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Abstract

Maximally completions of K(x, y) with respect to the certain valua-
tions with rank 1, rank 2 and rank 3 which are extensions of a valuation
of K with rank 1 are obtained.
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INTRODUCTION AND SOME PRELIMINARIES

Let K be a field and v be a valuation on K such that rankv = 1. All the
extensions of v to K(x) were characterized by N. Popescu, A. Zaharescu and
V. Alexandru [1, 4, 8]. First and second type residual algebraic free extensions
of a valuation v to K(x) with rank 2 were defined in [5]. All extensions of v to
K(x, y) with rank 1, rank 2 and rank 3 were studied by F.Öke and H. İşcan
in [7].

Throught this paper, v is a valuation of a field K with value group Gv,
valuation ring Ov and residue field kv. K(x) and K(x, y) are rational function
fields over K with one and two variables respectively. For any α in Ov, α

∗

denotes its v − residue in kv. If a ∈ K̄, then the restriction of v̄ to K(a) will
be denoted by va. Then k̄v = kv̄ is the algebraic closure of kv and Ḡv = Gv̄ is
the divisible closure of Gv. Let us denote by K̄ the algebric closure of K and by
v̄ a fixed extension of v to K̄. Denote by K̃ the completion of K with respect
to v and by ṽ the extension of v to K̃. Let K be a field, v be a valuation on
K with rank 1 and w be an extension of v to K(x). If kw is a transcendental
extension of kv then w will be called a residual transcendental (r.t.) extension
of to v. If w is a r.t. extension of v to K(x) then there exists a minimal pair
(a, δ) ∈ K̄ ×Gv̄ respect to K where a is seperable over K.
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Let f = Irr(a,K) be a minimal polynomial of a respect toK and γ = w(f).
If F ∈ K [x], F = F0 + F1f + ...+ Fnf

n, degFi < deg f , i = 0, ..., n then w is
defined as:

w(F ) = inf
i

(va(Fi(a)) + iγ)

where va is the restriction of v̄ to K(a) [1, 4]. Let e be the smallest non-zero
positive integer such that eγ ∈ Gva . Then

Gw = Gva + Zγ, [Gw : Gv ] = e [Gva : Gv ]

Let h ∈ K[x] such that deg h < deg f, va(h(a)) = eγ. Then r = f e/h is an
element of Ow of the smallest order such that r∗ ∈ kw is transcendental over
kv. Thus the field kva can be identified cannonically with the algebraic closure
of kv in kw and kw = kva(r

∗). [1, 4] If w is an extension of v to K(x) and kw is
an algebraic extension of kv then w is called a residual algebraic (r.a) extension
of v. Let w be r.a extension of v to K(x). If Gw/Gv is a torsion group that is
every element of Gw/Gv has a finite order then w is called a residual algebraic
torsion (r.a.t.) extension of v. If w is a r.a.t. extension of v then there exists
a suitable ordered system (w̄i)i∈I of r.t. extensions of v̄ to K̄(x) such that
w is the restriction of w̄ to K(x) where w̄ = sup

i
(w̄i). That is w = sup

i
(wi),

where wi is the restriction of w̄i to K(x) for every i ∈ I. [1] If w is a r.a.
extension of v to K(x) and Gw/Gv is not a torsion group then w is called a
residual algebraic free (r.a.f.) extension of v. If w is a r.a.f. extension of v to
K(x) then rankw = rankv + 1 = 2 and w = w1 ◦ w2 where w1 is a valuation
of K(x) and w2 is a valuation of kw1 such that rankw1 = rankw2 = 1. If w1

is trivial on K then it is defined by a monic irreducible polynomial f ∈ K[x]
or is the valuation at infinity. kw1 = K(a) where a is the suitable root of f
or kw1 = K if w1 is a valuation at infinity. w is defined for each F ∈ K[x],
F = F0 + F1f + ...+ Fnf

n, degFi < deg f , i = 0, ..., n as;

w(F ) = inf
i

(i, v′(Fi(a)))

where v′ is an extension of v to kw1 = K(a). The composite valuation w =
w1 ◦ v′ of K(x) is called r.a.f. extension of first kind of v [5]. If Ow1 ∩K = Ov

then w1 is the r.t extension of v to K(x) and kw1 has a valuation w2 which is
trivial on kv. Hence w1 is defined by a minimal pair (a, δ) ∈ K̄xGv̄. Let f, γ,
e, h, va, r, r

∗ = t be as before. Since w2 is trivial over kwa then it is defined
by an irreducible polynomial G(t) ∈ kva [t] or is the valuation at infinity. If we
denote with g the lifting polynomial in K[x] of G(t) �= t then w is defined as
follows: Let F ∈ K[x], F = F0 + F1g + ...+ Fng

n then

w(F ) = inf
i

(j(w1(Fi)) + iw(g))
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where w(g) = (w1(g), 1) ∈ Gv̄ × Q, j is a map from Gv̄ to Gv̄ × Q (ordered
lexicographically) defined as j(d) = (d, 0) for each d ∈ Gv̄. In this case w is
called a r.a.f. extension of v of second kind. In this case there exists a root b
of g such that v̄0(b − a) ≤ δ. For any F ∈ K[x] such that degF < degf one
has F (b)∗ = F (a)∗, (f(b)e/h(b))∗ = c is a root of G(t) and kw = kvb

= kva(c)
where vb is the unique extension of v to K(b). [1, 8] Let K be a field with a
discrete valuation v such that rankv = 1. If K is a complete according to v
then K is called local field. The set

K {{t}} =

{∑
n∈Z

ant
n |an ∈ K, v(a−n) → ∞ if n→ ∞, {v(an)} is lower bounded

}

is called the formal Laurent series field such that (K, v) is a local field. If the
w1 is a valuation on K {{t}} which is defined as follows;

w1

(∑
n∈Z

ant
n

)
= inf

n
v(an)

then (K {{t}} , w1) is a local field and kw1 = kv((t)). A field F with a valuation
w is called an immediate extension of a field K with a valuation v, if F is an
extension of K, Gw = Gv and kw = kv. A field F is called maximally complete
with respect to the valuation v if it does not admit any proper immediate
extensions. If a field F is complete with respect to a valuation v then extensions
of v are easily obtained. Moreover completion of F with respect to v is obtained
by using maximally completion of F with respect to v. In [3], the maximally
completions of K(x) were determined respect to the valuations which were
defined in [5]. Let w be a r.t. extension of a valuation v of K with rank 1
defined by a minimal pair (a, δ) ∈ K̄ × Gv̄ and u be a r.t. extension of w to
K(x, y) defined by a minimal pair (b, μ) ∈ K̄ ×Gv̄ as in [7]. In this paper the
maximally completion of K(x, y) with respect to u is obtained and then the
maximally completions of K(x, y) with respect to the valuations with rank 2
and rank 3 defined by using u are obtained.

THE MAXIMALLY COMPLETIONS OF K(x, y)

Let w be a residual transcendental extension of v to K(x) which is defined
by a minimal pair (a, δ) ∈ K̄ × Gv̄. We assume that f, γ, e, h and va are in
preliminaries. Let u be a residual transcendental extension of w to K(x, y) by
minimal pair (b, μ) ∈ K̄ × Gv̄. Each polynomial F ∈ K[x, y] can be written
as F =

∑
i,j
Fijf

igj where degx Fij(x, y) < deg f , degy Fij(x, y) < deg g, Fij ∈
K[x, y] and g is a minimal polynomial of b on K. If u is defined as follows

u(F ) = inf
ij

(va,b(Fij(a, b)) + iγ + jρ) (1)
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then u is a valuation on K[x, y] and u can be extended uniquelly to K(x, y)
where ρ = u(g) and va,b = v |

K(a,b)

. Let e′ = e′(ρ,K(b)) be at least positive

integer such that e′ρ ∈ Gvb
. We suppose that h′ ∈ K[y] is a polynomial which

is satisfied deg h′ < deg g and u(h′(b)) = e′ρ Hence Gu = Gva,b
+ Zγ + Zρ and

ku = kva,b
(r∗, s∗) where s = ge′/h′[7].

THEOREM 2.1: Let v be a valuation on K, u be an extension of v
to K(x, y) which is defined in (1). So the maximally completion of K(x, y)

according to u is the field K(a, b)̃ {{r}} {{s}} (x, y).

Proof: Any element of ring K(a, b)̃ {{r}} {{s}} [x, y] is written uniquelly
as

α =
ne−1∑
i=1

me′−1∑
j=1

(∑
n∈Z

∑
m∈Z

amnr
msn

)
xiyj

where amn ∈ K(a, b)̃. If this equation is reordered, then we have

α =
∑
m∈Z

∑
n∈Z

(cmn (x, y)) rmsn

where cmn(x, y) ∈ K(a, b)̃[x, y] , deg cmn(x, b) ≤ ne − 1 , deg cmn(a, y) ≤
me′ − 1.

If u is defined as
ũ(α) = inf

m,n
(u (cmn(x, y)))

then ũ satisfies all valuation conditions and can be uniquelly extended to
K(a, b)̃ {{r}} {{s}} (x, y).
It is clear that Gũ = Gu and so Gũ = Gva,b

+ Zγ + Zρ. If α ∈ Oũ then
α∗ ∈ kva,b

(r∗, s∗) and therefore kũ = kva,b
(r∗, s∗). Hence the field

K(a, b)̃ {{r}} {{s}} (x, y) is the maximally completion of K(x, y) in accord-
ing to u.

Let w be a r.t extension of v to K(x) which is defined by a minimal pair
(a, δ) ∈ K̄ × Gv̄. We assume that f, γ, va, kw be as before. Let u1 be a r.t
extension of w to K(x, y) which is defined by a minimal pair (b, μ) ∈ K̄ ×Gv̄

and va, va,b, r, s, γ, ρ, e, e
′ be as above. Let we choose P ∈ kva,b

[s∗] , P �= s∗

monic, irreducible polinomial and let p ∈ K[y] be a lifting polynomial of P .
We shall denote by η = u(f ) = (γ, 0), β = u(p) = (w1(p), 1), ϕ: Gv̄ → Gv̄ ×Q
which is defined by ϕ(t) = (t, 0) for each t ∈ Gv̄. Then each polynomial
F ∈ K [x, y] is written uniquelly as

F =
∑

i,j finite

Fijf
ipj , Fij ∈ K [x, y]
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degx(Fij(x, y)) < deg f, degy(Fij(x, y)) < deg p

Define u as;
u(F ) = inf

i,j
(ϕ(w(Fi,j) + iη + jβ) (2)

u satisfies the valuation conditions on K[x, y] and can be extended to
K(x, y) as uniquely. u is the r.a.f extension of second kind of w to K(x, y). [7]

THEOREM 2.2: The maximally completion of K(x, y) according to val-

uation u which is defined in (2) is the field K(a, b)̃ {{r}} {{t}} (x).

Proof: According to the [3] the maximally completion ofK(x, y) isK(x, c)̃{{t}}
where c is a root of p(y) and P goes onto t. Here (K(x, c)̃, w̃c) is the com-
pletion of (K(x, c), wc) where wc is an extension of w to K(x, c). Accord-

ing to the [2] K(x, c)̃ = K(a, c)̃{{r}}(x). then the maximally completion

of K(x, y) with respect to u is K(a, b)̃ {{r}} {{t}} (x). Moreover for each∑
n∈Z

Ant
n ∈ K(x, c)̃{{t}} the valuation ũc defined as

ũc(
∑
n∈Z

Ant
n) = (inf

n
w̃c(An), n0)

where n0 is the smallest integer number such that the inf on the first component
is reached. To define the extension of v to K(a, c)̃{{r}}{{t}}(x) each α ∈
K(a, c)̃{{r}}{{t}}[x] is written as

α =
ne−1∑
i=1

(∑
n∈Z

(∑
m∈Z

amnr
m

)
tn
)
xi, amn ∈ K(a, c)̃

If this equation is reordered then it is obtained that

α =
∑
m∈Z

(∑
n∈Z

(Mmn(x)tn)

)
rm, Mmn(x) ∈ K(a, c)̃[x], degMmn(x) ≤ ne− 1.

Define

ũ(α) = inf
m

(ũ(
∑
n∈Z

Mmn(x)tn))

u satisfies all valuation conditions on K(a, c)̃{{r}}{{t}}[x] and can be

uniquelly extended to K(a, c)̃{{r}}{{t}}(x). u is Gauss extension of u to

K(a, c)̃{{t}}(x). Then it is seen that the value group of u is Gũ = Gu1 × Q
(lexicographically ordered) and the residue field is kũ = kũa,c(r

∗). Since there

is no immediate extension of K(x, y) bigger than K(a, c)̃{{r}}{{t}}(x) it is
maximally completion of K(x, y) with respect to u.
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Let v be a valuation on K, w be a residual transcendental extension of v
to K(x) which is defined by a minimal pair (a, δ) ∈ K̄ × Gv̄ and f, γ, e, h be
in preliminaries. We assume that u1 is a residual transcendental extension of
w to K(x, y) which is defined by a minimal pair (b, μ) ∈ K̄ × Gv̄. Let va,
va,b, r, s, γ, ρ, e, e

′ be as above. We assume that lifting of monic, irreducible
polynomial P ∈ kvb

[s∗] , P �= s∗ is p ∈ K[y] and lifting of monic, irreducible
polynomial Q ∈ kvb

[r∗] , Q �= r∗ is q ∈ K[x]. Each polynomial F ∈ K [x, y]
can be uniquelly written as F =

∑
i,j
Fijp

iqj. Let c, d be suitable roots of p and

q respectively. Define u as

u(F ) = inf
i,j

(ψ (vc,d (Fij(c, d)) + iη + jβ) (3)

Then u satisfies all valuation conditions on K[x, y] and it can be extended
to K(x, y) where ψ is a map which is defined as ψ : QGv → QGv × Q × Q,
ψ (d) = (d, 0, 0) for all d ∈ QGv, η = u(f ) = (γ, 0, 0), η = u(p) = (u1(p), 1, 0),
β = u(q) = (u1(q), 0, 1). Then Gu = ψ (QGv) + Zη + Zβ and ku = kvc,d

.

THEOREM 2.3: Let v be a valuation on K, u1 be the extension of v
to K(x, y) which is defined in (3). Then the maximally completion of K(x, y)

with respect to u is the field K(a, c)̃ {{t}} {{z}}.

Proof: u is the third kind r.a.f. extension of v toK(x, y).[7] Let u1◦u2 = u′.
u′ is the second kind r.a.f extension of w to K(x, y). The maximally completion

of K(x, y) with respect to u′ is K(x, c)̃{{t}} where K(x, c)̃ is the completion
of K(x, c) with respect to the wc extension wc of w to K(x, c) and P goes to t.
Using the above theorem and [3] it is obtained that the maximally completion

of K(x, y) with respect to u = u1 ◦ u2 ◦ u3 is K(c, d)̃{{t}}{{z}} where K(x, c)̃

is the completion of K(c, d) with respect to the vc,d = v̄
∣∣∣K(c,d) and Q goes to

z. Each α ∈ K(c, d)̃{{t}}{{z}} is written as

α =
∑
m∈Z

(∑
n∈Z

amnt
n

)
zm, amn ∈ K(c, d)̃

where K(x, c)̃ is the completion of K(c, d) with respect to vc,d which is the
restriction of v̄ to K(x, c). Define

ũ(α) = (inf
m
ũ′
(∑

n

amnt
n

)
,m0)

where m0 is the smallest integer number such that the infimum on the first
component is reached. The value group of ũ is Gṽc,d

= Gu1 × Q × Q (lexi-
cographically ordered) and the residue field is kũ = kṽc,d

. Since there is no
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immediate extension of bigger than K(c, d)̃{{t}}{{z}} it is maximally com-
pletion of K(x, y) with respect to u.
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