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Abstract

In this paper we introduce and study the relation B, in le — I'-
semigroups that mimics the relation B in le-semigroups [3]. This relation
in general turns out to have better properties than the relation H
studied in [2]. We give several properties that hold in every B,-class
of an le — I'-semigroup and especially in every B,-class satisfying the
Green’s condition. In particular, the y-regularity and y-intra-regularity
of an B,-class is studied. We also provide various conditions that ensure
that an B,-class of a le — I'-semigroup M forms a subsemigroup of
M, = (M,o).
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1 Introduction and preliminaries

In [2] it is studied the relation H, investigating several properties that hold in
every H,-classes of an le-I'-semigroup satisfying the so-called Green’s condition
and a necessary and sufficient condition when an H,-class H of an le — I'-
semigroup M is a subgroup of M, = (M, o) is provided. In [2] there are also
provided several conditions that ensure that an H.,-class forms a subsemigroup
of M, extending and generalizing those for le-semigroups studied in [4].

The aim of the present paper is to introduce and study the relation B,
which turns out to be finer that H,. This means that each H,-class can
be partitioned into B,-classes. We investigate several properties that hold in
every B,-classes and prove also several results which shows that the relation
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B, may be a better candidate than H, for developing the structure theory for
le — I'-semigroups. We show that the Green’s condition is sufficient for a B, -
class to be vy-regular and ~-intra-regular. In the last section we concentrate on
finding conditions ensuring that an B,-class of an [e — I'-semigroup M forms a
subsemigroup in M., = (M, o). A necessary and sufficient condition is provided
(Theorem 3.5); its corollaries as well as Theorem 3.10 give various sufficient
conditions.

We introduce below necessary notions and present a few auxiliary results
that will be used throughout the paper.

In 1986 Sen and Saha [5] defined I'-semigroup as a generalization of semi-
group as follows:

Definition 1.1 Let M = {a,b,c,..} and I' = {«a,3,7,...} be two non-
empty sets. Then M is called a I'-semigroup if there exist mapping M x I' x
M — M, written as (a,~,b) — avb satisfying the following identity

(aab)fBe = aa(bfc) for all a,b,c € M and for all o, 3 € T.

An element a of a I'-semigroup M is called an y-idempotent if exists v € T,
aya = a.

Let M be a I'-semigroup and v be a fixed element of I'. In [5] is defined
aobin M by aob = ayb,VYa,b € M and is shown that (M, o) is a semigroup
and this semigroup is denoted by M,,. Also, it is shown that if M., is a group
for some v € I', then M, is a group for all v € I'. A I'-semigroup M is called
a I'-group if M, is a group for some (hence for all) v € I" [5].

Definition 1.2 A po-I'-semigroup is an ordered set M at the same time
['-semigroup such that for all c € M and for all v € T

a <b= ayc<byc,cya < cyb

A poe-I'-semigroup is a po — ['-semigroup M with a greatest element ”e”
(i.e., Va € M,e > a).

In a po — I'-semigroup M, for any v € I', the element a is called an y-right
(resp. 7-left) ideal element if for all b € M, ayb < a (resp. bya < a). And a
is called an v-ideal element if it is both an ~- right and ~v-left ideal element.
In a poe — I'-semigroup M, for any v € I, a is called an ~-right (resp. ~y-left)
ideal element if aye < a (resp. eya < a).

For A C M we denote

(A] = {t € M|t < a, for some a € A}
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An element a of a poe — I'-semigroup is called an ~-quasi-ideal element if
eva N ave exists and aye A eya < a. The y-zero of a poe — I'-semigroup M is
an element of M denoted by 0, such that for every a € M, e # 0, < a and
0yva = a0, = 0,. Let M be a poe — I'-semigroup with 0,. An ~-quasi-ideal
element a of M is called minimal if a # 0., and there exists no ~-quasi-ideal
element ¢ of M such that 0, <t < a. We say that a € M is an y-bi-ideal
element of M if and only if ayeya < a.

Definition 1.3 Let M be a semilattice under V with a greatest element e
and at the same time a po — I'-semigroup such that for all a,b,c € M and for
allyel

ay(bVe)=aybV ayc
and
(aV b)ye = aye V bye.

Then M is called a Ve — I'-semigroup.

A Ve — I'-semigroup which is also a lattice is called an le-I"-semigroup.
Throught this paper M will stand for an le —I'-semigroup. The usual order
relation < on M is defined in the following way

a<bseaVb=h.

Then we can show that for any a,b,c € M and v € ', a < b implies ayc < byc
and cya < cb.

Example 1.4 [1] Let (X, <) and (Y, <) be two finite chains. Let M be
the set of all isotone mappings from X intoY and I' be the set of all isotone
mappings fromY into X. Let , f,g € M and o € I'. We define fag to denote
the usual mapping composition of f,a and g. Then M is a I'-semigroup. For
fyg € M, the mappings fV g and f N\ g are defined by letting, for each a € X

(f v g)(a) = maz{f(a), g(a)}, (f A g)(a) =min{f(a),g(a)}

(the maximum and minimum are considered with respect to the order < in X
and 'Y ). The greatest element e is the mapping that sends every a € X to the
greatest element of finite chains (Y, <). Then M is an le — I'-semigroup.

Example 1.5 [1] Let M be a po — I'-semigroup. Let M, be the set of all
ideals of M. Then (My,C,N,U) is an le — I'-semigroup.
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Example 1.6 [1] Let M be a po—T'-semigroup. Let My = P(M) be the set
of all subsets of M and I'y = P(I") the set of all subsets of I'. Then M is a
po — I'y-semigroup if
(AJ(A](B] = (AAB] if A, B € M\{0},A € I'\{0}

AAB:{@ ifA=0o0r B=1

Then (M, C,N,U) is an le — I'y-semigroup.

In [2] for any v € I' two mappings 7, and [, are defined by for any =z € M
as follows:

ry M — M,r,(z) =zveVx,
L, M — Ml,(z)=eyxVa

In an arbitrary le — I'-semigroup M, the Green’s relations are defined in
2] as follows:

L, ={(r,y) € MPleyzVx =eyyVy},
or

ﬁv = {(I7y) € MQ”W(*T) = lw(y)}7

Ry =A{(z,y) € M*lzyeV z = yye V y},

Ry ={(z,y) € Mlry(z) =r,(y)},
H, =L, NR,.

It is clear that an element a € M is an v-left [resp. ~-right] ideal element
if I,(z) = x [resp. r,(z) = x].

We define now in a Ve — I'-semigroup M for all @ € M and for any v € '
the mappings ¢, and b, as follows:

by : M — M, b, () =V zyeyx
¢y M — M, q,(z) =2V (eyz A xye)
One can easily verify that for every x € M, the elements [, (z), (), g,(z),
b, (x), are respectively the least y-left, v-right, v-quasi and ~-bi-ideal elements
above the z.

A 'H,-class H of I'-semigroup M satisfy Green’s condition if there exist
elements = and y of H such that zyy € H[2|.

We define now the following equivalence relation B, in le — I'-semigroup

M:

B, = {(x,y) € M?|x V zyeyz =y V yyeyy},
or

B, = {(x.y) € M?|by (x) = b,(v)}.
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Lemma 1.7 Let M be an le — I'-semigroup. Then B, C 'H,.
Proof. Let (z,y) € B,. Then from the definition of B,, since b, (z) = b,(y),

rVaxyeyr =y \Vyyeyy,

Multiplying this equality through on the right by e, we have that xve V
xyeyxrye = yye V yyeyyvye and then combining both the equalities, we get

VvV xyeyxr V xye V xyeyxrye =y VvV yyevyy V yyeV yyeyyye (1)

Since e is the greatest element of M, we have e > eyx and e > evyaye.
Thus we obtain xye > xveyr and xve > xyeyxye. Therefore the left-hand
side part of (1) reduces to x V zye; similarly, the right hand side part of (1)
reduces to yVyye. Thus, (1) is equivalent to xVazye = yVyye. In a symmetric
way one can prove that z V eyx = y V eyy. This complete the proof.

The following example shows that in general the inclusion of Lemma 1.7 is
strict.

Example 1.8 In Example 1.6, if we take as M = Zg, I' = {1} where for
alla,be M and vy €', a5y b= ayb, then My = P(M) is an le — I"-semigroup
with the biggest element e = Zg. We observe that:

{2} v {2}1e1{2} = {2} U{2}1Z:1{2} = {0,241},
{6} v {6}1e1{6} = {6} U{6}1Zs1{6} = {0,4,6}
which shows that {2} is not By-related to {6}. On the other side, we have

{2 v{2}le = {2} U{2}1Zs={ 2
{6} v{6}le = {6}U{6}1%s={ }

which shows that {2}R1{6}. Since My = P(Zg) is commutative, the relation
Rt and Hy coincide, whence {2} H1{6} which implies that By # Hr.

0,2,4,6
0,2,4,6

Remark 1. Concerning the above lemma we notice that : In distributive
v-reqular le—I'-semigroups, B, = H,. In fact, let M be a distributive y-regular
le — I'-semigroup and (z,y) € H,. Since (z,y) € R, and (z,y) € L., we get
xyeVx=yyeVyand eyrVr=eyyVy. Then,

(zye V) Aleyz V)= (yve Vy) Alery Vy).

Since M is distributive, we have

zV (xye Neyx) =y V (yve A eyy).
Thus,
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r<yV(yye ANeyy) and y < x V (xye A eyx).

Since M is v-regular and since yvye is r,-closed and evb is [,-closed, we have
[1, Theorem 2.2 (1)< (2)], yye A eyy = yyeyeyy and xye A eyr = xyeyeyz.
Then,

rVayeyr < (yVyyeyy)V (yVyyeyy)vey(y Vv yvevy)
= yVyyeyy Vyyeyy V yyeyyyeyy V yyeyyyevy V yyeyyyevyyevy
< yVyyeyy.

Similarly, we have y V yyeyy < x V xveyzr. Thus, we have

TV zyeyr =y Vv yyeyy
ie, (r,y) € B,.

Lemma 1.9 Let M be an le — I'-semigroup. For each x € M and v € T,
we have by (by(x)) = by(z).

Proof. In fact,

by(by(2)) = by(x Vayeyx) = (xVayeyx)V (zV ayeyx)yey(x V zyeyx)
= z Vxyeyxr V xyeyryeyr V xyeyryeyryeyr = x NV xyeyr = bv(x)

as both zvyeyrvyeyr and xyeyryeyryeyxr are not greater than zvyevyz.

Lemma 1.10 Let M be an le — I'-semigroup and x,y € M. If (x,y) € H,,
then xve = yve, eyx = eyy and xyeyr = yyeyy.

Proof. Let z,y € M such that (z,y) € H,. Then we have (z,y) € R, and
(z,y) € L,. By Lemma 1.5[2] we have xye = yve and eyr = eyy. From the
first equality we get xveyy = yvyeyy. Replacing eyy by eyx we obtain the
result.

Lemma 1.11 Let M be an le — I'-semigroup. Fach B.-class B of M con-
tains a unique y-bi-ideal element which is the greatest element of the class.

Proof. For every element z € B, by Lemma 1.9 and the definition of relation
B,, we have b,(x) € B. If z is an 7-bi-ideal element belonging to B, then
b,(x) = b,(z) = 2z, which shows that b,(x) is the only v-bi-ideal element of the
class. Since x < b,(x), we see that b,(x) is the greatest element of B.

Lemma 1.11 implies that for each a € M, the 7-bi-ideal element b, (z)
depends on the B,-class B of z rather than on z itself. We call the 7-bi-
ideal element b, (z) the representative v-bi-ideal element of the B,-class B and
denote it by bg.
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2 7-Regularity and vy-intra-regularity of 55,-classes

In this section we give some necessary and sufficient conditions for a B,-class
to be y-regular or y-intra-regular. We have also included here some auxiliary
results which may be found in [2]. This is for convenience of the reader and
since they are quite similar to the results obtained in the present paper, so it
will be easier for everyone to see the analogy between the relations H, and B,
and how the results improve for the B, -case.

An element z of an le — I'-semigroup M is called 7-regular[2] if and only
if © < 27vl,(x) or equivalently x < zyeyx. An le — I'-semigroup M is called
v-regular|2] if and only if every element of M is v-regular. An element z of an
le — I'-semigroup M is called y-intra-regular if and only if z < eyzyxvye. An
le — I'-semigroup M is called y-intra-regular if and only if every element of M
is y-intra-regular.

Proposition 2.1 Let M be an le — I'-semigroup. A By-class B of M s
~v-reqular if and only if B contains an ~y-reqular element.

Proof. Let x € B be an ~v-regular element and z € B. Then from Lemma
1.10 we have 2V zyeyz = b,(2) = b,(x) = vV ayeyx = xyeyx = zyeyz, which
implies that z is y-regular. The converse is obvious.

The following proposition is an immediately corollary of the above propo-
sition.

Corollary 2.2 Let M be an le — I'-semigroup. M is vy-regular if and only
if each B.-class of M contains an y-reqular element. In particular, M is «y-
reqular if and only if every vy-bi-ideal element of M is vy-reqular.

Proposition 2.3 Let M be an le — I'-semigroup. A B,-class B of M s
y-intra-reqular if and only if B contains an y-intra-regular element.

Proof. For every x € B we have the following:
evbpybpye = ey(xVayeyx)y(z V zyeyr)ye =
= ey(zyx V xyryeyr V xyeyryxr V Tyeyryxryeyr)ye = eyryrye
If x is y-intra-regular, then = < eyryxye = eybgybgye. This implies that
ryeyr < eybpybpryeyeyeybpybpye < eybpybpye

and consequently b, (z) =z V xyeyr < eybpybpye. Therefore for every y € B
we have y < b,(y) = b,(x) < eybgybpye = eyyyyvye, which shows that y is
~-intra-regular. The converse is obvious.
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Corollary 2.4 Let M be an le — I'-semigroup. M is y-intra-regqular if and
only if each By-class of M contains an y-intra-reqular element. In particular,
M s ~v-intra-reqular if and only if every ~v-bi-ideal element of M is ~v-intra-
reqular.

Proposition 2.5 Let M be an le — I'-semigroup. If B, and B, are two
v-reqular By -classes contained in the same H.-class of M, then they coincide.

Proof. From the y-regularity of both « and y, we have b,(z) = xyeyx and
b,(y) = yyeyy. Since z and y are in the same H,-class, Lemma 1.10 yields
ryeyxr = yyeyy. Hence we have b,(x) = b,(y) and consequently (z,y) € B,.

In [6], Theorem 2 shows a nice situation in I'-semigroups concerning the
transmission of regularity from elements to subsets, that is, if an element is
regular then the whole D, -class containing it is y-regular too. In contrast with
the I'-semigroup case, the Proposition 2.5 shows that in [e — I'-semigroups the
v-regularity of a H,-class H is "localized” in a unique B,-class B contained in
H, that is, an element x of M is y-regular together with its own B,-class B,
and none of the other B,-classes included in H, (if there is any) is 7-regular.
The following problem arises:

Problem 1 Does v-reqularity of an element x imply ~v-reqularity of H,, or
equivalently, does it imply B, = H,?

An approach to find a non-y-regular H,-class containing an ~y-regular ele-
ment would be to construct an le —I'-semigroup with a non-vy-regular H.-class
satisfying the Green’s condition.

Problem 2 Is there an le — I'-semigroup containing an ‘H.-class that satisfies
the Green’s condition but is not y-reqular?

We say that a B,-class B of an le — I'-semigroup satisfies the Green’s
condition if there exist elements x,y € B such that zvy € B.

In [2] it is proved the following theorem:

Theorem 2.6 [2,Theorem?2.1] Let M be an le — I'-semigroup. If H is an
H,-class of M satisfying the Green’s condition and q = qp, then:

1. qvq € H and g = qye N\ evq;
2. q is the only v-quasi-ideal element of H;

3. ifx,y € H, then y < xve and x < eyy;
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4. qvq = qveyq = (qv)""'q for all integers n > 2; in particular, qyq is
y-tdempotent,
5. every element of H is y-intra-regular;

6. q = qvq if and only if q is y-regular in which case every element of H is
y-reqular.

The following result comparing with the above result shows that imposing
the Green’s condition on a B,-class has stronger consequences than imposing
the same condition on an H.,-class.

Theorem 2.7 Let M be an le—1I"-semigroup. If a By-class B of M satisfies
the Green’s condition, then

1. B s y-regular;

2. the representative y-bi-ideal element bg of B is y-idempotent and bg =
bBﬁ)/efbe;'

3. B 1s y-intra-regular.

Proof. (1) Let x,y,2yy € B. Since from Lemma 1.7 B, C H.,, we can apply
Theorem 2.6(3) to obtain the inequality x < xye. Multiplying it through on
the left by y and utilizing Lemma 1.10 we get

zyy < TYEYY = TYEYT = TYYYEVTVY,

whence

TV pyeyT = VY V TYYVeVTVY = TYYYeyrYy = TYeVT.

Therefore we have x < zvevyx, that is, x is y-regular. Now Proposition 2.1
implies that the whole class B is y-regular.
(2) From Lemma 1.10 and the fact that x is y-regular we obtain

zyeyr = zyyyeyr < ryeyryyyeyr = ryeyryryeyr < xyeyr.

This shows that for bg = zyeyx we have by = bgybg. Thus, bg can play
the role of x (as well as those of y and z7yy) in the above reasoning, whence
bB = bgvebe.

(3) From the Proposition 2.3, B is y-intra-regular because it contains an
v-idempotent element (namely, bg).

From the Theorem 2.7(2) we obtain the nontrivial part of the following
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Corollary 2.8 Let M be an le—TI"-semigroup. The B,-class B of M satisfies
the Green’s condition if and only if B contains an ~y-idempotent.

The following Proposition is an application of the Theorem 2.7 and gives
us a sufficient condition under which ~-bi-ideal elements and ~-quasi-ideal
elements coincide.

Proposition 2.9 Let M be an le — I'-semigroup. If for each H.-class H
of M the B,-class B, of the representative y-quasi-ideal element ¢ = qy sat-
i1sfies the Green’s condition, then the y-quasi-ideal elements and the ~y-bi-ideal
elements of M coincide.

Proof. Since g is the greatest element of H, it is also the greatest element of
its B,-class B,. By Theorem 2.7(1) B, is y-regular whence by Theorem 2.7(2)
its greatest element ¢ is such that ¢ = ¢yq. Since H satisfies the Green’s
condition, Theorem 2.6(6) implies that H is -regular, whence by Proposition
2.5, H = B,. Thus, the relations H, and B, coincide whence the set of -quasi-
ideal elements (which are precisely the greatest elements of the H,-classes by
Theorem 2.6(2)) and the set of v-bi-ideal elements (which are precisely the
greatest elements of the B,-classes) coincide.

3 B, -classes being ['-subsemigroups

In this section we investigate and give various conditions ensuring that an
B,-class of an le — I'-semigroup M forms a group or a subsemigroup in M, =
(M, o). We have also included here some known results from [2] concerning
the same question in H., case comparing with the results in B,, case.

In [2] it is proved the following result

Proposition 3.1 [2, Proposition 2.3] Let M be a le — I'-semigroup. An
H-class H of M is a subgroup of M., = (M, o) if and only if H consists of a
single y-idempotent.

Now we prove the following result which is similar with the above result.

Proposition 3.2 Let M be an le — I'-semigroup. A B,-class B of M is a
subgroup of M, = (M, o) if and only if B consists of a single y-idempotent.

Proof. =. Let B be a sub-I'-group of M, that is B, is a group, v € I".
We denote by i the identity element of B,. Then i« < bg. By Theorem 2.7,
bpybp € B, whence bgvbp < bg = bpvyi < bpybg. Thus, by = bpybp and
bg = i.
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Let z be an arbitrary element of B. We denote by z~! the inverse element
of z in B,. Then 271 < bg. Then we obtain by = 2y2~! < z7bg = 2. On the
other hand, z < bg, thus z = bp.

<. This part is obvious.

In [2] it is proved the following theorem which gives sufficient and necessary
conditions under which a H,-class of I'-semigroup M is a subsemigroup of
semigroup M., = (M, o).

In general H,-classes and B,-classes of an le — I'-semigroup M satisfying
Green’s condition are not subsemigroups of semigroups M., = (M, o) as the
next example shows.

Example 3.3 Consider the le — I'-semigroup M of all order-preserving
transformation of the finite chain X = {1 < 2 < ... < n}, where I' = {idx}
and for two mappings f, g the mapping fidxg denote the usual mapping com-
position f and g and for a € X

(f v g)(a) = maz{f(a), g(a)}, (f A g)(a) = min{f(a), g(a)}

(the mazimum and the minimum are considered with respect to order in X );
and the greatest element e is the transformation that sends every a € X to the
number n.

It can be easily checked that in this le — I'-semigroup the relation 'H., and
B, coincide, whence

(f,9) € B, < f(n) =g(n).

1 2 3 Ja_ (123
12 2)% 97111 2)%¢

B. -related and f is an vy-idempotent whence the B, -class B of these elements

satisfies the Green’s condition, but gyg = < 1 ? i’ ) ¢ B.

For n = 3 the transformation f =

Theorem 3.4 [2,Theorem 2.4] Let H be an H,-class of M. Then the fol-
lowing are equivalent:

1. H is a subsemigroup of M., = (M, o);
2. Vx € Hyxyx € H;

3. H satisfies Green’s condition and for allx € H, xyq = qyq = qyx, where
q=d4g-

The following theorem gives sufficient and necessary conditions under which
a B-class is a subsemigroup of semigroup M, = (M, o).
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Theorem 3.5 Let B be an By-class of M. Then the following are equiva-
lent:

1. B is a subsemigroup of M., = (M, o);
2. Vx € B,xyx € B;
3. b="bg is a y-zero of B; that is Vx € B, xvbg = bg = bpyx.

Proof. (1) = (2) is obvious.

(2) = (3). Since B satisfies the Green’s condition, Theorem 2.7(2) implies
that b = byeyb. By Lemma 1.10 we have for all x € B, byeyb = xvevyz,
whence b = zyeyr and 2vb = zyb = xy(zyeyr) = xyxryeyr. By Lemma 1.10
xyrye = xye, consequently xvb = xyeyr = b. Symmetrically one can prove
that byx = 0.

(3) = (1). Take arbitrary z,y € B. By Lemma 1.10 and Theorem 2.7(2)
we have yyevyr = xveyr = byeyb = b. By Lemma 1.11 x,y < b, whence
vy < byb = b. Using these observation and the fact that b is a y-zero of B,
we obtain the following equalities:

by(zvy) = xvy V myyveyzyy = xyy V aybyy = xyy Vbyy =y Vb =1b
Thus, zyy € B, that is, B is a ['-subsemigroup of M.

Lemma 3.6 Let M be an le — I'-semigroup and B be a By-class satisfying
Green’s condition. If b = bg is an ~y-ideal element, then b is a y-zero of B.

Proof. Since b is an v-ideal element, we have bye < b and eyb < b. On the
other hand, since the H,-class H, satisfies the Green’s condition, by Theorem
2.6(3) we have that bye > b and eyb > b. As a consequence we have bye =
b = eyb. Now from Lemma 1.10 we have Vx € B, xve = bvye and eyx = evyb
and since by Theorem 2.7(2) b = byevyb, we get

xvb = xyeyb = byeyb = b and byx = byeyr = byeyb =b

This shows that b is an y-zero of B.

As an immediate consequence of Lemma 3.6 and Theorem 3.5 we have

Corollary 3.7 Let M be anle—TI"-semigroup. If a B.,-class B of M satisfies
the Green’s condition and bg is an ~y-ideal element, then B is a subsemigroup

of M, = (M, o).

Remark 2. Note that in duo le — ['-semigroups, 7-bi-ideal elements are
~v-ideal elements. Clearly, Corollary 3.7 implies that in duo le — I'-semigroups
the B,-classes satisfying the Green’s condition are subsemigroups.
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Corollary 3.8 Let M be an le — I'-semigroup. The B,-class B. of the
greatest element e of M is a subsemigroup of M, = (M, o) if and only if e is
an y-idempotent.

Proof. If B, is a I'-subsemigroup, then it satisfies the Green’s condition and
therefore, by Theorem 2.7(2) the element e, which is the representative ~y-bi-
ideal element of B,, is y-idempotent. Conversely, if e is y-idempotent, then
B, satisfies the Green’s condition. Since e is an ~-ideal element, Corollary 3.7
applies.

In [2] it is proved the following result.

Proposition 3.9 [2, Proposition 2.9] Let H be an H.-class of M such that
its representative y-quasi-ideal element ¢ = qu 1s minimal in the set of all
v-quasi-ideal elements of M. Then H = (q] = {a € M|a < q} and H is a
subsemigroup of M., = (M, o).

The following Theorem gives another sufficient condition, under which a B,,-
class or an H.,-class of a le—I'-semigroup M is a subsemigroup of M, = (M, o).

Theorem 3.10 Let M be an le — I'-semigroup M. If b € M is minimal in
the set of all y-bi-ideal elements of M, then

1. By = (b] = {zx € M|z < b} and By is a subsemigroup of M., = (M, o).

2. Hy={x € M|z < byeNeyb} and Hy is a subsemigroup of M, = (M, o).

Proof. (1) Let < b. From the minimality of b and since b, (z) = zVayeyr <
bV byeyb = b, we obtain that b,(z) = b or equivalently, x € B;. Therefore
we get that B, = {x € M|z < b}. As byeyb is an ~v-bi-ideal element less
than or equal to b, and since b is minimal, we have b = byevyb. This implies
that byb = bybyeyb < bayeyb = b. But byb is again an ~-bi-ideal element
since bybyeybyb < bybyeyb = byb and again the minimality of b implies that
b = byb. If now x1, 29 € By, then zyvxy < byb = b which shows that By is a
subsemigroup of M, = (M, o).

(2) From (1) we see that the H,-class H), satisfies the Green’s condition.
Let ¢ = bye A eyb be the representative v-quasi-ideal element of this class.
Then we have

g = qvyevq by Theorem 2.6(4)
= byeyd by Lemma 1.10
=0 by Theorem 2.7(2)
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For all element x € Hy, the element xvb is an y-bi-ideal element since we have

rxybyeyxyb = xvybyeybyb by Lemma 1.10
xybyb = zyb by Theorem 2.7(2)

But x < ¢ = bye A eyb implies that xvb < byeyb = b, whence from the
minimality of b we obtain xzyb = b or equivalently, zvqvq = qvq. Observe that
by Theorem 2.6(1) ¢ = gve A eyq > qyq whence xyq > xyqyq. On the other
hand, x < q implies xvq < qyq. Hence the equality zvqyvq = ¢qyq implies that
ryq = qyq. Similarly, one has that ¢yx = ¢yq. Now Theorem 3.4 implies that
Hy, is a subsemigroup of M, = (M, o).

Finally, we show that H, = {z € M|z < bye Aeyb}. Indeed: if z < ¢, then
we have zyeyxr < qyeyq = qyq = b. As xvyeyr is an y-bi-ideal element and
b = gvq is minimal, we have that xyeyxr = ¢yq. Now we see that on the one
hand the following hold true

qye > xvye by the choice of x
> xyeyxrye since e > eyxye
gyqye  since qyq = xyeyx
qye by Theorem 2.6(1) and Lemma 1.10
whence xye = gye. Similarly, eyr = eyq. On the other hand we have,

q by the choice of z

qye  since g = gye Aevyq
xye  from above,

T

IAIN

whence 7, (z) = r,(¢) and in a similar way we get [, (z) = l,(¢), which finally
implies the result.
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