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Abstract

We define a Lie-admissible algebra and its antisymmetrized algebra.
We also show that those algebras are simple. Finding an auto-invariant
set of a non-associative algebra in the paper, we find the automorphism
group of the algebra.
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1 Preliminaries

Let F be the field of characteristic zero (not necessarily algebraically closed.)
Throughout the paper, N and Z will denote the set of all the non-negative
integers and the integers, respectively. For m < n, let us define the F-algebra
Fletlev@ml 2, ... 2,] spanned by

a1.... . mT1 T Q1 o m—1T1 Tyy— ag. ... mTTm Q1T amT i1 i
{61’ mTLTm 01, ;m—1T1 m—1 ., 32 mT2 mell‘.‘emml-l.‘.xnn‘

a1, om0 5 Gm €Z>i17"' yIn GN}

Thus we can define a Lie-admissible algebra NW ([etlFv-ml g\ oo g 1) with
the set {f0,|f € Fletlrvaml 2 ... 2,],1 < u < n} with the obvious addi-
tion and the multiplication * is defined as follows:

for f0,, g0, € NW ([etler@ml 2 .. 2.]). Using the commutator [,] of the
algebra NW ([efleroml 2 .o 2.]), we can define its antisymmetrized al-
gebra W ([t @ml 2, ... 2,]) naturally. We can consider [x1,-- , 2, as
the set S, = {x1- Ty, @1+ Ty, -, Ta+ Ty -+, T1,-+ , Ty} Thus
for any subset S of S,,, we can define the F-subalgebra Fle*% z,---  z,] of
Fletlessmml 2 ... 2,] spanned by

a1s1 arsr 01 i . .
{e*t . cetirgt et sy, e S € Sy a, e ap € Zyiy, e i, € N}
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In a similar manner, we can define a Lie-admissible algebra NW ([e*!¥] 2, - -+
r,]) and its antisymmetrized algebra W ([e*) a1, - -+ | 2,]) as NW ([e*lz1@m],
xy, -+, m,]) and W( [etlrr@ml 2, ... 2.]). Note that the antisymmetrized
algebra W ([e*lS)] 21, --- | z,,]) is a Lie algebra, i.e., the Jacobi identity holds on
the algebra. The set of all the right identities of the algebra NW ([e*lz1@ml
Ty, &) 18 {D D jcpen(@u + cu)Oulcr, -+, ey € F} It is easy to know that
the algebras NW ([e*levoml ) oo 2,]) and W ([etlevoml ) ooo a]) are
Z*" -graded (see [5], [6]). Thus their subalgebras are appropriate graded alge-
bras.

2 Simplicities

Theorem 1 If S is a non-empty set, then the Lie-admissible algebra
NW ([ zy, - -+ 3,]) is simple.

Proof. Since the algebra NW ([e*l%], 21, ---  x,]) is graded, it is easy to prove
that any ideal generated by a non-zero element of the algebra is the algebra
NW ([e*S) zy, -+ x,]) itself. This implies that the algebra is simple. O

Theorem 2 If S is a non-empty set, then the Lie (i.e., antisymmetrized)
algebra W ([e*5) 1, -+ 3,]) is simple.

Proof. The proof of the theorem is similar to the proof of Theorem 1, so it is
omitted. O

Corollary 1 The Lie-admissible algebra NW ([e*l1-@ml 2 ... 2.]) and the
Lie algebra W ([e*lrvmeml gy oo 2]) are simple.

3 Automorphism group of the algebra
NW[eX x,y]

Lemma 1 For any automorphism 6 in the automorphism group
Aut(NW e z,y]) of the algebra NW[e**¥ x,y], either 0(0)) = 10, and
0(0z) = 204 hold, or 0(01) = 302 and 6(02) = 401 hold for ci,--- ¢y € F°.

Proof. Let 0 be the automorphism of the algebra NW [e*®¥, z, y] in the lemma.
Since x0; + y0, is a right identity of NW[e**¥ x,y|, we have that 0(x0; +
yOs) = (x4 dy)0y + (y + d2)0y for di,ds € F. Since the right annihilator of
NWler® x,y] is spanned by 9; and 9y, we also have that 0(9;) = d30; + d40»
and 0(0y) = d50; + dg0y such that dzdg — dyds # 0. Let us assume that ds and
d, are not zeroes. Since x0; is a right identity of the element 0;, we are able
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to prove that 0(z0;) = (x + ¢7)01 + (y + ¢g)0s for ¢7,cg € F. This contradicts
the fact that x0; is not a right identity of the algebra. Thus either ds or d, is
zero. Similarly we can prove that only one of d5 and dg is zero. We have the
following two cases, Case I: 6(0;) = d30; and Case II: (0;) = d40s.

Case I. Let us assume that #(0;) = ds0; holds for d3 € F°. Since z0; is a
right identity of 0;, x0; is an idempotent, and 0, is in the left annihilator of
x0p, we can prove that 0(x0;) = (z + dyp)0; for djp € F. Similarly we can also
prove that 6(ydy) = (y + di1)02 holds for di; € F by switching appropriate
coefficients in the lemma. These imply that 6(d;) = c¢101 and 0(0) = 205
hold by switching appropriate coefficients in the lemma.

Case II. let us assume that 6(9;) = dy0; holds for dy € F*. Because of Case
I, similarly we can prove that 6(dy) = ds0; by taking appropriate coefficients
in the lemma.

Thus by Case I and Case II, the lemma follows immediately. O

Notes. For any basis element e®¥ziy?9,, 1 < u < 2, of the algebra NW [e** x, 1]
(resp. the Lie algebra W[e*®¥, x,y]) and for ¢y, c5 € F*, if we define the F-maps
611,61,(357 0[2,(:1,(:57 0[[1,(:1,657 0[[2,01,(:57 91111,61,(:57 0[[[2,61,(:57 0[‘/1,(:1,657 and 0[V2,C1,C5 of
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the algebra NW[e®¥ z,y] (resp. the Lie algebra W[e**¥ ., y]) as follows:

axy D l—a—i+p a_axy, i, p
011 1,05 (€"V2'y"01) = ¢ ety o,
ax —l—a—i+p a _axy,.i
011701705( V! ypaQ) € g™yl Oy
i )
( azy .t yp31) o a+i— pcaeamyxzypal

| aie )
MY b ypa =c a+t pcgeaxyxzypa

912,01,05

912,01,05

0111 €1,C5 (eaacyx ypa ) (_1)_1)01 “ H—pcge azyxiypal
0111761 05( Wyt ypaQ) ( 1)1 pc e Z+pcg€ axyxiypaQ
€U2761,05(€(wy'r ypal) ( 1)1 Pe _1 ki pcge azyl,iypal
011 ,01.05 (€702 yP8y) = (=1)7P 1 PG em P,
011,105 (€ Ya'yP0y) = ey ”pcaeaxyxpy’@g

0111, c1.05 (€42 'YPOy) = c3 Sima ZJ“pcge‘wyxiyp(‘?l

Or11y.c1.05 (€2 YP0)) = 5 S TP e Py,
Or1Ly.cr.c5 (€™ VT yPOy) = ey TP et iy,

lel c1, 05( Wyt ypal) - (_1)170;) “ H_pc(lloe azyl‘pyia2
91V1,cl, 5( axyx ypa2) — (_1)1 pc l1—a— z+pca e axyxiypal
O1v e (€*V ' yPO1) = (—1)' Py TPV aPy' Dy
01V2 c1, 05( Wyt ypa ) - ( 1)100;1 ki pc?oe amyxiypal (1)

then they can be linearly extended to (resp. Lie) algebra automorphisms of
the algebra NW[e*® z,y] (resp. the Lie algebra W[er*™ z y]). O

Lemma 2 For any automorphism 0 in Aut(NW[er™ x,y]), if 0(0;) = c0,
then 0 is one of the automorphisms 01, ¢, cs, OLc1.c5: Orn,e1,e50 ONA Or1y01.05 QS
shown in the above Notes and if 0(01) = 'Oy, then 6 is one of the automor-
phisms 0111, c1.cor Orilocrcss Ovieres, and Orvy e, cs as shown in Notes where
c,d €.

Proof. Let 6 be the automorphism of the algebra NW[e*®¥, z, y] in the lemma.
By Lemma 1, we have two cases, Case I: §(0;) = c10; and 6(02) = 205, Case
II: ‘9(81) = 0382 and 0(82) = 0481 hold for C1,C2,Cy4,C5 € e,

Case I. Let us assume that 6(0;) = ¢101 and 6(02) = 20, hold. This implies
that ‘9(1‘81) = (ZL’ + d1)81 and Q(y(%) = (y + dg)ag hold for dl,dg e . By
induction on 4 and p of 2'y”0,, 1 < u < 2, we are able to prove that

(xiypél) = Cl_i _p(l' + dl)’(y + dg)pal
0(z'yP0y) = c7lcy Pz + dy)' (y + do)POs (2)
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By 0(e*0y x e 0,) = —(y + d2)0;, we have that
0(6”81) * 0(6_“/81) = —(y + dg)al (3)

Let us assume that 0(e®d;) is in the subalgebra Ny of NW[e*® z,y] spanned
by {27y90,|j,q € N,1 < u < 2}. By (3), we have that 6(e™d;) 6(e" ") are
in Np. Since the algebra NW[e*®¥ x, 4] is generated by 6(e™d,), 0(e=*¥0,),
1 <u <2, and Ny, we have that (NW[e*®¥ z,y]) C Ny. This contradiction
shows that 6(e™0;) is not in the subalgebra Ny. Since x0; is a right identity of
ey, 0(e*¥0;) does not have a term which contains dy. 6(e*¥0;) can be written
as follows:

0(e™0,) = cyp ety O + # (4)

where #; is the sum of the remaining terms of 6(e”™0,). By (3) and (4),
0(e=™0,) = c_ppre "™0; + #2 and 7 = 0. Since the algebra NW [eX™, z,y] is
generated by 0(e*0,), 0(e=*¥0,), 1 < u < 2, and Ny, we have that b = +1.
Otherwise 6 cannot be surjective. We have the following two subcases, Subcase
I: b =1 and Subcase II: b = —1.

Subcase I. Let us assume that b = 1 holds, i.e., 6(e™d;) = c5¢™0; and
O(e="0y) = cge= "0, for c5,cs € F*. By 0(02%x€™0y) = 0(e*™x0;), we have that
0(e™x0,) = cocse™xd;. Similarly we can prove that 6(e™x20,) = cicze™x?0;.
By (20, x €70;) = 0(e®z%0;) and (2), we have that d; = 0 and ¢, = ¢
Similarly we can also prove that dy = 0. This implies that by (2),

O(z'yP0r) = ¢ PalyPo,
O(a'y"dy) = ey~ Pty o, (5)

0(e®x0,) = ¢ ese™xdy, and O(e™20,) = ] 2cse™x20,. Since 0(e™V01xw0,) =
0(e™9y), we have that 0(e™dy) = c;%cse™dy. We can prove that cg is c;'.
By induction on a, i, and p of e*¥z'yPd;, and by (5), we can prove that
(e ¥aiyPdy) = i “ TPl xiyPO) holds where a € Z, i, p € N. Similarly we
can alsoprove that 8(e®¥ziyPdy) = ¢, “~"Pelet¥aiyPd, holds. This implies
that 0 is the automorphism 6;, ., ., as shown in Notes. Symmetrically we can
prove that 6 can also be the automorphism 6y, ., ., as shown in Notes. O

Subcase II. Let us assume that b = —1 holds, i.e., 8(e™0;) = c;e”™0,
and 0(e=™0,) = cge™0, for c7,cs € F*. By 0(0; * €0;) = 0(e™x0,), we
have that 0(e™xd;) = —cocze™™x0,. Similarly we are able to prove that

0(e™x20;)) = cicre™Y220,. We can also prove that ¢c; = —c¢; ' and dy = dy = 0
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in (2). Similarly by (2), we can prove that

O(x'yP0,) = (—1)’pc}7i+px"yp81
0(x'yP ) = (—1)' Pey T PatyPo, (6)

0(e®x0,) = ¢ cre 0y, and 0(e™20,) = ¢ 2cre™™x20). By 0(e™0) * 10,) =
0(e™dy), we have that 0(e™0y) = —c*cre™0y. By 0(e®0yxe™0;) = 0(e*V20,),
we have that 0(e*Yx0,) = ¢, ?c2e~?*x0;. We can prove that cg = ¢; 7, i.e.,
0(e=™0,) = c;'e™d,. By induction on a, i, and p of e®®¥z'y?d; and by (6),
we can prove that 6(e®¥ziyPd,) = (—1)"Pc} * Pcle W giyPd, where a € Z,
i,p € N. Similarly we can also prove that §(e®Vz'y?d,) =

(—1)1Pe] 'O P ey giypd), - This implies that 6 is the automorphism 677, ¢, e
as shown in Notes. Symmetrically we can prove that # can also be the auto-
morphism 6;r, ¢, c; s shown in Notes. O

Case II. Let us assume that 6(0;) = ¢302 and 6(0y) = ¢40; hold. Since z0;
is not a right identity of the algebra, we can prove that 8(xd;) = (y + d3)0;
and 0(ydy) = (x + d4)0, for d3,dy € F. By induction on i and p of z'yPd,,
1 <u <2, we can also prove that

0(x'y"01) = ey "y P (x + da)P(y + d3)' s
0(x'yP0s) = c5'cy P(x + da)P(y + d3)'0h (7)

Similarly to Case I, we are able to prove that there are two subcases, Subcase
I11: 6(e™0;) = coe™dy and Subcase IV: (™ dy) = crpe” ™Dy for ¢, c19 € F°.

Subcase III. Let us assume that b = 1 holds, i.e., 8(e™0;) = coe™ 0y and
O(e=™0y) = cp1e” ™0y for co,c11 € F*. By 0(0y x €0;) = 0(e™xd,), we
have that 0(e™xd;) = cycoe™ydy. Similarly we can prove that 0(e™x?0;) =
Cicge™y?0y. By 0(x0y * €™ 0;) = 0(e™x20;) and (2), we have that d3 = 0 and
cy = Cy !. Similarly we can prove that dy = 0. This implies that by (7), we can
also prove

O(z'yP0)) = ey TPaPylo,
0(a'yPdy) = c5 ' Paty'D, (8)

0(e®x0,) = c3'coe™ydy, and O(e™x20) = c3%coe™y?0,. We can also prove
that c1; = c2cy ', i.e., (e™™0;) = c2cy e ™0y. By induction on a, i, and p of
e ziyPdy, and by (5), we can prove that 0(e*¥xiyPd;) = c5 P clet Py,
where a € Z, i,p € N. Similarly we can prove that 0(e®xiyPd,) =

—1—a—i ; .. . . .
cy O PgetyiyPdy. This implies that 6 is the automorphism 0777, (¢, as
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shown in Notes by switching appropriate coefficients. Similarly we can prove
that 6 can be the automorphism 0;;r, ¢, ., as shown in Notes

Subcase IV. Let us assume that b = —1 holds, i.e., 8(e™0;) = cipe" Y0y
and 0(e™™0;) = c19e™Dy for cig,c10 € F*. By 0(0y x €¥0y) = 0(e*Yxd,),
we have that 0(e™xd)) = —cqcrpe”*Yy0;. Similarly we can also prove that
0(e™x20,) = cieipe”Wy?d1. By 0(x0y % €™0;) = 0(e™2?0;) and (2), we have
that d3 = 0 and ¢, = —cz'. Similarly we can prove that dy = 0. This implies
that by (7), we can also prove

O(x'yP0,) = (—1)pc§7i+pxpyi82
0(a'yPds) = (—1)'Pe5 T PaPyioy 9)

0(e™x0)) = c3  c10e™ydy, and O(e™x?0;) = c3%c10e™y?0,. We can also prove
that ¢y = cicyy, ie., 0(e™™0,) = cicgle Y0, By induction on a, i, and p of
e®™¥x'yP0y, and by (5), we can prove that 0(e**¥2'y?0;) =
(—1)pcé_“_ﬁpc‘foe*axyxpyiag where a € Z, i,p € N. Similarly we can prove that
0(e"Va'yPdy) = (—1)'Peg T TPl e~ iypd . This implies that 6 is the
automorphism 67y, , ., as shown in Notes by switching appropriate coefficients.
Similarly we can prove that 6 can be the automorphism 60y, ., ., as shown in
Notes

Therefore by Case I and Case I, we have proven the lemma. O

Theorem 3 The automorphism group Aut(NW e z,y]) of the algebra
NW et x.y] is generated by the automorphisms Oncress Oycress Orncocss
0]12,01,057 91111,c1,C5, 91[[2,01,05; 9[\/1,01,05; and 91v2,c1,C5 as shown in Notes.

Proof. The proof of the theorem is straightforward by Lemma 1 and Lemma
2. O

Remark 1. Note an algebra automorphism of the algebra NW [e=*¥ x, y] is
a Lie automorphism of the Lie algebra W[e*®¥ x,y]. This implies that the
automorphism group Aut(NW |[eX*¥, x y]) of the algebra NW[e*®™ z,y] is a
subgroup of the Lie automorphism group Autp;.( Wl[e*®, z,y]) of the Lie
algebra W[e*® z,y]. Because of Theorem 3, it will be an interesting problem
to check whether the groups Aut(NW[eF®¥ z,y]) and Autp;.(W[eF*Y, z,y])
are isomorphic or not. O
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