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Abstract

In this paper we study some basic theorems for three dimensional
Heisenberg group which is endowed with Lorentz metric and some com-
putations for Killing vector fields.
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1. Introduction:

Let K be a topological group and let M be a closed subgroup. Then the
space

H=K/M
is a Haussdorf space and K operates continously on H by the map

K x H — H .

Y

For each k£ € K the map

T(g): H — H
M — kxM
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is a homeomorphism, and using this, we see K act transitively on H. The coset
space

H=K/M

is called a homogenous space and K admits a reductive decomposition k=h®m
where hCk. Here h, k, m are Lie algebras of H, K, M.

A geodesic 7y (t) through the origin o of H = K/M is called homogenous if
it is an orbit of a one parameter subgroup of K, that is

v(t) =exp(tZ) (o), teR

where Z is a nonzero vector of k. Let K is the maximal connected group of
isometries. If v is homogenous with respect to some isometry group K’, then
it is also homogenous with respect to any enlarged group of isometries K.

In [7], obtained that three dimensional Heisenberg group has three left-
invariant Lorentz metric which are

g1 = —da? + dy? + (zdy + dz)
g2 = da* + dy® — (zdy + dz)2

g3 = dz* + (zdy + dz)” — (1 — z) dy — d=z)”.

We know from [3] that three dimensional Lorentzian Heisenberg group is a
naturally reductive and a geodesic orbit manifold. So we can write Hy = K/M
and K admits a reductive decomposition k = hs @&m . Here hs, k, m are Lie
algebras of Heiss, K, M.

2. Preliminaries:

Proposition 2.1: Let H = K/M be a homogenous space and H be a
K-manifold. For all p € H we have the vector field

d
Xp = | (exp(tX) p)
t=0

]

Definition 2.2: An analytic vector field X defined on a Lie group G is
called invariant if for all a € G

(T'L(a)) ()] X (¢) = X (a)
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If X is invariant, then X is L (a) —invariant for all a € Gj that is, X is actually
G —invariant or left invariant ,[9] .

Proposition 2.2: Let G be a Lie group, let X € T'(G,e), and let

X: G — T(G),
p — X(p)

where T (G) is the tangent bundle of G' with projection map 7 and X (p) is
given by

(X7) ) = X (Fo L)

where f is any real valued analytic function on G. Then X is a G-invariant
analytic vector field on G such that X (¢) = X. Therefore X is the unique
G-invariant vector field on G such that X (¢) = X. Thus any G—invariant
vector field is of the form X [9].

Corollary 2.1: The map
¢: L(G) — TI(G,e)
X — X
is a Lie group isomorphism ,[9] .

Theorem 2.1: Let GG be a Lie group and g be Lie algebra of G. For V X,
Y € g we have

—~——

[XY} — [X,Y]
(2]
Theorem 2.2: Let H homogeneous space be a reductive space and D be

Levi-Civita connection of H. For V X, Y, Z € h the map U : h X h — h
defined like follows;

QQ(U(X,Y),Z) :g([Z,X]m,Y) +g(X, [Z7Y]m>'

At each p € H point and for V X, Y € h we have

(DyY), = _% X,Y], +U(X,Y)



208 E. Turhan and G. Altay

Definition 2.2: (H,g) space is naturally reductive if there exists at least
one reductive split K = m @ h such that

g([X,Y]h,Z)—l—g([X,Z]h,Y) =0 (2'1)
forall X, Y, Z € h ,[3].

Definition 2.3: Heisenberg group defined as a group 3 x 3 upper triangular
matrices

o O =
o R
_ s

Here x, y, t € R and endowed with multiplication

_ _ _ _ 1_ 1
(@.9.0) (x.y, ) = | T+ 2§ +y,t+1 = 5Ty + 5ye
.16
3. Geometric structure of Heiss.

3.1. Basic theorems
In this section g is the metric one of the Lorentz metric g1, g2 and gs.

Theorem 3.1.1: (Heiss, g) be 3-dimensional Heisenberg group equipped
with Lorentz metric g. C* (Heiss, R) -linear combination of degenerate Killing
vector field is a Killing vector field.

Proof: Let X be a Killing vector field and f € C* (Heiss,R). For the
proof we must show that fX is a Killing vector field. From properties of Lie
derivative, we can write for V'Y, Z € x (Heiss),

(Lyxg) (Y. 2) = (fX) (¢ (Y,2)) —g([fX.Y],2) —g (Y. [fX,Z]). (3.1.1)
If we write equality
[fXY]=fIX.Y]-Y ()X
in equation (3.1.1), can be obtained
(Lixg) (Y, 2)=fX (9(Y,2)) = f g([X,Y].Z) = fg(Y.[X.Z]). (3.1.2)
Right of (3.1.2) is

f(Lxg) (Y, 2). (3.1.3)



Geometric structure of Heisenberg group 209

Since X is a Killing vector field, (3.1.3) equal to zero. So, fX is a Killing
vector field.

Theorem 3.1.2 (Kozsul formula for Killing vector fields): (Heiss, g)
be three dimensional Heisenberg group equipped with Lorentz metric g and
D be Levi-Civita connection on Heiss. If vector fieds X, Y, Z are Killing, the
follow equality is ensured;

QQ(DXY72> :g([X,Y],Z) —|—g([X,Z],Y) +g(X, [Y’Z])'

Proof: Since X and Z are Killing, we have
9([X, 2], X) =g (DxX,Z).
From here, since X +Y and Z are Killing, we obtain that
g([(X+Y,Z], X+Y)=9g(DxyX+Y,2).
So we deduce
g(IX.2].Y) +g(X,Y].2) + g(IX.2].Y) +g(X. [V, Z)) . (3.1.4)
Because of Dy — Dy = [X,Y], (3.1.4) is equal to
29 (DxY, Z) = g (X, Y], Z2) + g ([X, Z],Y) + g (X, [V, Z]).
Theorem 3.1.3: (Heiss, g) be 3-dimensional Heisenberg group equipped

with Lorentz metric and D be Levi Civita connection on Heiss and p be a
point on Heiss. For all X, Y, Z € hg

g ((Df(?)pazp) = _%g ([X7 Y]h3az) + %g ([ZaX]h3 7Y) + %g (Xa Z, Y]hg) :

Proof: From Kozsul formula for Killing vector field at the point p we have
follow equality;

g (0xv.2) = 59 ([, 5] 2) 4 ([%.2] 72) +0 (% [ 2])
(3.1.5)

Because of
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(3.1.5) is equal to

s (D7), %) = =39 (X. Y1y 20+ o (2K, V) + 5 (X, [2.Y]).
(3.1.6)
Since for all X € hs and Y € m the follows are ensured
g(X,Y)=0
and
k = hs; &m,

(3.1.6) is equal to

g ((Df(?)pazp) = _%g ([X7 Y]h3az) + %g ([Z>X]h3 7Y) + %g (Xa Z, Y]hg) :

Theorem 3.1.4: Let K be sectional curvature of the plane of span )N(p, f/p
at p € Heiss. The following is true;

g (IV:1X. Y]y X) + 49 (1Y ]y, o[,V
g(X,X)g(Y,Y)—g(X,Y)2 '

K (Xp,ffp) -

Proof: Because of Heissz naturally reductive for all X, Y, Z € Heisz, we
obtain

~ ~ 1
g ((DXY)p ) Zp) = _ig ([X7 Y]hg ) Z) .
So for a symmetrical function

U:T(TK) x T (TK) — T (TK"),

<D)~(f/) — 2 [X,Y], + V.

3
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From here we can deduce
Q(Rxfxf(,f/) | = g(DxyX,Y) | —g(DxDyX,Y) | +9(DyDxX,Y) |
P P P P
= —gDyX,[X)Y])| —Xp9(DyX,Y)+g(DyX,DxY) |
P P
+Yp9(DxX,Y) —g(DxX,DyY) |
P
= g(DyX,DyX) | —g(DxX,DyY) |+}/pg([X7Y]aX)
P P
= 79X Y]y, Ine) +9 (V. [X, Y]], X) + g (X, Y], [V, X])
1
= 79(X.Y], )+9([Y» X, Y]], aX)
+g ([v1X, Y]hs] ,X) +9(I¥:[X. Y] uln, - X)
+9 (X, Y], V. X],,,) + 9 (X, Y], [V, X]yp,) + 9 (X, Y], [V, X],,,)
1
= (X Y] [V X]) 9 (VXY ], 0 X)
+9 (I, 1X, Y], X) + 0 (X, Y], [V X,,)
From naturally reductivetly, we have the equality
g (XY, X) = =0 (X Y], [V X],0,)
From here we obtain
-~ 1
g (Rey X.7) 1= 0 (V01X Y]y X) + 79 (X, YDy, X0V ,)
p
So the sectional curvature is
<[Y’ [X7 Y]m]hg 7X) + ig ([Xv Y]hg ’ [X7 Y]hg)
K <Xp,YZD) = 2
g(X7X>g(Y7Y> —g(X,Y)
3. 2. Computations for Killing vector fields
3.2.1. Computations for (Heiss, g1)
Let obtain some computations for the Lorentz metric
_ 2 2 2
g1 = —dz® + dy” + (zdy + dz)
The Lie algebra of Heiss, hs has an orthonormal basis
0 0 0 0
-2 = = =, 3.7
“T 5, & oy o2 %7 bz (37)
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Here we can obtain
g1 (e1,e1) = g1 (e2,e2) = 1, g1 (es, e3) = —1.
For this basis Lie products can be obtain as
lea, €3] = €1, es,er] =0,  [ea,e1] = 0.

We know from [6] that Killing vector fields are for the metric ¢

) o o\ 1 ) o 0
X _ -~ 2 - 2 2\ 7 X_——
! y6$+x(6y xaz)+2(x Poar N=g V5
) )
X. = 2 x, =9
3 ay: 4 32

Firstly let examine these Killing vector fields are spacelike, timelike or nulllike.

0 o 1 g 0 o 1 0
X . X,) = —_—tp— — = — — (2P —
a1 (X1, Xq) g1 ( 83c+ 2y 2(33 +y)62 O —i—xay 2(33 +y)az)

2 2\ 2
2 2 r Yy
= y—i—(2 2).

So case of the Killing vector field X is change with choosing of the z and y.

0 o 0 0
g1 (X2, Xo) = (%—yaz e @)

We obtain that the case of the Killing vector field X5 is change with choosing
of the y.

g 0
X3, X3) = —_— =
91 (X3, X3) g1 (aya ay)
= 1>0
So the Killing vector field X3 is spacelike.
g1 (X4,X4) =1>0

We deduce that the Killing vector field X} is spacelike. For these Killing vector
fields if we find Lie brackets, we obtain that

0 0
(X1, X1] =0, [X1,X5] = T (X1, X3] = Y5 (X1, X4] =0,
0 0
[X27X1] = _xaa [X27X2] = 07 [X27X3] = _aa [X27X4] = 07
0 0
[X?nXl] = y&a [X37X2] = &7 [X37X3] = 07 [X37X4] = 07

(X0, X)) = [Xu, Xo] = [X4, X3] = [X4, X4] = 0.



Geometric structure of Heisenberg group 213

If we calculate sectional curvatures for fundamental Killing vector fields
with theorem 3.1.4, we obtain that

L 1/42*
K<X1’X2): 2 2 _ zt 2y _ ¥ (5 2 3,202 4 ¥ 1.2 1,3
P2 - (1—y?)— L (S +22) + 2222+ L +y+ La2y — 1y
1/49?
K (X17X3> = 5 | 9zt o 522y2
SR A N S R R
K(X17X4):0
K(%0 %) = b K (£ %) =0, K (%.5) =0
v — 22y? + 22

3.2.3. Computations for (Heiss, g3)
Lastly we want to find same properties for the Lorentz metric
g3 = dz* + (zdy + dz)” — (1 — z) dy — d=z)”.
The Lie algebra of Heiss, hs has an orthonormal basis

0 0 o0 0 0

e = —
Here we can obtain
g3 (e1,e1) = g3 (e, e2) = 1, g3(es,e3) = —1.
For this basis the Lie products are
lea,e3] =0, e, ea] =es —eq, [e1,e3] =e3— ea.

We know from [6] that Killing vector fields are for the metric gs

9 0 ) ) )
o 0 o 0 )

x, - .2 _,9 2 Y9 R S
vo= gy it (o) o Xs=yas—agn, Xo= o
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Firstly let examine these Killing vector fields are spacelike, timelike or null
like.

) ) o ,0 ) )
X, X)) = P ty—— 2 — Dy ty=— — 2z — 1)y~
g3 (X1, X1) gs(y 9 TV, 2z -y y - +vy (22 1)yaz)

0z 7 Ox oy
So case of the Killing vector field X is change with choosing of the z and y.
g3 (X2, X5)=1>0
We obtain that the Killing vector field X5 is spacelike.
g3 (X5, X35) =22 -1
So case of the Killing vector field X3 is change with choosing of the x.
g3 (X4, X4) =22 + 22

We obtain that the case of the Killing vector field X} is change with choosing
of the z and z.

93 (X5, X5) = ¢/
So case of the Killing vector field X5 is change with choosing of the y.
93 (X6, X6) =0

So the Killing vector field Xg is a null like vector field. For these Killing vector
fields if we find Lie brackets, we obtain that

) L0
(X1, X1] = 0, [Xi, X5 =Y (X1, X5] = —y P
1 0
(X1, X4 = D) (xy2 + yz) 95 (X1, X5] = 92&7 (X1, X6] =0
0 0
[Xo, Xq] = e (X, Xo] =0,  [Xg, X3] = 35
0
[X27X4] = Z’@, [XQ’XE)] = 0, [XQ,X(;] = 0
0 0
(X3, Xq] = —3/2&: (X5, Xo] = P (X3, X5] =0,
0 0
[X37X4] = Z&a [X37X5] = y&: [X37X6] = 0.
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1 0 0 0
[X47X1] = _5 (xy2 —i—yz) &7 [X47X2] = _xaa [X47X3] = Za_a
0
[X4,X4] = 0, [X4,X5] :—mya, [X47X2] = 0.
(X5, X1] = 2 (X5, Xo] =0, [X;5,X3]=— 9
5y <21 - Yy 37;’ 5, A2 — U, 5y A3 — y@z’
0
(X5, Xy] = Y5 [X5, X6] = 0.

(X6, X;] =0, 1<i<6
If we calculate sectional curvatures for fundamental Killing vector fields

K(XXJ) —0,1<i,j<6.
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