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Abstract

A perfect polynomial over the ternary field F3 is a monic polynomial
A € F3lx] that equals the sum of all its monic divisors. If ged(4,z3 —
x) = 1 then we call A odd. We prove the nonexistence of odd perfect
polynomials with 3 prime divisors, i.e., of the form A = P*QYR® where
P,Q, R are distinct irreducible monic polynomials over Fs. It follows
from previous work of Beard et al. a characterization of all perfect
polynomials with 3 prime factors over Fs.
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1 Introduction

Let p be a prime number. For a monic polynomial A € F,[x] let

(A= > d

d|A, d monic

be the sum of all monic divisors of A. Let us also call w(A) the number of
distinct monic prime (irreducible) polynomials that divide A. These functions
are multiplicative, a fact that shall be used many times without more reference
in the rest of the paper. A perfect polynomial A is a monic polynomial that
divides o(A) or equivalently it is a polynomial A such that o(A) = A.
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In all the paper we shall assume that “a polynomial” means a monic poly-
nomial.

The notion of perfect polynomial (over Fy) was introduced by Canaday [1],
the first doctoral student of Leonard Carlitz. Later in the seventies Beard et
al. (see [2]) and then Beard in a complementary paper (see [3]) characterized
the splitting perfect polynomials over F, i.e., the polynomials that have a root
in IF,. We call these polynomials even (and the others odd) since we may think
P — x € F,[z] as being the analogue of p € Z. Little is known about the odd
perfect polynomials:

A simple congruence argument shows that an odd perfect polynomial in
IFy[x] must be a perfect square. Also trivially there is no odd perfect polynomial
over Fy with w(A) = 1. Canaday [1, Theorem 17] proved the inexistence of
odd perfect polynomials with two prime factors, i.e., with w(A) = 2.

Recently, [6], we proved the inexistence of odd perfect polynomials over Fy
with w(A) = 3.
Recently also, (see [7]) we proved the inexistence of odd perfect polynomials
over Fy with w(A) = 4.

A perfect polynomial over [F3 must have a number of minimal prime divi-
sors that is a multiple of 3, (see Lemma 2.9) so trivially there is no perfect
polynomials over F3 with 1 or 2 prime factors.

The object of this paper is to prove that there is no odd perfect polynomials
over Fy with w(A) = 3, (see Theorem 2.10).

In order to do that we establish a variant in Fs[z] of some lemmata of
Canaday for Fy[z] (see [1]). This may have its own interest and it is done in
the next section.

By contrast with the integer case, observe that first Peirce in 1832 [8] and
then Servais [10] and Sylvester [11] in 1888 already proved that every odd
perfect number requires at least four prime factors.

In our time, (e.g.) this is proposed as a two starred exercise in [9, exercise
32, p. 232].
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2 Some useful facts

We denote, as usual by IN the set of nonnegative integers. The first seven
lemmata below are an analogue in characteristic 3 of Canaday ’s results |1,
Lemma 5, Lemma 6]. They give (roughly) some information about the prime
factorization of 1 + --- + P" for appropriate polynomials P.

The first four lemmata are the analogue (including information for all pos-
sible values of the exponent) in characteristic 3 of [4, Lemma 2.1]:

Lemma 2.1

Let F be a perfect field of characteristic 3. Let n,m € IN be two non-negative
integers. Let P,Q € F[x] be two non constant polynomials, i.e., P,Q ¢ F.
Assume that one has:

o(P™)=1+---4 P = Q™.
Then m € {0, 1}.

Lemma 2.2

Let F be a perfect field of characteristic 3. Let n,m € IN be two non-negative
integers. Let P,Q € F[x] be two non constant polynomials, i.e., P,Q ¢ F.
Assume that one has:

O.(P3n+1) =14+ p3n+1 — Qm
Then either m € {0,1} or

n=0 and deg(P) > deg(Q).

Lemma 2.3

Let F be a perfect field of characteristic 3. Let n,m € IN be two non-negative
integers. Let QQ € F[z] be a non constant polynomials, i.e., Q ¢ F. Assume
that P € Flz| is a prime such that

O.(P3n+1) =14+ p3n+1 — Qm

Then
m = 1.

Lemma 2.4
Let F be a perfect field of characteristic 3. Let n,m € IN be two non-negative
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integers. Let P,Q € F[x] be two non constant polynomials, i.e., P,Q ¢ F.
Assume that ged(Q, Q') =1 (e.g. assume that Q is prime) and that
o(P¥F2) =14 ... 4 P32 = Q™.
Then m € {—1,1} (mod 3) and
Q divides P — 1.
Proof of the four lemmata: In order to prove Lemma 2.1 we rewrite
L+ + P =Qm (1)

as

Pt —1 = (P-1)Q™ (2)

If n = 0 then from (2) we get m = 0, thus we may assume that n > 1. We can
also rewrite (1) as:

(1=PP1+- -4+ PP+ P =Q" (3)

If 3 divides m then the equation (3) implies that P is a cube so that by taking
enough cubic roots if necessary in both sides of (3) we may assume that m # 0
(mod 3). Thus P’ # 0 and m > 1. By taking derivatives in both sides of (2)

we get
PP = QN (P'Q +m(P - 1)Q). (4)
From (1) ged(P, Q) = 1, so we get from (4) that Q™! divides P’ Thus
(m — 1) deg(Q) < deg(P).
But, by taking degrees on both sides of (1) we have:

mdeg(Q) = 3ndeg(P).

So,
3n
3ndeg(P) — — deg(P) < deg(P)
m
ie.: m
_ 1 < —
nm—1) <
But n > 1, thus -
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ie.,
2m < 3

so that m = 1. This proves the lemma.

The proof of Lemma 2.2 when n > 1 is similar. We assume then n = 0
and m ¢ {0,1}. Then by taking degrees on both sides of 1 + P = Q™ we get
immediately that

deg(P) = mdeg(Q) > deg(Q),

thereby completing the proof of the lemma.

To prove Lemma 2.3 observe that if n > 1 then it follows from Lemma 2.2
that m < 1. If m = 0 then P € [F that is impossible. So m = 1. It remains the
case n = 0 : From

1+ P=Q" (5)

we get

P=(Q-1)(Q™ "+ --+1).

But, P s prime, so either () — 1 = 1 that is impossible or () — 1 = P. Thus
deg(Q) = deg(P). It follows then from (5) that

m = 1.

This proves Lemma 2.3 .

In order to prove Lemma 2.4 we rewrite

1o P2 = Qm (6)
as
P —1=(P-1)Q™ (7)
As before we rewrite (6) as:
(P—=1)*1+---+P")° =Q"m (8)

If 3 divides m then equation (8) implies that P is a cube so that by taking
enough cubic roots if necessary in both sides of (8) we may assume that m # 0
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(mod 3). Thus P" # 0 and m > 1. By taking derivatives in both sides of (7)
we get

0=PQ+m(P-1)Q". 9)
From hypothesis ged(Q, Q') = 1. It follows that
@ divides P — 1.

This finishes the proof of our first four lemmata in the section.

The following three lemmata are the analogue in characteristic 3 of |1,
Lemma 6]:

Lemma 2.5

Let F be a perfect field of characteristic 3. Let P,@Q € Flx] be irreducible. Let
C € Flz] be a polynomial with ged(Q,C) = 1. Let n,m € IN be two non-
negative integers. Let r € {0,1}. If

O_(P3n+7‘) -1 et P3n+7‘ — ch«
Then
(a) If m > 1 then deg(C') > 0.

(b) If m > 3 then
deg(P) > 3deg(Q).

(¢c) If m =2 then
des(P) > dea(Q).

(d) If n =0, m>2 andr =1 then
deg(P) > 2deg(Q).

Lemma 2.6
Let F be a perfect field of characteristic 3. Let P,Q € Flx]| be such that P,Q
are irreducible. Let C' € F[z]| be a polynomial with ged(Q,C) = 1.

Let n,m € IN be two non-negative integers. Assume that

O,(p3n+2) -1 et P3n+2 — ch

and that
Q diwides P — 1.
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Then m > 1.

Moreover, if n = —1 (mod 3) then m > 4. Furthermore, if m is a multiple of
3 then:

(1) Q| ged(P’, P") so that

deg(P) > deg(Q) + 1.

(2) if n=—1 (mod 3) then m > 9.
(3) if n € {0,1} (mod 3) then 6 | m and

deg(P) > 3deg(Q).

Lemma 2.7
Let F be a perfect field of characteristic 3. Let P,Q € Flz] be such that P,Q
are irreducible. Let C' € F[z]| be a polynomial with ged(Q,C) = 1.

Let n € IN be a non-negative integer. Let m > 0 be a positive integer.

Assume that:
O_(PSnJrQ) -1 NI P3n+2 — ch

and that
Q1P—-1
Q does not divide P — 1.
Then C' is not a cube in F[z], so that deg(C) > 0. Moreover:

n >0, and m > 3 is a multiple of 3.

Furthermore:

Proof of the three lemmata: Observe that Lemma 2.5 (a) follows from
Lemma 2.1 and from Lemma 2.3. We prove parts (b) and (c) only in the case
r = 0, the proof in the case » =1 is similar. From

we get

P 1 =(P-1)Q"C (10)
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Then by taking derivatives in both sides of (10) we get
PP = QP (PQC + (P~ 1)(mQ/C + QC))
so that (observe that ged(P, Q) = 1)
Q™' | P'. Moreover Q™ | P' provided m =0 (mod 3).

By observing that deg(P) > deg(P’), we see that (b) and (c) follows immedi-
ately.

It remains to prove (d): By part (a) we have deg(C') > 0. The result follows
by taking degrees in both sides of the equation:

1+P=Q"C.

This proves Lemma 2.5.

Now we prove Lemma 2.6. The first hypothesis may be written:

14+ PP -1)?*=Q"C (11)
We see that the exponent e of @) in the left hand side of (11) exceeds 1. So
m > 1. Assuming n = —1 (mod 3) it is also clear from (11) that m = e >
3+2>4.

Assume now that m is a multiple of 3. Writing the hypothesis (11) in the
form

Pt 1= (P-1)Q"C, (12)
we get by taking derivatives in both sides of (12):
0=PC+(P—1)C (13)
from which, by using @ | P — 1 and ged(Q, C) = 1 we see that
Q| P.
By differentiating both sides of (13) we get
0=P'C-PC+(P-1)C". (14)

It follows from (14) that
Q | Pl/
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so that @ divides ged(P’, P”) and
deg(P) > deg(P") + 1 > deg(Q) + 1.

Therefore we proved (1). Now we prove the results (2) and (3) : We take
n=—1 (mod 3). Then @) divides 1 +---+ P" since P =1 (mod Q). Assume
that @) appears exactly a times in 1+ -- -+ P™ and b times in P — 1. From (11)
we obtain

m = 3a + 2b

so, b > 1 is a multiple of 3. It follows that
m>3+6=09.

Assume now that n € {0,1} (mod 3). It follows that ged(Q,1+4---+ P") =1
since P =1 (mod @), so that we obtain from (11):

Q| (P—1)% (15)
In particular m is even so that 6 | m. From (15) we get immediately:
m
deg(P) = = deg(Q) = 3 deg(Q).

This finishes the proof of Lemma 2.6.

Assume now that @ t (P — 1). Since ged(Q, C) = 1 we get from (11) that
n > 0 and:

QM (14 +P)° (16)

so that m is a multiple of 3. From the same equation (11) we obtain that C' is
not a cube in Flz]. For if C' it is indeed a cube then from (11) we deduce that
P is a cube. But this is impossible. We can also see directly that deg(C') > 0
from Lemma 2.4. We get immediately from (16) that

Q% |1+---+ P

thereby finishing the proof of the three lemmata.

The following lemma is useful:

Lemma 2.8
Let P € Fslz| be an odd prime, i.e., an irreducible polynomial of degree > 1.
Then at least one of P+ 1 and P — 1 is composite.
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Proof: Assume that P — 1 and P + 1 are both prime. Since P is odd
we have P(0) # 0 so that P(0)? = 1. Similarly we get (P — 1)(0)* = 1 and
(P +1)(0)*> = 1. So, we get the contradiction:

0= (P(0)* = 1)* = (P* = 1)*(0) = (P = 1)(0)*(P + 1)(0)* = 1.

This proves the lemma.

The following crucial lemma is the case p = 3 of [6, Lemma 2.3] or [5,
Lemma 2.5] that improves a result of Beard et al., [2, Theorem 7]:

Lemma 2.9
Let A € F3lx| be a perfect polynomial. Then the number of minimal primes of
A, i.e., the number of prime divisors of A having minimal degree, is a multiple

of 3.
The object of the paper is to prove our main result:

Theorem 2.10

There is no odd perfect polynomials A € F3|x] with three prime divisors, i.e.,
of the form A = P*QYR® where P,Q, R are distinct irreducible polynomials of
degree > 1 over F3 and a,b, c are positive integers.

We get immediately:

Corollary 2.11 The only perfect polynomials over F3 with w(A) < 3 are
0. (2 — )", (2,
where n > 0 is a non-negative integer.

Proof: It follows from Theorem 2.10 and from theorems [2, Theorem 5]
and [3, Theorem 1].

3 Proof of Theorem 2.10

The general strategy of the proof is as follows: Let A be an odd perfect poly-
nomial with w(A) = 3. Let P, @, R be the distinct primes that divide A. Set
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0 = deg(P), dy = deg(Q), 05 = deg(R). From Lemma 2.9 we see that all these
degrees are equal to, say, 0 > 0 :

51:52:53:521.

Moreover, we may assume that for some integers ry,ro, 73 € {0,1,2} and for
some non-negative integers a, b, ¢ with

3a+11,3b+19,3c+ 13 > 0,
we have:
A — P3a+r1 Q3b+rz R3c+7‘3 — O'(A) (17>

We shall prove that this is impossible. In order to do that we rewrite the
condition in (17) (by using the multiplicativity of o) as a system:

El: o(P3tm) = Q" R,
E2: o(Q%+2) = PuRe,
E3: o(R3t3) = P2QP.

in which the exponents in the rigth hand side are non-negative numbers.

(a) We observe that a single equation in which 7, = 0 is quickly proved
impossible. By symmetry, it remains only four cases to study. Each is
considered in his own section.

(b) Contradictions will be built for each of these four cases by using our
above lemmata.

4 Case 1: Some r; is zero

This is the simplest case. Take, e.g., r; = 0. By applying Lemma 2.5 to the
equation E1: o(P3¢) = Q"R“, we get immediately by,c; € {0,1}. So, by
taking degrees on both sides of E1 (and by cancelling the common degree 9 )
we get the contradiction:

3<3a=b+c <2
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5 Case2: ri=ry=r3=>2
Our system is then:

El: o(P%*%) = Q" R,
E2: o(Q%*?) = PuRe,
E3: o(R3t?) = Ptz

By symmetry, we may divide the case into two parts depending on the
value of ¢; :

5.1 subcase 2A: ¢; =0

Equation E1 is now: 1+ ---P3+2 = Q" It follows from Lemma 2.4 that
Q| P —1 so that (remember that deg(P) = deg(Q))

Q=P—1. (18)

Now we consider equation E2. If P divides ) — 1 then P = () — 1. But this
together with (18) implies the contradiction

P=P+1

Similarly, if R divides @ — 1 we get R = @ — 1 so that by (18) the three
polynomials @, () — 1 = R, + 1 = P are odd primes. This is impossible by
Lemma 2.8.
Thus, Rt Q—1 so that by Lemma 2.7 applied to E2 we get that ¢ is a multiple
of 3. But this contradicts the fact that the exponent of R in A = 0(A) equals
3c+ 2 =co.

5.2 subcase 2B: ¢; >0 and b; >0

Observe that P, (), R have the same degree so that we cannot have simultane-
ously @ | P—1and R | P — 1. On the other hand o(P?"*2) is not a cube. So
from Lemma 2.7 applied to E1, we get that the only possibility that E1 holds
is that exactly one of ), R, say () divides P — 1. We have then

Q=P—1. (19)

Observe that the previous subcase 5.1 says that we can always assume that
all exponents on the right hand side of our equations E1, E2, E3 are both
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positive. This allow us to proceed similarly: From Lemma 2.7 applied to E2,
we get that exactly one of P, R, divides Q — 1. If P | @ —1 then P = @ —1 that
contradicts (19). f R|Q—1then R=Q—1sothat Q—1=R,Q,Q+1=P
are three odd primes. This contradicts Lemma 2.8.

6 Case3d: ri=r=2,1r3=1
Our system is then:

El: o(P3t?) = Q" R,
E2: o(Q%*?) = P11 R,
E3: o(R3¥*) = P,

By Lemma 2.5 (d) applied to E3, we get ag, by € {0,1}. Assume that ¢ # 0.
Then we get the contradiction

4<3c+1=uay+b <2.
So ¢ = 0. This implies by comparing degrees on both sides of E3 that
1 =ay+ by, (20)
while comparing the exponent of R in both sides of A = c(A) gives:
1=c1+co. (21)

By switching if necessary P and () it suffices to study the subcase: ¢; =1
(so cg = 0): From Lemma 2.4 applied to E2, we get P | Q —1,1i.e., P=Q —1.
Observe that the exponent of R in E1 is 1 > 0 that is not a multiple of 3.
Then from Lemma 2.7 applied to E1, we get R | P — 1, i.e., R = P — 1. So,
P P—1=R,P+1=( are three odd primes. This contradicts Lemma 2.8.

7 Cased: ri=2r9y=r3=1
Our system is then:

El: o(P%*%) = Q" R,
E2: 0(Q3%!) = PuRe,
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E3: o(R3¥*) = P,

Observe that from Lemma 2.5 applied to E3, we get as, by € {0,1}. Sim-
ilarly, from Lemma 2.5 applied to E2, we get a;,co € {0,1}. This implies by
comparing degrees in both sides of equations E3 and E2:

30+1:a2+b2§2, and 3b+1:a1+02§2

so that
b=0 and ¢=0.

and
1:a2—|—b2, 1:CL1+CQ.

By comparing the exponents of P in both sides of A = o(A) we get
3a+2:a1+a2 < 2

so a = 0 also, and

2=a1+ay, ie, ag=1=as.

Thus,

bQZCQZO.

The latter two equations of the system become:

E2: 1+Q =P,
E3: 1+ R=P.

This is impossible.

8 Caseb:ri=ro=r3=1
Our system is then:

El: o(P3) = Q" R,
E2: o(Q3%!) = PuRe,
E3: o(R3H) = paQb2,

First of all, observe that from Lemma 2.5 applied to each equation of the
system, we get that all exponents in the rigth hand side of our three equations
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are in {0,1}. Thus, by comparing degrees in both sides of each equation we
get as before a = b=c =0 and

1:bl+01, 1:&1+CQ, 1:&2+bg.
Thus, by comparing exponents of P, @, R in both sides of A = o(A) we get
1:a1+a2, 1:bl+bg, 1261+CQ.

By symmetry we may assume that by =1 and ¢; = 0. So, by =0 and c; = 1
so that a; = 0. We have then

El: 1+ P=Q,and E2: 1+ Q =R

1+P=Q.

InE2, 1+ Q = Por 1+ @ = R. In the first case we get the contradiction
@Q+1 = Q—1, while in the latter case we get that so that Q,Q—1=P,Q+1 =
R are three odd primes. This contradicts Lemma 2.8.

This proves the theorem.
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