, including all non-abelian finite simple groups, can be
defined by way of what we term involutory symmetric generations. Curtis,
using this approach, constructed many of sporadic simple groups by manual
double coset enumeration, see for instance [10]. The first computer implemen-
tation of this double coset enumeration process was written by the author [18].
Since then, different algorithms which perform single (or double) coset enu-
meration for a group generated by a set of involutions have been described, see
[4, 20]. In [19], we made the process more general and considered each group as
a homomorphic image of a free product of n cyclic groups of order m extended
by a group of automorphisms which permutes the n generators of these cyclic
groups. In the present work, we show how to use Gröbner bases algorithm for
enumerating cosets in groups defined in this manner. As will apparent below,
each coset is represented by a monomial (word) in the symmetric generators.
Therefore, we could use Mora’s algorithm [17] over the field GF(3) to detect the
coincidences between cosets. It has been proved [2] that the Mora’s algorithm
(over a field) does produce a Gröbner basis when it terminates.
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2 Theoretical foundations

In this section, we give the reader the necessary background for understanding
our coset enumeration algorithm. Firstly, we recall the theory of Gröbner
bases as well as the basic algorithm for the case of multivariate polynomials.
As we will see, a basic ingredient to the theory of Gröbner bases is the idea
of polynomial reduction to compute a suitably defined normal form of a given
polynomial. Secondly, we introduce the concept of symmetric generations of
groups and show how to construct a group which contains a set of n symmetric
generators of order m. Finally, we see that the cosets simply correspond to
the orbits of a (monomial permutation) subgroup on the ordered k-tuples of
letters of symmetric generators, where k ∈ {0, 1, 2, . . .}.

2.1 Gröbner bases

Euclidean division algorithm allows us, given polynomials f and g, to write
f = gq+ r where r = 0 or has smaller degree than g. In the case of one variable
this provides an algorithm for ideal membership: f is in the ideal generated by
g if and only if r = 0. If I =< g1, . . . , gs >, the generalized division algorithm
allows us to write any polynomial f in the form f = g + r where g is in I and
where no term of r is divisible by any of the leading terms of the gi. For one
variable we have the natural ordering 1 < x < x2 < · · · . For several variables
there are many choices for term ordering. The computation of Gröbner bases
varies substantially where we use different kinds of orderings. A Gröbner basis
for an ideal has the property that f ∈ I ⇐⇒ r = 0. Buchberger not only
showed that every ideal has a basis for which the ideal membership problem
can be solved computationally, he also gave an algorithm which can be used
to compute such a basis.

Note that polynomial reduction is the corner stone in the Gröbner bases
algorithm. It is the most computationally intensive part of the algorithm. A
polynomial f reduces to another polynomial r, denoted as f −→ r, if and only
if r is the remainder of f upon division by some polynomial set F. Given two
polynomials f, g ∈ K[x1, . . . , xn]. Let h = lcm(LM(f), LM(g)) (LM(f) is the
leading monomial of f). We define the S-polynomial of f and g as the linear
combination

S-pol(f, g) =
h

LT (f)
f − h

LT (g)
g

(LT (f) is the leading term of f).

Example 2.1. Let F = {f1, f2}, where f1 = x1x
2
2x3 − x1x2x3 and f2 =

x2
1x2x3 − x2

3. These polynomials are ordered with respect to the pure lexi-
cographic order. The LM(f1) = x1x

2
2x3 and the LM(f2) = x2

1x2x3. Let h =
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lcm(x1x
2
2x3, x

2
1x2x3) = x2

1x
2
2x3. Then S-pol(f1, f2) = x1f1 − x2f2 = −x2

1x2x3 +
x2x

2
3.

Of course, in non-commutative case the situation is more complicated since the
monomials are words and there can be more then one S-polynomial or there
can be none.

Let F = {f1, . . . , fs} be a finite set of polynomials. We say that F is a
Gröbner basis if and only if ∀ fi, fj ∈ F, S-pol(fi, fj) −→ 0. The basis algo-
rithm start with a basis F = {f1, . . . , fs}. If S-pol(fi, fj) −→ h �= 0 then h is
added to the basis. The process with some technical details is repeated until
we obtain a basis satisfying the condition above. In the commutative case,
Buchberger shows that the process always terminate (and produces a Gröbner
basis). In the non-commutative case, Mora notes that the process does not
always terminate - but, when it does, it produces a Gröbner basis. Both Buch-
berger’s and Mora’s algorithm use the fact that coefficients are in a field. In
our work the coefficients are elements of Q, even though they can take only
values {−1, 0, 1}. Therefore, the algorithm should involve extending the term
ordering to use an ordering on the coefficients as well as the ordering on the
monomials.

For further information about Gröbner bases algorithm, some applications
and a comprehensive list of references, the reader is referred to [1, 8, 12, 22].

2.2 Symmetric generation of groups

Let G be a group and let T = {t1, t2, . . . , tn} be a set of elements of order m
in G. We define T = {T1, T2, . . . , Tn}, where Ti = 〈ti〉, the cyclic subgroup
generated by ti; we further define N = NG(T ), the set normalizer in G of T .
We say that T is a symmetric generating set for G if G = 〈T 〉 and N permutes
T transitively. In this way, G is a homomorphic image of a semi-direct product
of the form:

P ∼= m∗n : N,

where m∗n represents a free product Cm ∗ Cm ∗ · · · ∗ Cm of n copies of the
cyclic group Cm and N is a group of automorphisms of m∗n which permutes
the n cyclic subgroups by conjugation. We refer to such an infinite group
P as a progenitor and N the control subgroup of the progenitor (and any
of its homomorphic images). Of course, N whose elements are monomial
permutations is a subgroup of M , the group of all monomial automorphisms of
T1∗T2∗· · ·∗Tn which is a wreath product Hr �Sn, where Hr is the automorphism
group of Cr which is an abelian group of order r = φ(m), the number of
positive integers less than m and coprime to it, see [3]. Note that N may
simply permute the set of elements T as will always be the case when m = 2.
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Indeed, many finite groups, including all non-abelian finite simple groups, can
be so generated, see [18].

From the semi-direct product and the equation tiπ = πtπi = πtrj , we have

P ∼= m∗n : N = {πw | π ∈ N and w is a word in the elements of T}.
Thus any additional relation by which we must factor the progenitor to obtain
G must have any of the forms

πw(t1, t2, . . . , tn) = 1 or π = w(t1, t2, . . . , tn),

where π ∈ N and w is a word in the elements of T . This relation is too
general to consider and we usually only consider certain special cases of it.
For example, we will consider relations of the form π = w(t1, t2) and π =
w(t1, t2, t3) (for π ∈ N). To do this we first note that any element of G which
is in 〈ti, tj〉 and N must commute with N ij = CN (〈ti, tj〉).

The product of two elements in P is given by

πu · σv = πσuσv,

where π, σ ∈ N and u, v are words in the elements of T . There are different
methods to reduce the word uσv into its canonically shortest form, see for
example [20]. As will apparent below, we apply the standard noncommutative
Gröbner bases algorithm to reduce a word in the elements of T .

It is sometimes useful to have the notation of a length of a coset. The fact
that for π ∈ N we have

Nw(ti)π = Nπ−1w(ti)π = Nw(tπi ) = Nw′(ti)

shows that all N -cosets have representatives in 〈T1 ∪ T2 ∪ · · · ∪ Tn〉. We are
in a position to define the length, L(Nw), of a coset Nw as the length of
the shortest possible representation of w in terms of the symmetric generators
and their inverses. Firstly, we have L(N) = 0. If w = τ1τ2 . . . τk, for some k
where τi ∈ Tai

\{1} for some {ai} such that ai �= ai+1 for all i, then the length
L(Nw) = L(w) is defined to be k.

We will allow i to stand for the coset Nti, ij for the coset Ntitj and so
on. We will also let i stand for the symmetric generator ti and i for t−1

i when
there is no danger of confusion. Thus we write, for instance, ij ∼ k to mean
Ntitj = Ntk and ij = k to mean titj = tk.

The notation for group structures follows that in the Atlas [9].

2.3 Coset decomposition

The coset decomposition of the progenitor P ∼= m∗n : N is
P ∼= N ∪ Nt1 ∪ Nt21 ∪ · · · ∪ Ntm−1

1 ∪ · · · ∪ Ntn ∪ Nt2n ∪ · · · ∪ Ntm−1
n ∪ Nt1t2∪
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Nt1t
2
2 ∪ · · · ∪ Nt1t

m−1
2 ∪ · · · ∪ Nt1tn ∪ Nt1t

2
n ∪ · · · ∪ Nt1t

m−1
n ∪ · · ·

∪Nt1t2t1 ∪ · · · ∪ Nt1t2t
m−1
1 ∪ · · · ∪ Nt1t

m−1
2 tm−1

1 ∪ · · · .
We see that the progenitor has 1 coset of length 0 and at most n(n−1)k−1(m−
1)k cosets of length k ≥ 1. As mentioned above any homomorphic image of P
is obtained by mapping certain relators of the form πw to the identity, and so
the general image of P takes the form

G =
m∗n : N

π1w1, π2w2, . . . , πsws

.

Example 2.2. We consider the group G with presentation as shown below:

G = 〈x, y, t | y3 = (xy)4, x2 = t3 = tyt = [txy, x] = 1 = (xt)5〉.
In terms of symmetric presentations, the relations up to (and including) [txy, x] =
1 define the progenitor 3∗4 : 2·S4, where

x ∼ (t1, t2)(t3)(t4, t
2
4), y ∼ (t1, t

2
1)(t2, t

2
3, t4, t

2
2, t3, t

2
4) and t ∼ t1.

Thus, if P ∼= 3∗4 : 2·S4, then

P = N ∪Nt1 ∪Nt21 ∪Nt2 ∪Nt22 ∪Nt3 ∪Nt23 ∪Nt4 ∪Nt24 ∪Nt1t2 ∪Nt1t
2
2 ∪ · · · .

In fact, we have:

G =
3∗4 : 2·S4

[(1, 2)(4, 4)t1]5
∼= M11,

a result of Curtis [11].

3 Coset enumeration algorithm

We describe how a particular factor group G may be identified. Therefore, we
need to establish the order of G by enumerating the cosets of a subgroup (of
G) of known order. Naturally, we would like this subgroup to be the control
subgroup N . The group G is considered as a finite homomorphic image of the
(monomial) progenitor m∗n : N . Once the progenitor is factored by nontriv-
ial relations coincidences between the cosets of the progenitor decomposition
appear, and so leads to reduce the number of cosets.

3.1 Data structure

In order to define our group G we need a permutation group N of degree
n(m − 1) and two sequences

π = [π1, π2, . . . , πs] and w = [w1, w2, . . . , ws],



Coset enumeration of symmetrically generated groups 699

where the πi are elements of N and the wi are words in the symmetric gener-
ators. These are the left and the right hand sides of the problem additional
relations. It is worth noting that all conjugates (conjugation by elements of N)
of the additional relations are also relations. Thus, if πi = wi is an element
of the set of additional relations then in G we have πσ

i = wσ
i for σ ∈ N . All

the relators,
πi = wi, i ∈ {1, 2, . . . , s},

where πi ∈ N and wi = τi1τi2 . . . τir , are written as

ui = πivi, ui = τi1τi2 . . . τik and vi = τirτir−1 . . . τik+1
,

where k equals to r
2

or r+1
2

according to whether r is even or odd respectively.
In practice the relators are stored as sequences

π = [π1, π2, . . . , πs] and w = [< u1, v1 >, < u2, v2 >, . . . , < us, vs >].

The sequence C contains canonical representative for each coset which is
the lexicographically earliest. At the beginning C is fed in by the coset de-
composition of the progenitor up to a length equal to the ceiling of one half of
the shortest additional relation length.

3.2 The framework

Consider a set T of symmetric generators and a set R of pairs (ui, vi) of words
in the symmetric generators, these are called relations. We define on the set
of words in T an equivalence relation as

AuiB ∼ AπiviB if (ui, vi) ∈ R.

This is called the word problem in group theory. Thus, the word problem
is to find an algorithm for determining whether or not two words in T are
equivalent.

Let R be the free algebra over the relations generated by T and I be the
ideal generated by {ui − vi | (ui, vi) ∈ R}. We say that u ∼ v ⇐⇒ u − v ∈ I.
This is the ideal membership problem in rings. Therefore, a solution to the
ideal membership problem leads to a solution to the word problem.

We now define a relation in a ring in the form of a polynomial identity. A
polynomial identity on a ring R is a polynomial f ∈ Z < t1, t2, . . . , tn > so that
f(r1, r2, . . . , rn) = 0 ∀ r1, r2, . . . , rn ∈ R. For example, in any commutative ring
t1t2 − t2t1 is a polynomial identity. We imagine that R is a given ring and we
look at those polynomial identities on R that are in Z < t1, t2, . . . , tn >. We
say that a polynomial is a consequence of a given set of identities if it can be
obtained from the set by a finite sequence of the operations (1) addition; (2)
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multiplication by arbitrary polynomials; (3) substitution of polynomials for
the variables in an identity. Thus, the problem is to determine if a polynomial
identity is a consequence of a given set of identities. It is worth noting that
if we ignore the operation of substitution for the variables, this is essentially
the ideal membership problem. The significance of Gröbner bases stems from
the fact that it is simple to construct all of the polynomial identities which are
consequences of a given set of identities. Of course, we use the extension of the
Buchberger’s and Mora’s algorithms to non-commuting variables and integer
coefficients. As noted, we do not guarantee that we obtain a Gröbner basis -
so we will call the basis produced a reduced basis. The choice of starting basis
is critical in obtaining the reduced basis and hence in the performance of the
algorithm, see [2].

Example 3.1. Let I be the ideal

I = 〈t51 − 1, t22 − 1, t2t1 − t41t2〉.

A Gröbner basis with 6 elements for I is

G = {t2t1t2 − t41, t22 − 1, t2t
2
1 − t31t2, t1t2t1 − t2, t2t

3
1 − t21t2, t2t

2
1t2 − t31}.

3.3 The process

The process we use to enumerate the cosets of the control subgroup N in
G is to generate a Gröbner (reduced) basis from the extended set of addi-
tional relations which contains the problem additional relations and the rela-
tion tmi = 1, ti ∈ T , and use it to reduce the sequence C. Any polynomial
which reduces to zero using reduced basis is in the ideal generated by the
reduced basis, therefore a consequence of a relation in the extended set of ad-
ditional relations. Now, the procedure checks if a part of any given word w in
C of length k is equivalent to τi1τi2 . . . τik , the left hand side of one of the ex-
tended set of additional relations, then the procedure replaces this part by the
word (τirτir−1 . . . τik+1

)π, where π ∈ N and w = (τi1τi2 . . . τik)
π, and moves the

permutation ππ
i over to the left of the whole word. If a new word w′ of length

less than the length of w is obtained, then the procedure replaces the coset
represented by w by the new coset represented by w′. References to the coset
represented by w can be diverted to the coset represented by w′. If w and w′

are different and have the same length and if w′ exists in C, then the procedure
deletes the lexicographically later one, taking care to preserve the references
to the deleted coset representative. Having finished as much reductions as we
can over cosets of length l and recording the extra information which must be
saved for the next steps, we pack the sequence C to recover the space occu-
pied by the deleted cosets of length less then or equal l (as consequences of
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reductions in cosets of length l). This might lead to the collapse of part or the
entire coset diagram. Then we continue by adding the coset decomposition of
length l + 1 to C. The procedure is repeated until the sequence C of right
cosets is closed under right multiplication.

We have now the tools to present the basic version of our coset enumeration
algorithm.

Coset Enumeration Algorithm

Input: N, a permutation group

pi and w, the left and the right hand sides of the additional

relations given in ascending order according to length

Output: C, the set of right coset representative words of N in G

w := [<u1,v1>,...,<us,vs>,<t1^m,1>];

level := #u1; % the length of u1

C:= coset decomposition up to length equal to level;

F:= {u1-v1,....,us-vs,t^m-1}; % as polynomials in GF(3)<t1,...,tm>

G:= a Grobner basis that generates the same ideal I with F in G;

repeat

T := False;

i := #C;

while #C[i] = level do

run reduce(C[i]); % reduce the coset representative using G

if C[i] is reduced then

T := True;

i := i - 1;

endwhile

If T then

run collapse(C); % reduce cosets of length less than level

run pack(C); % modify the sequence C

endif

level := level + 1;

Append to C the coset decomposition of length level;

until #C[#C] < level

Example 3.2. Let

G ∼= 2∗4 : S4

(3, 4) = [t1t2]2
.

Our input consists of the permutation group N ∼= S4 acting on {1, 2, 3, 4},
together with the problem relation. The initial data structure are thus

N := PermutationGroup〈4|(1, 2, 3, 4), (3, 4)〉;
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Table 1: Result of the coset enumeration of G over N

G Progenitor Additional Relations |G : N |
PGL2(11) 2∗4 : S4 (1, 2)(3, 4) = t1t2t1t2t1, 55

(1, 2, 3) = t1t2t3t1t2t3t1t2t3t1t2
24 : S5 2∗5 : S5 1 = t1t2t3t4t5 16
S8 2∗7 : L3(2) (1, 2, 3, 4, 5, 6, 7) = t1t2t3t4t5t6t7t1 240
J1 2∗11 : L2(11) (1, 9, 2)(3, 8, 10, 11, 7, 6)(4, 5) = t1t2t9t1t2 266
L2(13) × 3 3∗3 : S3 (1, 2) = t1t3t2t3t1t3 546
A9 3∗4 : S4 (1, 2) = t1t2t1t2t1, 7560

(1, 2, 3) = t1t2t3t1t2t3t1
A7 × S3 3∗5 : S5 (2, 5, 4) = t2t5t4t2 126
A7 3∗7 : L3(2) (2, 2)(1, 4, 1, 4)(3, 6, 5, 7) = t3t5t7 15

pi := [N! (3,4)];
w := [〈[1, 2], [2, 1]〉];
C := [ [ ], [1], [2], [3], [4], [1, 2], [1, 3], [1, 4], [2, 1], [2, 3], [2, 4], [3, 1], [3, 2], [3, 4],

[4, 1], [4, 2], [4, 3] ];
F := {t1t2 − t2t1, t

2
1 − 1}.

From the problem relation we have that 12 ∼ 21 and thus Nt2t1 = Nt1t2.
For a length 3 coset Nt1t2t3, we have that 123 ∼ 213 ∼ 2(2, 4)31 ∼ 431 ∼
341 ∼ 3(2, 3)14 ∼ 214 ∼ 124 ∼ 1(1, 3)42 ∼ 342 ∼ 432, so cosets of length 3
extend no further. We find that the cosets of length 0, 1, 2 and 3 are at most
1, 4, 6 and 3 respectively. The result of the coset enumeration of G over S4

indicates that |G : N | ≤ 14, so |G| ≤ 336 = |PGL2(7)|.
The complete sequence of right coset representative words is

C := [ [ ], [1], [2], [3], [4], [1, 2], [1, 3], [1, 4], [2, 3], [2, 4], [3, 4], [1, 2, 3], [1, 3, 2], [1, 4, 2] ].

4 Examples

In this section we provide examples, on which we test the implementation,
using progenitors of different shapes and also additional relations of several
lengths . The results of the implementation are given in Table 1.
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5 Conclusion

One of the recent and most important application in group theory is the use
of Gröbner bases algorithm for enumerating the cosets of a finitely generated
subgroup of a finitely presented group. The introduced algorithm which defi-
nitely performs different computations, comparing with our coset enumeration
algorithms [18, 19, 20], is based on the standard non-commutative Gröbner
bases algorithm. It has proved able to enumerate the cosets of any symmetri-
cally generated group without using the usual coset and relation tables. The
way for which the cosets are defined minimizes the number of redundant cosets
needlessly defined during the enumeration which leads to a definite reduction
in the total calculations.

The algorithm is coded in the high level programming language of Magma
[6]. Some procedures are implemented by built-in functions in Magma and
others are implemented in interpreted code. For the sake of brevity we do not
present a detailed description of the procedures here. The timing tests of the
algorithm indicate that it works well, however it is not faster than the current
coset enumerators. A more accurate comparison would be when we implement
the algorithm in a lower level language such as C++.
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[5] B. Buchberger, Gröbner bases: An algorithmic method in polynomial ideal
theory, In Bose, N.K., editor, Multidimensional System Theory, D. Reidel
Dordrecht (1985), 184–232.

[6] J. J. Cannon and W. Bosma, Handbook of Magma functions, Ver. 211,
School of Mathematics and Statistics, University of Sydney, 2004.



704 M. Sayed

[7] J. J. Cannon, L. A. Dimino, G. Havas and J. M. Watson, Implementation
and analysis of the Todd-Coxeter algorithm, Math. Comp. 27 (1973), 463–
490.

[8] A. M. Cohen, H. Cuypers and H. Sterk, Some tapas of computer algebra,
Algorithms and Computation in Mathematics Vol. 40, Springer, 1999.

[9] J. H. Conway, R. T. Curtis, S. P. Norton, R. A. Parker and R. A. Wilson,
An atlas of finite groups, Oxford UP, 1985.

[10] R. T. Curtis and Z. Hasan, Symmetric representation of the elements of
the Janko group J1, J. Symb. Comp. 22 (1996), 201–214.

[11] R. T. Curtis, Monomial modular representations and construction of the
Held group, J. Algebra 184 (1996), 1205–1227.

[12] J. Grabmeier, E. Kaltofen and V. Weispfenning, Computer algebra hand-
book, Springer, 2003.

[13] G. Havas, Coset enumeration strategies, University of Queensland, key
Center for Software Technology, Technical Report No. 200, 1991.

[14] J. Leech, Coset enumeration on digital computers, Proc. Camb. Phill. Soc.
Vol. 59 (1963), 257–267.

[15] J. Leech, Coset enumeration, In Computational Group Theory, Ed
Michael D. Atkinson, Academic Press (1984), 3–18.

[16] S. A. Linton, The maximal subgroups of the sporadic groups Th, Fi24 and
Fi24′ and other topics, Ph.D. Thesis, Univ. of Cambridge, 1989.
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