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Abstract. Let A and B be two algebras, X be a B-bimodule and σ : A → B
be a linear mapping. A linear mapping d : A → X is called a σ-derivation if

d(ab) = d(a)σ(b) + σ(a)d(b) for all a, b ∈ A. In this paper we characterize all

σ-derivations of C[x] in terms of d(x), σ(x) and σ(x2). We also characterize all

linear mappings σ which possesses a nonzero σ-derivation.
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1. Introduction

Let A and B be two algebras, X be a B-bimodule and σ : A → B be

a linear mapping. A linear mapping d : A → X is called a σ-derivation if

d(ab) = d(a)σ(b)+σ(a)d(b) for all a, b ∈ A. These maps have been extensively

investigated in pure algebra. Recently, they have been treated in the Banach

algebra theory; see [4, 11, 12, 13] and references therein. Though this notion is

a generalization of derivations, this is not the only one. Some other generaliza-

tions can be found in [3] and [7] which is studied in the realm of analysis and

algebra. The study of theory of derivations in operator algebras is motivated

by questions in quantum physics and statistical mechanics, cf. [1, 2]. There are

some applications of σ-derivations to develop an approach to deformations of
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Lie algebras which have many applications in models of quantum phenomena

and in analysis of complex systems; cf. [5].

A wide range of examples are as follows:

(i) Every ordinary derivation of an algebra A into A is an IA-derivation,

where IA denotes the identity map on the algebra A;

(ii) Every endomorphism α on an algebra A is a α
2
-derivation;

(iii) For a given homomorphism ρ on an algebra A and a fixed arbitrary

element a0 in A, the linear mapping d(a) = [a0, ρ(a)] = a0ρ(a) − ρ(a)a0 is a

ρ-derivation of A which is said to be an inner ρ-derivation.

(iv) Every point derivation d : A → C at the character θ is a θ-derivation.

Among well-known problems, the problem of automatic continuity of σ-

derivations is studied in [9], some problems concerning σ-dynamics are studied

in [11] and σ-amenability is considered in [10]. See also [6] for an approach to

continuity of generalized derivations without linearity.

If σ is the identity mapping on A then a σ-derivation is an ordinary deriva-

tion. As an example of a σ-derivation which is not ordinary, we can consider

an automorphism α : A → A regarded as an α
2
-derivation. This shows that

the theory of σ-derivations links the theory of derivations and automorphisms

to each other and this is a reason that we are interested in the study of σ-

derivations. Naturally, we are interested to generalize the classical results

concerning derivations to σ-derivations.

Here, we are interested in σ-derivations on C[x], the algebra of all polyno-

mials over C. Note that if d : C[x] → C[x] is an ordinary derivation, then

d(f) = f ′d(x) for each f ∈ C[x]. Whence d is precisely determined by d(x).

We assume that σ : C[x] → C[x] is a linear mapping. The importance of our

approach is that σ is a linear mapping in general, not necessarily an algebra

homomorphism. We show that each σ-derivation d : C[x] → C[x] is precisely

determined by d(x), σ(x) and σ(x2). This poses the problem of characteriz-

ing all linear mappings σ which possesses a nonzero σ-derivation d. These

mappings are called derivable and we will characterize them in terms of σ(x)

and σ(x2). Furthermore, all derivable mappings that are homomorphisms, all

σ-derivations that are homomorphisms and all σ-derivations that are ordinary

derivations are characterized. Moreover, as an illustration of the discussion,

a non-trivial example is given. A discussion about (σ, τ)-derivations on C[x]

and C[x1, . . . , xn] is also given. For a nice result concerning local derivations

on C[x1, . . . , xn] one can see [8].
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2. The Results

Let A and B be two algebras, X be a B-bimodule and σ : A → B be

a linear mapping. A linear mapping d : A → X is called a σ-derivation

if d(ab) = d(a)σ(b) + σ(a)d(b) for all a, b ∈ A. In this paper we consider

derivations on A = C[x], the algebra of all polynomials over C. Thus we

assume that X = B = A = C[x] and σ : C[x] → C[x] is a linear mapping.

If σ = I, the identity mapping on C[x], then a σ-derivation is an ordinary

derivation. As an example of a σ-derivation which is not ordinary, put σ(f) = f
2

and d(f) = ff0 on C[x], where f0 is an arbitrary nonzero element of C[x]. Note

that d in not an automorphism. Also note that d(1) �= 0 and σ(1) �= 1.

Let d : C[x] → C[x] be a σ-derivation. Then d(1) = d(12) = 2d(1)σ(1). Thus

(2σ(1) − 1)d(1) = 0. This implies that 2σ(1) − 1 and d(1) are polynomials of

degree 0.

Proposition 2.1. Let d : C[x] → C[x] be a σ-derivation with d(1) = λ, where

λ is a nonzero complex number. Then 2σ is a homomorphism and d = 2σ.

Proof. We have (2σ(1) − 1)λ = (2σ(1) − 1)d(1) = 0. Thus 2σ(1) = 1 and so

2d(f ) = 2d(f )σ(1) + 2σ(f)d(1) = d(f) + 2σ(f)

for all f ∈ C[x]. This implies that d = 2σ. Now we have

2σ(fg) = d(fg) = d(f)σ(g) + σ(f)d(g) = (2σ(f))(2σ(g))

for all f, g ∈ C[x]. Hence 2σ is a homomorphism.

Under the above discussion, from now on we assume that d(1) = 0.

Lemma 2.2. Let d : C[x] → C[x] be a σ-derivation. If dk = d(xk) and

sk = σ(xk) for k ∈ N, then

(i) dk+� = dks� + skd�;

(ii) (sk − s1sk−1)d1 = dk−1(s2 − s2
1);

(iii) dk = d1

∑k−1
i=0 sk−1−i

1 si;

(iv) skd1 = [s1sk−1 + (s2 − s2
1)
∑k−2

i=0 sk−2−i
1 si]d1;

(v) skd1 = [2s1sk−1 + (s2 − 2s2
1)sk−2]d1.

Proof. (i) We have

dk+� = d(xk+�) = d(xkx�) = d(xk)σ(x�) + σ(xk)d(x�) = dks� + skd�.

(ii) By (i) we can write

(dk−1s1 + sk−1d1)s1 + skd1 = dk+1 = dk−1s2 + sk−1d2 = dk−1s2 + 2sk−1s1d1,
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which implies (ii).

(iii) We use induction on k. For k = 1, the result is obvious. Let (iii) be

true for k. Thus

dk+1 = dks1 + skd1 = s1d1(

k−1∑
i=0

sk−1−i
1 si) + skd1 = d1(

k−1∑
i=0

sk−i
1 si + sk) = d1

k∑
i=0

sk−i
1 si.

(iv) This is obvious by (ii) and (iii).

(v) By (iv) we have sk−1d1 = [s1sk−2 + (s2 − s2
1)
∑k−3

i=0 sk−3−i
1 si]d1 and so

[s1sk−1 + (s2 − 2s2
1)sk−2]d1 = [s2

1sk−2 + (s2 − s2
1)

k−3∑
i=0

sk−2−i
1 si

+(s2 − s2
1)sk−2 − s2

1sk−2]d1

= [(s2 − s2
1)

k−2∑
i=0

sk−2−i
1 si]d1.

Now we can write

skd1 = [s1sk−1 + (s2 − s2
1)

k−2∑
i=0

sk−2−i
1 si]d1

= [s1sk−1 + s1sk−1 + (s2 − 2s2
1)sk−2]d1

= [2s1sk−1 + (s2 − 2s2
1)sk−2]d1.

In the following lemma we symbolically use a matrix representation to have

a simple recursive formula for sk.

Lemma 2.3. Let d : C[x] → C[x] be a σ-derivation. If dk = d(xk), sk = σ(xk)

and

Sk =

[
sk sk−1

sk−1 sk−2

]
and T =

[
2s1 1

s2 − 2s2
1 0

]
,

then for each natural number k ≥ 3 we have d1Sk = d1S3T
k−3.
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Proof. We use induction on k. For k = 3 the assertion is obvious. If d1Sk =

d1S3T
k−3 then, by (v) of Lemma 2.2,

d1Sk+1 = d1

[
sk+1 sk

sk sk−1

]

= d1

[
2s1sk + (s2 − 2s2

1)sk−1 sk

2s1sk−1 + (s2 − 2s2
1)sk−2 sk−1

]

= d1

[
sk sk−1

sk−1 sk−2

][
2s1 1

s2 − 2s2
1 0

]

= d1SkT = d1(S3T
k−3)T = d1S3Tk−2.

We can summarize our results as follows:

Theorem 2.4. Let d : C[x] → C[x] be a σ-derivation. Then for each f =∑m
k=0 γkx

k ∈ C[x] we have d(f) =
∑m

k=1 γkdk, where dk = d1

∑k−1
i=0 sk−1−i

1 si

and sk’s are determined by the recursive relation

d1

[
sk sk−1

sk−1 sk−2

]
= d1

[
3s1s2 − 2s3

1 s2

s2 s1

][
2s1 1

s2 − 2s2
1 0

]k−3

.

Note that the definition of d is just related to s1, s2 and d1. Indeed, we can

say that each σ-derivation is determined by these three polynomials. For each

three arbitrary polynomials s1, s2 and d1, is the mapping d defined as above a

σ-derivation? We affirmatively answer this question.

Suppose that σ : C[x] → C[x] is a linear mapping. Then σ is called derivable

if there is a nonzero linear mapping d : C[x] → C[x] such that d is a σ-

derivation. Our arguments show that if σ is derivable, then it is uniquely

determined by s1 = σ(x) and s2 = σ(x2). Furthermore, we have the following

result.

Proposition 2.5. A derivable mapping σ : C[x] → C[x] is a homomorphism

if and only if σ(1) = 1 and σ(x2) = σ(x)2.
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Proof. Suppose that s1 = σ(x), s2 = σ(x2) and s2 = s2
1. Then we have[

sk sk−1

sk−1 sk−2

]
=

[
3s1s2 − 2s3

1 s2

s2 s1

][
2s1 1

s2 − 2s2
1 0

]k−3

=

[
s3
1 s2

1

s2
1 s1

][
2s1 1

−s2
1 0

]k−3

=

[
s4
1 s3

1

s3
1 s2

1

][
2s1 1

−s2
1 0

]k−4

= . . .

=

[
sk
1 sk−1

1

sk−1
1 sk−2

1

]
.

Hence if f =
∑m

k=0 γkx
k ∈ C[x] then σ(f) =

∑m
k=0 γks

k
1. This shows that

σ

(
(

m∑
k=0

γkx
k)(

n∑
�=0

λ�x
�)

)
= σ

(
n+m∑
i=0

[
i∑

k=0

γkλi−k

]
xi

)

=

n+m∑
i=0

[
i∑

k=0

γkλi−k

]
si
1

= (
m∑

k=0

γks
k
1)(

n∑
�=0

λ�s
�
1)

= σ(
m∑

k=0

γkx
k)σ(

n∑
�=0

λ�x
�),

where s0
1 = σ(1) = 1. Thus σ is a homomorphism. The converse is trivial.

Theorem 2.6. Let σ : C[x] → C[x] be a linear mapping and sk = σ(xk).

Then σ is derivable if and only if Sk = S3T
k−3 for each k ≥ 3, where

Sk =

[
sk sk−1

sk−1 sk−2

]
and T =

[
2s1 1

s2 − 2s2
1 0

]
.

Proof. Let Sk = S3T
k−3 or equivalently sk = s1sk−1 + (s2 − s2

1)
∑k−2

i=0 sk−2−i
1 si.

For arbitrary function d1 in C[x] with d1 �= 0, define d : C[x] → C[x] by

d

(
m∑

k=0

γkx
k

)
=

m∑
k=1

γkdk,



σ-Derivations on C[x] 577

where dk = d1

∑k−1
i=0 sk−1−i

1 si. Then we can inductively prove that dk+1 =

dks1 + skd1, and this inductively implies that dk+� = dks� + skd�. Thus

d

(
(

m∑
k=0

γkx
k)(

n∑
�=0

λ�x
�)

)
= d

(
n+m∑
i=0

[
i∑

k=0

γkλi−k

]
xi

)

=

n+m∑
i=1

[
i∑

k=0

γkλi−k

]
di

=

n+m∑
i=1

[
i∑

k=0

γkλi−k(dksi−k + skdi−k)

]

= (

m∑
k=1

γkdk)(

n∑
�=0

λ�s�) + (

m∑
k=0

γksk)(

n∑
�=1

λ�d�)

= d

(
m∑

k=0

γkx
k

)
σ

(
n∑

�=0

λ�x
�

)

+σ

(
m∑

k=0

γkx
k

)
d

(
n∑

�=0

λ�x
�

)
.

The converse is clear.

Remark 2.7. The recursive relation d1Sk = d1S3T
k−3 has some other conse-

quences. For example, taking determinant of both sides of the relation we have

d1(sksk−2 − s2
k−1) = d1(3s

2
1s2 − 2s4

1 − s2
2)(2s

2
1 − s2)

k−3. This again implies that

if s2 = s2
1 then sksk−2 − s2

k−1 = 0 which yields sk = sk
1.

Corollary 2.8. A σ-derivation d : C[x] → C[x] is a homomorphism if and

only if σ = d
2
.

Proof. d is a homomorphism if and only if dk = dk
1. On the other hand,

d2
1 = d2 = 2d1s1. Hence s1 = d1

2
. Thus dk−1

1 s1 + sk−1d1 = dk = dk
1 and so

sk−1d1 = dk
1 − dk−1

1 s1 = dk
1 − dk−1

1

d1

2
=

dk
1

2
.

This implies that sk =
dk
1

2
= dk

2
. Thus σ = d

2
.

Conversely, each homomorphism d is obviously a d
2
-derivation.

Corollary 2.9. A nonzero σ-derivation d : C[x] → C[x] is an ordinary deriva-

tion if and only if σ(x) = x and σ(x2) = x2.
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Proof. Let d(fg) = d(f)σ(g) + σ(f)d(g) and d(fg) = d(f)g + fd(g) for each

f, g ∈ C[x]. Then we must have

d(f)(σ(g)− g) + d(g)(σ(f) − f) = 0,

and so for f = g = x we have 2d(x)(σ(x) − x) = 0 or equivalently σ(x) = x.

Also for f = x and g = x2 we have d(x)(σ(x2) − x2) + d(x2)(σ(x) − x) = 0 or

equivalently d(x)(σ(x2)−x2) = 0 which implies that σ(x2) = x2. The converse

is obvious.

Corollary 2.10. A nonzero σ-derivation d : C[x] → C[x] is an ordinary

derivation if and only if d(x2) = 2xd(x) and d(x3) = 3x2d(x).

Proof. We have σ(x) = x and σ(x2) = x2 if and only if d(x2) = 2xd(x) and

d(x3) = 3x2d(x).

As we noticed, we can arbitrarily choose s1, s2 and a nonzero d1 to construct

a derivable mapping σ and its relative σ-derivation d. To illustrate this, let us

give an example.

Example 2.11. Suppose that σ(1) = 1, s1 = x
2

and s2 = 2s2
1, so that σ is not

a homomorphism. We have T =

[
x 1

0 0

]
and so T k =

[
xk xk−1

0 0

]
. Thus

we can write

Sk = S3T
k−3 =

[
3s1s2 − 2s3

1 s2

s2 s1

][
xk−3 xk−4

0 0

]

=

[
x3

2
x2

2
x2

2
x
2

][
xk−3 xk−4

0 0

]

=

[
xk

2
xk−1

2
xk−1

2
xk−2

2

]
.

Hence σ(xk) = xk

2
and so σ(f) = f+f(0)

2
, since σ(1) = 1. On the other hand,

dk = dk−1s1 + sk−1d1 = dk−1
x

2
+

xk−1

2
d1,
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and we can inductively deduce that dk = xkd1. Thus d(f) = [f −f(0)]d1, since

d(1) = 0. Note that

d(fg) = [fg − f(0)g(0)]d1

= [f − f(0)]d1

(
g + g(0)

2

)
+

(
f + f(0)

2

)
[g − g(0)]d1

= d(f)σ(g) + σ(f)d(g).

Remark 2.12. Let A and B be two algebras, X be a B-bimodule and σ, τ :

A → B be two linear mappings. A linear mapping d : A → X is called

a (σ, τ)-derivation if d(ab) = d(a)σ(b) + τ(a)d(b) for all a, b ∈ A. If A
and B are involutive algebras and σ, τ, d preserve ∗ then using the fact that

d(b∗a∗) = d(ab)∗ = σ(b∗)d(a∗) + d(b∗)τ(a∗) we can conclude that d is also a

(τ, σ)-derivation and so it is (σ+τ
2

, σ+τ
2

)-derivation. Hence in the case of ∗-linear

mappings we can study σ-derivations instead of (σ, τ)-derivations. As C[x] can

be regarded as an involutive algebra, our results hold for (σ, τ)-derivations on

C[x], provided that σ, τ and d preserve ∗.

Remark 2.13. Let σ : C[x, y] → C[x, y] be a linear mapping and d : C[x, y] →
C[x, y] be a σ-derivation. Since d(xky�) = d(xk)σ(y�) + σ(xk)d(y�), we can

determine d by d(x), d(y), σ(x), σ(y) and σ(x2), σ(y2). This shows that if σ :

C[x, . . . , xn] → C[x1, . . . , xn] is a linear mapping and d : C[x1, . . . , xn] →
C[x1, . . . , xn] is a σ-derivation, then d can be determined by

d(x1), . . . , d(xn), σ(x1), . . . , σ(xn) and σ(x2
1), . . . , σ(x2

n).
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[4] M. Brešar and A. R. Villena, The noncommutative Singer-Wermer conjecture and φ-
derivations, J. London Math. Soc. 66(2) (2002), no. 3, 710–720.

[5] J. Hartwig, D. Larsson and S. D. Silvestrov, Deformations of Lie algebras using σ-
derivations, Preprints in Math. Sci. 2003:32, LUTFMA-5036-2003 Centre for Math.
Sci., Dept of Math., Lund Inst. of Tech., Lund Univ., 2003.



580 M. Mirzavaziri

[6] S. Hejazian, A. R. Janfada, M. Mirzavaziri and M. S. Moslehian, Achievement of con-
tinuity of (ϕ,ψ)-derivations without linearity, Bull. Belg. Math. Soc.-Simon Stevn., 14
(2007), no. 4, 641–652.

[7] B. Hvala, Generalized Derivations in Rings, Comm. Algebra, 26, 1147–1166, 1998.
[8] R. V. Kadison, Local derivations, J. Algebra 130 (1990), no. 2, 494–509.
[9] M. Mirzavaziri and M. S. Moslehian, Automatic continuity of σ-derivations on C∗-

algebras, Proc. Amer. Math. Soc. 134 (2006), no. 11, 3319–3327.
[10] M. Mirzavaziri and M. S. Moslehian, σ-amenability of Banach algebras, Southeast Asian

Bull. Math. (to appear).
[11] M. Mirzavaziri, M. S. Moslehian, σ-derivations in Banach algebras, Bull. Iranian Math.

Soc. 32 (2006), no. 1, 65–78.
[12] M.S. Moslehian, Approximate (σ− τ)-contractibility, Nonlinear Funct. Anal. Appl., 11

(2006), no. 5, 805–813.
[13] J.M. Zhan and Z.S. Tan, T -local derivations of von Neumann algebras, Northeast. Math.

J. 20 (2004), no. 2, 145–152.

Received: March 11, 2008


