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Abstract. We prove that SL,(F,) is equal to its own commutator group
except when n = 2 and ¢ = 2 or ¢ = 3, by using the fact that every element in
the center Z of SL,(F;) can be written in a commutator form [A, B], where
A, B € SL,(F,).
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INTRODUCTION

Definition 1.1. A group extension

F--E-La
of a group G by a group F' consists of a group E, an injective homomorphism
1. FF— E, and a surjective homomorphism j : E — G, such that Imi =
Ker .

Group extensions need only be constructed up to isomorphism. In detail,
an equivalence of group extensions

r--p-‘.qa
roepla
of G by F'is an isomorphism 6 : E — E’ such that the diagram

F—->r 1.q¢
commutes, that is, § oi =i and j' 0 0 = j.
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Definition 1.2. An extension

F-E 2, ¢

is called central if the image i(F) is contained in the center of E. This is
possible only if F' is Abelian.

Definition 1.3. An element ¢ of a field F' is said to be a root of unity if
there exists an integer n > 0 such that (" = 1; for every integer n > 0 such
that (" =1, ( s called an n-th root of unity.

It amounts to say that the roots of unity are the elements of finite order of
the multiplicative group F* of non-zero elements of F'. The roots of unity form
a subgroup fie(F') of F*, the n-th roots form a subgroup fi, (F') of peo (F'). We
have pio (F) = U151 tn(F) and pn(F) C pun (F) if m divides n. For every root
of unity ( there exists a least integer n > 1 such that ¢ belongs to p,(F),
namely the order of { in the group F™.

Definition 1.4. An n-th root of unity is said to be primitive if it is of order
n.

If there exists a primitive n-th root of unity ¢ in F, the group p,(F) is of
order n and is generated by (.

Let F' be a field and n be a positive integer. We denote by M,,(F') the ring
of square matrices of order n over F'. By an n x n determinant we shall mean
a mapping

det : M, (F) — F

which, when viewed as a function of the column vectors A!, ..., A" of a matrix
A, is multilinear alternating, and such that det(/) = 1. It is shown that if
determinants exist, they are unique. If A',... A" are the column vectors of

dimension n, of the matrix A = (a;;), then

det(A',... A") = Z €(0) (1)1 * Qo) n

g

where the sum is taken over all permutations o of {1,... ,n}, and €(o) is the
sign of the permutation.

The general linear group GL,(F") of invertible elements of M, (F') is just
the inverse image under the mapping det : M, (F') — F of the multiplicative
group F™* of invertible elements of F'. The mapping det : M,(F) — F'is
moreover surjective and therefore so is the homomorphism det : GL,(F) —
F* since for all A € F,

det(diag(A, 1,...,1)) = A\
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The kernel of the surjective homomorphism det : GL,,(F') — F* is a normal
subgroup of GL,,(F); it is denoted by SL,,(F’) and is called the special linear
group of square matrices of order n over F.

We note that if a matrix M commutes with every element of SL,,(F'), then
it must be a scalar matrix. Indeed, just the commutation with elementary
matrices

Eij(1) = In + 1
show that M commutes with all matrices 1;; (having 1 in the ij-component, 0

otherwise), so M commutes with all matrices, and is a scalar matrix. Taking
the determinant shows that the center consists of i, (F')I,.

Definition 1.5. Let Z be the center of SL,(F'), that is the group of scalar
matrices such that the scalar is an n-th root of unity. We define the projective
special linear group of square matrices of order n over F by the quotient

group

PSL,,(F) = SL,(F)/Z.

2. THE GROUP SL,(F') AS A CENTRAL EXTENSION

Let F' be a field and let p be a primitive p"-th root of unity in F.
Note that SL,, (F') is a central group extension of PSL,,(F") by p,,(F'). Indeed,
we have the central extension

fin(F) —= SL,(F) - PSL,(F)

where i is the injective homomorphism defined by i(u) = 1y, j is the surjective
homomorphism defined by j(A) = A, and Imi = Ker j.

Theorem 2.1. Let n be divisible by p™ where p is prime. Then the scalar

matriz ul, can be written in a commutator form [A, Bl = ABA™'B™! where
A, B € SL,(F).

Proof. We have the following possibilities:

1. Let p be an odd prime and A, B be two square matrices of order p™
over the field F' such that A = (a;;) = (§;;p°""), and B = (b;;) with
biy1, = bipm = 1, and b;; = 0 otherwise. Then A and B belong to
SLym(F), and [A, Bl = ABA™'B™ = plm.

2. If p =2 and n = 1, then the matrices A = (¢ %), where a? 4+ b? =
—1, and B = (%) satisfy the required condition. Indeed, [A, B] =
(42 (5O (e)(03) =(3%). For a finite field F,, with ¢ odd,
such a and b always exist. If F' = F, and ¢ = 4k + 1 then —1 is a square
and we can take a = 4, where i = —1, and b = 0. If ¢ = 4k+3 then the set
of all elements of the form 224y coincides with F},. Indeed, it contains all
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(2.1)

(2.2)

(2.3)
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quadratic residues z2, and it is invariant under the multiplication by an
arbitrary element 22, where z € F,. Therefore, if it contains at least one
non-quadratic element, then it coincides with Fj. If not, then quadratic
residues form an additive subgroup in F,. However, Fj, does not have
an additive subgroup of index 2 for odd g. Therefore, F} is the set of
elements of the form x? 4+ y2. In particular, there are a and b such that
a® + b> = —1, and they provide entries for A.

If p=2and m > 1, we select A = 07X and B = Yoy where X and
Y are diagonal matrices and o1, 09 are commuting permutation matrices.
In this case

[A, B = ABA™'B™!
= O'1XYO’2X_10'1_10'2_1Y_1
= O'1XYO’2X_10'2_10'1_1Y_1

since o1 and oy commute. Therefore the equations

ABA'B™' = uI

and

XY (0o X toy (oY o) = ul

are equivalent, we note also that the matrices X, Y, (02X o5 "), and
(07'Y1oy) are diagonal.

Suppose now that o; has order 2* and o9 has order 2™ %, where k >
1 and m —k > 1. Then the corresponding linear space has a special
coordinate system z;;, where 1 < 7 < 28 and 1 < j < 2% with the
property that o, cyclically permutes coordinates z; ; with the same index
© and oy cyclically permutes coordinates z; ; with the same index j.

Therefore, if we denote by x;; and y;; the diagonal elements of the
matrices X and Y respectively, then equation (2.2) becomes equivalent
to a series of equations

-1 -1 _
Li5Y1.5% 11 (mod 2%),5Yi j+1(mod2m—+) = H
for the diagonal elements. If we denote by

-1

Uij = Tij T L1 (mod2k),j

and

ey a1
Yij = Yi.iY; j+1(mod2m—Fk)>
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then

Hui,j = Hvi,j =1.
( J

Equation (2.3) above becomes

-1
Usj = HU; 5
and hence we have obtained equations only for the parameters w; ;.

Thus our initial matrix equation (2.1) has been reduced to equations
for u; ;:

2m—k
[Twi=1  Jluws=#""
i J

These parameters u; ; define the complementary set of parameters v; ;.
Notice that for any wu;; and v;; satistying [[; ui; = [[;vi; = 1, we can
find z; ; and y; ; so that

-1

i+1(mod2%),5° v

Ujj = Ti T i,j = Yi.3Y; j11(mod2m—r)>

and hence we can obtain solutions of the equation (2.1). Thus there are
many matrix pairs A, B that satisfy equation (2.1).

4. If n is divisible by p™, then matrices A and B, consisting of n/p™ diagonal
blocks of matrices A and B respectively, also satisfy the relation

[A,B] = ABA™'B~! = ul,,.

The Theorem follows.

This fact appeared previously in [BM].

FEzample 2.2. Let F, be a field and let x4 be a primitive p"-th root of unity in
F,, where n > 1 and 4 | ¢—1. We decompose 2" coordinates into two groups of
order 2"! and take the diagonal matrix X = diag([1,1,...,4,[1,1,...,—i]),
where brackets show the boundaries of each block. The element i, with i? =
—1, is contained in F}, since, by our assumption, 4 divides ¢ — 1. Similarly,
take the diagonal matrix Y = diag([1, p, ..., > Y, [, p2, ..., 12" ']). Let
01 be the permutation which permutes variables cyclically within each block,
and o9 be the permutation of order 2 which interchanges these two blocks of
variables. Recall that ;> = —1. Then

X(o9X toyt) = diag([-1,1,...,1],[-1,1,...,1])
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and

Y(o17'Y " oy) = diag([—p, gty -, pi], [=ps g1y, pi])

and hence

XY (02X oy (o7 Y o) = ul.
If we take A = 01X, B = Y0y € SLan(F), then [A, B| = ABA™'B™! = pln.

FEzample 2.3. Let Fj, be a field and let i be a p"-th root of unity in F; of order
m. If p=2 and n = 2, consider the permutation matrices

010 0 0010
s _ 1000 s |0001
! 0001 27110 0 0
0010 010 0

of the group SLy4(F},). Since oy and o, commute, it is seen that, for every pair
of diagonal matrices

2 0 0 0 yi 0 0 0
o 2 0 0 10 w0 0
X=10 0 25 of @ Y=1¢ 0 4 o

0 0 0 = 0 0 0 u

in SL4(F,), the commutator

[XO’l,YO'Q]

is a diagonal matrix in SL4(F,). Taking account of this, it is immediately
seen that the scalar matrix pul, can be expressed in the form of commutator
[X 01, Y 0] for some diagonal matrices X, Y € SLy(F,). For, the definition of
product of matrices gives

T1ypxs” iy ! 0 0 0

B 0 Toy1s Yo ! 0 0

[Xo1,Yoo] = 0 0 T3yat1 Yyt 0
0 0 0 Tayso” ys !

Then necessarily
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(2.4) w1y T =
(2.5) Toy1Ts Y = p
(2.6) T3y Yz = p
(2.7) Taysze lys Tt = p

Multiplying conditions (2.4) and (2.5) gives

33'133'2(.1'333'4)_1 = u2.

Similarly, multiplying (2.6) and (2.7) gives

33'333'4(.1'133'2)_1 = u2.

Note that the additional hypothesis

det X = r1202324 = 1

implies that

(w122)? = p*  and  (w324)* = 12

Then the above three relations show that

1T = Etp and x314 = Fp

when p? =1 and

1T = £p and x314 = Fp
when p? = —1.
On the other hand, multiplying conditions (2.4) and (2.6) gives

Yoya(y1ys) ' = p2.

Similarly, multiplying conditions (2.5) and (2.7) gives

y1ys(yaya) = 1.
Note that the hypothesis

detY = y1yoysys = 1
on det Y therefore implies that
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(?J2y4)2 = MQ and (?le3)2 =M.
Then

yoys = £p and  y1yz = L£p

when p? =1 and

Yoys = *p  and  y1y3 = Fpu

when p? = —1.
In particular we derive from these results that the matrices

1 000 1 0 00
10 w00 {0 00
X=1loo 1o ™ Y=190 .0
0 0 0 pu 00 01
satisfy the relation
[XO'l,YO'Q] = /1/[4
when m = 2.
Similarly, the matrices
-1 0 0 O -1 0 0 0
0 w00 0 w00
X=1lo o010 ™M Y=y o4 o0
0 0 0 pu 0 0 0 1
satisfy the relation
w0 0 0
[0 =P 0 O] _
[X017Y02] - 0 0 _M2,u/ 0 - /1/[4
0 0 0 u

when m = 4.

In conformity with the above results, we shall distinguish two cases:

() If m =2 let Aand B be two square matrices of order 4 over the field
F, which can be written in the form
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o OO
o O =

0
A= and B = ’g

ocooT O
OO -
o~ OO
o OO
—_ o oo

W 0 0

with respect to the same basis. It follows from the method of calculating a
determinant that det A = 1 and det B = 1. The definition of product of
matrices gives

@ 0 0 0
i |0 w00
ABATBT = |
000 u

(b) If m =4,let A and B be two square matrices of order 4 over the field
F, which can be written in the form

0 -1 00 00 —1 0
w0 00 oo 0o 4
A=19 o0 o 1| & B=1,0 0 0
0 0 0 01 0 0

with respect to the same basis. The method of calculating a determinant and
the hypothesis on y imply that det A = 1 and det B = 1. Now, it is immediate
that A and B satisfy the desired condition

ABAT'B! =

oo ox
oo o

0
1
0
0

o OO

1

Theorem 2.4. Let p be a prime number and F be a finite field of order ¢ = p*.
Ifn>3 (m>=2ifq>=5), then SL,(F) is equal to its own commutator group.

Proof. The commutator subgroup SLS (F') = [SL,(F'), SL,(F")] is the smallest

normal subgroup N of SL,(F') such that SL,(F)/N is abelian. Theorem 2.1

readily implies that the center Z of SL, (F') is a normal subgroup of SLS (F').
By the First Isomorphism Theorem,

SLE(F)/Z < PSLy(F)

and

PSL,(F)/(SLY(F)/Z)) = SL(F)/SL,(F).
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Since PSL, (F) is a finite simple group for every finite field F' of order ¢ and
n >3 (n>2if ¢>>5), it follows that SLS(F) is either Z or SL,(F).
On the other hand, a non-cyclic simple group is not solvable. Then

SLE(F) = SLy(F).
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