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Abstract. Let A and B be two algebras, X be a B-bimodule and o : A — B
be a linear mapping. A linear mapping d : A — X is called a o-derivation if
d(ab) = d(a)o(b) + o(a)d(b) for all a,b € A. In this paper we characterize all
o-derivations of C[z] in terms of d(z), o(z) and o(z?). We also characterize all

linear mappings o which possesses a nonzero o-derivation.
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1. INTRODUCTION

Let A and B be two algebras, X be a B-bimodule and ¢ : A — B be
a linear mapping. A linear mapping d : A — X is called a o-derivation if
d(ab) = d(a)o(b)+o(a)d(b) for all a,b € A. These maps have been extensively
investigated in pure algebra. Recently, they have been treated in the Banach
algebra theory; see [4, 11, 12, 13] and references therein. Though this notion is
a generalization of derivations, this is not the only one. Some other generaliza-
tions can be found in [3] and [7] which is studied in the realm of analysis and
algebra. The study of theory of derivations in operator algebras is motivated
by questions in quantum physics and statistical mechanics, cf. [1, 2]. There are

some applications of o-derivations to develop an approach to deformations of
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Lie algebras which have many applications in models of quantum phenomena
and in analysis of complex systems; cf. [5].

A wide range of examples are as follows:

(i) Every ordinary derivation of an algebra A into A is an [4-derivation,
where I 4 denotes the identity map on the algebra A;

(ii) Every endomorphism « on an algebra A is a §-derivation;

(iii) For a given homomorphism p on an algebra A and a fixed arbitrary
element ag in A, the linear mapping d(a) = [ag, p(a)] = agp(a) — p(a)ap is a
p-derivation of A which is said to be an inner p-derivation.

(iv) Every point derivation d : A — C at the character 6 is a #-derivation.

Among well-known problems, the problem of automatic continuity of o-
derivations is studied in [9], some problems concerning o-dynamics are studied
in [11] and o-amenability is considered in [10]. See also [6] for an approach to
continuity of generalized derivations without linearity.

If o is the identity mapping on A then a o-derivation is an ordinary deriva-
tion. As an example of a o-derivation which is not ordinary, we can consider
an automorphism « : A — A regarded as an $-derivation. This shows that
the theory of o-derivations links the theory of derivations and automorphisms
to each other and this is a reason that we are interested in the study of o-
derivations. Naturally, we are interested to generalize the classical results
concerning derivations to o-derivations.

Here, we are interested in o-derivations on C[z], the algebra of all polyno-
mials over C. Note that if d : C[z] — Cl[z] is an ordinary derivation, then
d(f) = f'd(x) for each f € C[x]. Whence d is precisely determined by d(x).

We assume that o : C[z] — C[z] is a linear mapping. The importance of our
approach is that ¢ is a linear mapping in general, not necessarily an algebra
homomorphism. We show that each o-derivation d : C[z] — Cl[z] is precisely
determined by d(z),o(x) and o(2?). This poses the problem of characteriz-
ing all linear mappings ¢ which possesses a nonzero o-derivation d. These
mappings are called derivable and we will characterize them in terms of o(x)
and o(z?). Furthermore, all derivable mappings that are homomorphisms, all
o-derivations that are homomorphisms and all o-derivations that are ordinary
derivations are characterized. Moreover, as an illustration of the discussion,
a non-trivial example is given. A discussion about (o, 7)-derivations on C[z]
and Clzy, ... ,x,] is also given. For a nice result concerning local derivations

on Clzy,...,z,] one can see [8].
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2. THE RESULTS

Let A and B be two algebras, X be a B-bimodule and ¢ : A — B be
a linear mapping. A linear mapping d : A — X is called a o-derivation
if d(ab) = d(a)o(b) + o(a)d(b) for all a,b € A. In this paper we consider
derivations on A = C[z], the algebra of all polynomials over C. Thus we
assume that X = B = A = C[z] and o : C[z] — C|z] is a linear mapping.

If 0 = I, the identity mapping on C[z], then a o-derivation is an ordinary
derivation. Asan example of a o-derivation which is not ordinary, put o(f) = g
and d(f) = f fo on C[z], where f; is an arbitrary nonzero element of Clz]. Note
that d in not an automorphism. Also note that d(1) # 0 and o(1) # 1.

Let d : Clx] — C[z] be a o-derivation. Then d(1) = d(1?) = 2d(1)c(1). Thus
(20(1) — 1)d(1) = 0. This implies that 20(1) — 1 and d(1) are polynomials of
degree 0.

Proposition 2.1. Let d : Clz] — C[z] be a o-derivation with d(1) = X\, where

A is a nonzero complex number. Then 20 is a homomorphism and d = 2o.
Proof. We have (20(1) — 1)A = (20(1) — 1)d(1) = 0. Thus 20(1) = 1 and so
2d(f) = 2d(f)o(1) +20(f)d(1) = d(f) + 20(f)
for all f € C[z]. This implies that d = 20. Now we have
20(fg) = d(fg) = d(f)o(g) + o (f)d(g) = (20(f))(20(g))

for all f,g € Clz|. Hence 20 is a homomorphism. O
Under the above discussion, from now on we assume that d(1) = 0.

Lemma 2.2. Let d : Clx] — Clx] be a o-derivation. If d, = d(z*) and
sk = o(z¥) for k € N, then
(1) drre = dpse + spde;
i) (i — s18k—1)d1 = dp—1(s2 — 57);
iii) dj, = d, Zf;ol shlig,
iv) spdy = [s18k_1 + (52 — 5%) Zi:oQ $2ig1d,
v) spdy = [2818k—1 + (S92 — 257)sp_o]d;.

(
(
(
(

Proof. (i) We have
dpye = d(z") = d(z"2") = d(a¥)o(2%) + o(2®)d(2") = dpse + spdy.
(ii) By (i) we can write

(di—151 + sk—1d1)s1 + Spdy = djy1 = di—152 + Sp_1ds = di_152 + 2515141,
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which implies (ii).
(iii) We use induction on k. For k = 1, the result is obvious. Let (iii) be
true for k. Thus

e
—

k—1
dkz—I—I = dksl + Skdl = Sldl(z Slfiliisi) + Skdl = dl(

k
k—i k—i
sy 'si+sK) =dy g s7"s;.
i=0 i 1=0

I
=)

(iv) This is obvious by (ii) and (iii).
(v) By (iv) we have s;_1d; = [s155_2 + (52 — 53) Soh—o s¥7%71s,]d; and so
[s15p—1 + (53 — 282)sp_o]d1 = [s3s5p_g + (53 — 57) Z sh=27ig,

+(89 — 83)sp_2 — 815k_o]dy

k-2
= [(s2—s)> si ™ sidy.
i=0
Now we can write

spd; = [slsk,l + (82 — S%) 8?727i8i]d1

= [s18%_1+ s18k_1 + (82 — 257)8k_o]d1

= [25185_1 + (82 — 25%)sp_ods.
U

In the following lemma we symbolically use a matrix representation to have

a simple recursive formula for s;.

Lemma 2.3. Let d : Clz] — C[z] be a o-derivation. If dy = d(z*), s, = (")
and

Sk:[ ok Skl] and T =
s

k—1 Sk—2

281 1
sp—2s7 0 |

then for each natural number k > 3 we have di Sy, = diS3T* 3.
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Proof. We use induction on k. For k = 3 the assertion is obvious. If d;5; =
dyS3T*=3 then, by (v) of Lemma 2.2,

dSp = dy | T ]

Sk Sk—1

2515k + (s — 287)Sp_1 S ]
— 4

2
251851+ (52 — 257)Sk—2  Sk—1

[ 25, 1
Sy — 287 0

— 4 Sk Sk—1
= dySiT = di(SsT* )T = d1S5Ty_».

Sk—1 Sk—2

We can summarize our results as follows:

Theorem 2.4. Let d : Clz] — Clz| be a o-derivation. Then for each f =
S o vxt € Clz] we have d(f) = Y ;- vedi, where dj, = dy Zi‘:ol sh1ig,

and si’s are determined by the recursive relation

k—3
p Sk Skl | g 35189 — 253 sy 251 1
! Sk—1 Sk—2 ! So S1 So — 23% 0 '

Note that the definition of d is just related to si, s and d;. Indeed, we can
say that each o-derivation is determined by these three polynomials. For each
three arbitrary polynomials s, sy and dy, is the mapping d defined as above a
o-derivation? We affirmatively answer this question.

Suppose that o : Cz] — Clz] is a linear mapping. Then o is called derivable
if there is a nonzero linear mapping d : C[z] — C[z] such that d is a o-
derivation. Our arguments show that if ¢ is derivable, then it is uniquely
determined by s; = o(z) and sy = o(2?). Furthermore, we have the following

result.

Proposition 2.5. A derivable mapping o : Clz] — Clz| is a homomorphism
if and only if o(1) =1 and o(2?) = o(z)?.
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Proof. Suppose that s; = o(z), sy = o(z?) and s, = s?. Then we have

- k—3
Sk Sp_1 | 3s152— 287 sy 251 1
Sk—1 Sk_9 S9 S1 So — 23% 0
- T -1 k-3
53 s 257 1
s? s —s2 0
- T - k—4
st s 257 1
st st || —si
sf sf‘l
s’f’l Slf’Q

Hence if f = >, yx2® € Clz] then o(f) = Y ;" vkst. This shows that

o ((Z%fk)(z /\ﬂz)> = 0 (Z [Z%/\i—k] IZ)

=0 k=0
n+m [
)
= E E VeNi—k | S 1
1=0 k=0

= (D_msHQ_ est)
k=0 =0

= o) wa)o (Y heat),
k=0 =0
0

where s} = o(1) = 1. Thus o is a homomorphism. The converse is trivial. [

Theorem 2.6. Let o : Clz] — Clz] be a linear mapping and s, = o(z¥).
Then o is derivable if and only if Sy, = SsT*=3 for each k > 3, where

281 1
sy —2s2 0 |
k=2 k-2

Proof. Let Sy = S3T"3 or equivalently s, = s15p_1 4 (S2 — 81) D1 S~ 'S;.
For arbitrary function d; in C[z] with d; # 0, define d : C[z] — C|x] by

d (Z kaﬂk) = Z Ve,
k=0 k=1

Sk:[ ok Sk_l] and T =
s

k-1 Sk—2
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where d;, = d; Zf:_ol s]fflfisi. Then we can inductively prove that dip.; =

dps1 + sidy, and this inductively implies that di., = dis; + sgd,. Thus

m n n+m 7
d ((Z W) () AMQ) = d (Z [Z %)\z‘—k] fz)
k=0 =0 i=0 L k=0

n+m

= Z Z”Yk-)\ik] d;
=1 L[k=0

n+m [

= Z nyk)\i_k(dksi_k‘i‘skdi—k)]

=1 Lk=0

= O wd) O Mes) + O i) (O Aedy)
k=1 (=0 k=0 /=1
= d <Zm: ’ykxk> o (i )\gﬂ,’g)
k=0 (=0
+o (i ’}/kl'k) d (i )\gl‘z> .
k=0 (=0

The converse is clear. O

Remark 2.7. The recursive relation d; S, = d;.537%2 has some other conse-
quences. For example, taking determinant of both sides of the relation we have
dy(spsk—o — si_|) = dy(3sisy — 257 — s3)(2s? — s9)F~3. This again implies that

if s5 = s? then ssp_o — s7_, = 0 which yields s, = s}.

Corollary 2.8. A o-derivation d : Clz] — Clz]| is a homomorphism if and
only if o = g.

Proof. d is a homomorphism if and only if d;, = d¥. On the other hand,
d? = dy = 2dys1. Hence s; = 9. Thus d} 's; + sy_1d; = di = d} and so

k k—1 k k—1 dy d]f
S]gfldl:dl—dl Slzdl—dl _— = —.
2 2
. . dk d d
This implies that s, = o+ = 5. Thus o = 3.
Conversely, each homomorphism d is obviously a g—derivation. O

Corollary 2.9. A nonzero o-derivation d : Clx] — C[z] is an ordinary deriva-
tion if and only if o(x) = x and o(x?) = 2.
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Proof. Let d(fg) = d(f)o(g) + o(f)d(g) and d(fg) = d(f)g + fd(g) for each
f,g € C[z]. Then we must have

and so for f = g = x we have 2d(z)(o(z) — x) = 0 or equivalently o(x) = z.
Also for f =z and g = 2 we have d(z)(o(2?) — 2?) + d(2*)(o(x) — ) = 0 or
equivalently d(z)(o(z?) —2?) = 0 which implies that o(z?) = x?. The converse
is obvious. O

Corollary 2.10. A nonzero o-deriwation d : Clz] — Clz| is an ordinary
derwation if and only if d(z*) = 2zd(x) and d(z3) = 3x2d(x).

Proof. We have o(z) = x and o(z?) = z? if and only if d(z*) = 2xd(x) and
d(z?) = 3z%d(z). O

As we noticed, we can arbitrarily choose s1, s3 and a nonzero d; to construct
a derivable mapping o and its relative o-derivation d. To illustrate this, let us
give an example.
X

Example 2.11. Suppose that o(1) = 1,5, = £ and s, = 2s7, so that ¢ is not

. r 1 i R
a homomorphism. We have T' = and so T" = . Thus
00 0 0
we can write
Sk = S3Tk73 — 35189 — QS:{’ S9 k=3 k-4

I
1
NILUSIEN
SERNILE
N T

8
8

I
Trol%
L
8
T
il
1

[\
N

Hence o(2*) = % and so o(f) = %(0), since o(1) = 1. On the other hand,

k-1
T
di, = d_151 + sp—1dy1 = dk:—1§ + ley
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and we can inductively deduce that dj, = z*d;. Thus d(f) = [f — f(0)]d;, since
d(1) = 0. Note that

d(fg) = [fg— f(0)g(0)]d

- (“g N (P ) - g0y
= d(1)olg) + o/ )dls)

Remark 2.12. Let A and B be two algebras, X be a B-bimodule and o, 7 :
A — B be two linear mappings. A linear mapping d : A — X is called
a (o, 7)-derivation if d(ab) = d(a)o(b) + 7(a)d(b) for all a,b € A. If A
and B are involutive algebras and o, 7, d preserve * then using the fact that

d(b*a*) = d(ab)* = a(b*)d(a*) + d(b*)7(a*) we can conclude that d is also a

o+T o'+7'
2

mappings we can study a—derwatlons instead of (o, 7)-derivations. As C[z] can

(1, 0)-derivation and so it is (£ )-derivation. Hence in the case of *-linear

be regarded as an involutive algebra, our results hold for (o, 7)-derivations on

C|x], provided that o, 7 and d preserve .

Remark 2.13. Let o : Clz,y] — Clz,y| be a linear mapping and d : C[x,y] —
Clz,y] be a o-derivation. Since d(z*y’) = d(z*)o(y’) + o(2*)d(y"), we can
determine d by d(z),d(y),o(x),o(y) and o(x?),o(y?). This shows that if o :
Clz,... ,x,] — Clxy,...,x,] is a linear mapping and d : Clzy,... ,x,] —
Clx1, ... ,xy,) is a o-derivation, then d can be determined by

d(z1),...,d(z,),0(z1),... ,0(x,) and o(2?),... ,0(z?2).

n
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