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Abstract

In this paper, we point out a false theorem by Kandasamy regarding
the finite ring H/Zp. Contrary to Kandasamy’s claim, we show that the
set H/Zp does not form a finite skew field. We provide a counterexample
and other literature to support our claim.
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1. Introduction

The quaternions, denoted by H, were first invented by W. R. Hamilton in 1843
as an extension of the complex numbers into four dimensions [4]. Algebraically
speaking, H forms a division algebra (skew field) over R of dimension 4 ([4],
p.195-196). W. B. V. Kandasamy in [2] constructs the finite quaternion ring
H/Zn, n ≥ 2, (that is quaternions over Zn)) and studies some of its properties.
In the sections that follow, we examine the validity of some of Kandasamy’s
claims related to the ring H/Zp, where p is a prime.



726 M. Aristidou and A. Demetre

2. Is H/Zp a finite skew field? A counterexample

Kandasamy in Theorem 2 ([2], p.133) ”shows” that H/Zp, p prime, is a fi-
nite skew field, but actually this theorem is false, (and hence its supporting
proof incorrect1), since the result contradicts well-established results on finite
division rings and since one can construct counter-examples contrary to Kan-
dasamy’s ”Theorem 2”. The conjecture that Kandasamy sets out to prove in
[2] is the following:

Conjecture 2.1: Let H/Zn = {a0 +a1i+a2j+a3k | ai ∈ Zp, p prime, i2 =
j2 = k2 = p− 1 = −1}. Then, H/Zn is a skew field 2.

The conjecture, though, is clearly false, as the following counterexample shows:

Counterexample 2.2: Let p = 5, and consider the elements q1 =
1 + 3i+ 1j + 3k, q2 = i+ 2j of H/Z5. Multiplying 2 the two, we get:

q1q2 = (1 + 3i+ 1j + 3k)(i+ 2j) = 0.

This shows that H/Z5 has zero-divisors, and hence H/Z5 is not a skew field 3.

Another way one could show that the above conjecture is false is by some
well known results in algebra. In 1905, Wedderburn proved ([1], p.361) the
following theorem:

Theorem 2.3 (Wedderburn): Every finite skew field is a field.

So, this now allows us to prove the following theorem:

Theorem 2.4: Let p be a prime. Then, H/Zp is not a skew field.

Proof. Let p > 2. Assume that H/Zp is a skew field. Since it is a finite skew
field, by Theorem 2.3 above we have that H/Zp is also a field. Hence, this
gives the following relations:

ij = ji, ij = k, ji = (p− 1)k. (1)

But then, from (1), one also gets:

0 = ij − ji = (p− 1)k − k = (p− 2)k

which is a contradiction if p > 2. The case p = 2 is trivial, since H/Z2 is
clearly not a skew field. Just take α = 1 + i, and notice that α·α = 0, even
though α 6= 0.
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3. What is the structure of H/Zp? Conclusion

Since Zp is a field, then H/Zp is a quaternion algebra. The theory of quaternion
algebras over a field K (char(K) 6= 2) tells us that a quaternion algebra Q
is either a division ring or Q ∼= M2x2(K) ([3], p.16, 19). Since H/Zp is not a
division ring, then H/Zp

∼= M2x2(Zp), if p 6= 2. For the case p 6= 2, we have
the following interesting facts regarding the structure of H/Z2. First, notice
that H/Z2 is commutative (see [3], p.16), though not a field (as we have seen
in Theorem 2.4). From [3] (p.16), one also concludes that, because 1 ∈ Z2

2 (a
square in H/Z2), H/Z2 has a basis 1, B, C,D such that:

B2 = C2 = D2 = 0 and BC = BD = CD = B + C +D.

In our case, B = 1 + i, C = 1 + j,D = 1 + k.

Notes

1. Kandasamy’s ”proof” of Theorem 2 in [2] looks deceptively right, but it
actually contains an innocent mistake. She begins with a non-zero quaternion
α = α0 + α1i+ α2j + α3k, out of which she constracts g = α2

0 + α2
1 + α2

2 + α2
3.

Then, she proceeds to divide another quaternion β by g, assuming that g is
non-zero since α is non-zero. But, that assumption is false since g could be
0 in H/Zp, even though α 6= 0. For example, take α = 2 + i in H/Z5. Then,
α 6= 0 but g = 22 + 12 = 5 = 0.

2. Addition and multiplication on H/Zn are defined as follows:

p+ q = (p0 + p1i+ p2j + p3k) + (q0 + q1i+ q2j + q3k)

= (p0 + q0) + (p1 + q1)i+ (p2 + q2)j + (p3 + q3)k

p · q = (p0 + p1i+ p2j + p3k) · (q0 + q1i+ q2j + q3k)

= p0q0 + (n− 1)p1q1 + (n− 1)p2q2 + (n− 1)p3q3+

(p0q1 + p1q0 + p2q3 + (n− 1)p3q2)i+

(p0q2 + (n− 1)p1q3 + p2q0 + p3q1)j+

(p0q3 + p1q2 + (n− 1)p2q1 + p3q0)k.

Notice that the multiplication on H/Zn was incorrectly defined in [2], and
therefore would not structure H/Zn into a ring in the first place. On the
other hand, the multiplication above is the correct multiplication, which (with
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”+”) turns H/Zn into a ring. We assume here that the author in [2] actually
intended the multiplication we provide above (as it is very close to ours), but
still that will not save Conjecture 2.1 (”Theorem 2” in [2]) from being false.

3. A counterexample for the case p = 3 was generously given to us by T. Dray,
in a recent PNW MAA Conference [CWU, Ellensburg, WA, 2009]. It goes as
follows: (1 + i − k)(1 + i + j) = 3i = 0 in H/Z3. We thank T. Dray for the
example.
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