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Abstract

Let S be a semigroup. An element a in S is called regular if there
exists x ∈ S such that a = axa. A semigroup S is called regular if
every element in S is regular. Let T (X,Y ) denotes the set of all full
transformation from X to Y . For θ ∈ T (Y,X), let (T (X,Y ), θ) be
a semigroup (T (X,Y ), ∗) where α ∗ β = αθβ for all α, β ∈ T (X,Y ).
We have the semigroup (T (X,Y ), θ) is regular if and only if one of
the following statments holds : (i)|X| = 1, (ii)|Y | = 1 and (iii)θ is a
bijective function.

In this paper, we give some remark of regularity of (T (X,Y ), θ).
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1 Introduction and Preliminaries

Let S be a semigroup. An element a in S is called regular if there exists x ∈ S
such that a = axa. Let Reg S = {a ∈ S | a is regular}. A semigroup S is
called regular if every element in S is regular.

Let X be a nonempty set and T (X) be the full transformation semigroup
on X. It is well-known that T (X) is regular (see [2]). To generalize this, let
X and Y be nonempty sets and

T (X, Y ) denotes the set of all full transformation from X to Y .

For θ ∈ T (Y, X), let (T (X, Y ), θ) be a semigroup (T (X, Y ), ∗) where α ∗ β =
αθβ for all α, β ∈ T (X, Y ). The following theorem charecterize when the
semigroups (T (X, Y ), θ) are regular.
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Theorem 1.1 For θ ∈ T (Y, X), the semigroup (T (X, Y ), θ) is regular if
and only if one of the following statments holds.

(i)|X| = 1.
(ii)|Y | = 1.
(iii)θ is a bijective function.

Proof. See Theorem 2.1 in [1], choose k = |Y |. �

The following corollary follows by Theorem 1.1.

Corollary 1.2 Assume |X |, |Y | > 1. We have if |X | �= |Y |, then (T (X, Y ), θ)
is not a regular semigroup for all θ ∈ T (Y, X).

In this paper, we give some remark of regularity of generalized transforma-
tion semigroups (T (X, Y ), θ).

2 Main Results

The following theorem give some interesting remark of a regular element in
the semigroup (T (X, Y ), θ).

Theorem 2.1 Let α ∈ T (X, Y ). If α is a regular element of (T (X, Y ), θ),
then |ran α| ≤ |ran θ|.

Proof. Suppose α is a regular element of (T (X, Y ), θ). Then there exists
β ∈ T (X, Y ) such that α = αθβθα. Then

|ran α| = |(X)α| = |(X)αθβθα| ≤ |((Y )θ)α| = |(ran θ)α| ≤ |ran θ|.

Hence the theorem is proved. �

The following corollary and Theorem 2.1 are equivalent.

Corollary 2.2 Let α ∈ T (X, Y ). If |ran α| > |ran θ|, then α is not a
regular element of the semigroup (T (X, Y ), θ).

The next theorem shows that |ran θ| is the maximum of {|ran α| | α is
regular in (T (X, Y ), θ)}.

Theorem 2.3 There exists a regular element α in the semigroup (T (X, Y ), θ)
such that |ran α| = |ran θ|.
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Proof. For each x ∈ ran θ, we have there exists yx ∈ Y such that (yx)θ = x.
Let x0 ∈ ran θ. Define α : X → Y by

(x)α =

{
yx if x ∈ ran θ

yx0 if x /∈ ran θ

Then |ran α| = |ran θ|. Now, to show that α = αθαθα, let x ∈ X.
Case 1 : x ∈ ran θ. We have

(x)αθαθα = (yx)θαθα = (x)αθα = (yx)θα = (x)α.

Case 2 : x /∈ ran θ. We have

(x)αθαθα = (yx0)θαθα = (x0)αθα = (yx0)θα = (x0)α = yx0 = (x)α.

Then α is regular and |ran α| = |ran θ|.
Hence the theorem is proved. �

The next two theorems show the minimum of the number of regular ele-
ments of (T (X, Y ), θ) is |Y |.

Theorem 2.4 The semigroup (T (X, Y ), θ) contains at least |Y | regular el-
ements, that is |Reg (T (X, Y ), θ)| ≥ |Y |.

Proof. For each y ∈ Y, define αy : X → Y by

(x)αy = y for all x ∈ X.

So αy ∈ T (X, Y ) and ran αy = {y}. We have for all β ∈ T (X, Y ),

ran αyθβθαy ⊆ ran αy.

Then ran αyθβθαy = {y}. Therefore for x ∈ X,

(x)αyθβθαy = y = (x)αy,

this implies αyθβθαy = αy. So for each y ∈ Y , we have αy is regular.
Hence the theorem is proved. �

Theorem 2.5 If |ran θ| = 1 then |Reg (T (X, Y ), θ)| = |Y |.

Proof. Since the number of elements in T (X, Y ) such that |ran α| = 1 is |Y |,
by Theorem 2.1 and the proof of Theorem 2.4, the theorem holds. �

Corollary 2.6 Let X and Y be finite sets. If |ran θ| = 1, then the number
of irregular elements in (T (X, Y ), θ) is |Y ||X| − |Y |.
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Proof. We have |T (X, Y )| = |Y ||X|. By Theorem 2.5, the theorem holds. �

Let X and Y be finite sets. Theorem 2.7 shows the upper bound of the
number of regular elements of (T (X, Y ), θ) is n|X|(|Y |

n

)
.

Theorem 2.7 Let X and Y be finite sets. Assume that |ran θ| = n. Then
|Reg (T (X, Y ), θ)| ≤ n|X|(|Y |

n

)
.

Proof. Since the number of elements α in T (X, Y ) such that |ran α| ≤ n is
n|X|(|Y |

n

)
, by Theorem 2.1, |Reg (T (X, Y ), θ)| ≤ n|X|(|Y |

n

)
. �

The last theorem give some sufficient condition for an element in (T (X, Y ), θ)
to be regular.

Theorem 2.8 Let α ∈ T (X, Y ). If α is a regular element in (T (X, Y ), θ),
then |ran α| = |ran αθ| and |ran α| = |ran θα|.
Proof. Suppose that | ran α| �= |ran αθ| or |ran α| �= |ran θα|.

Case 1 : |ran α| �= |ran αθ|. Since |((X)α)θ| ≤ |(X)α|, |ran α| > |ran αθ|,
that is |(X)αθ| < |(X)α|. So for all β ∈ T (X, Y ),

|(X)αθβθα| = |((X)αθ)βθα| ≤ |(X)αθ| < |(X)α|,
this implies that α is not regular.

Case 2 : |ran α| �= | ran θα|. Since |((Y )θ)α| ≤ |(X)α|, |ran α| > |ran θα|,
that is |(Y )θα| < |(X)α|. So for all β ∈ T (X, Y ),

|(X)αθβθα| = |((X)αθβ)θα| ≤ |(Y )θα| < |(X)α|,
this implies that α is not regular. �

Remark 2.9 Let X = {1, 2, 3}, Y = {a, b, c} and θ =

(
a b c
1 1 2

)
. By

Theorem 2.8, we have that α =

(
1 2 3
a a b

)
is not regular in (T (X, Y ), θ)

because |ran αθ| = |{1}| = 1 �= 2 = |ran α|. This remark shows that the
element in (T (X, Y ), θ) such that |ran α| ≤ |ran θ| need not be regular.
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