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Abstract

In this paper, the alternating Engel expansion over the field of p-adic
series is studied. Metric properties, such as strong and weak number
laws, central limit theorem, and iterated logarithm law, of the digits
occurring in this expansion are considered. At the same time, the ap-
proximation orders by rational fractions which are the partial sums of
the series are investigated.
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1 Introduction

Let Q be the field of rational numbers, p be a prime number and Q, the
completion of Q@ with respect to the p—adic absolute value | |, defined on Q

by ([6])

0], =0 and |A|,=p™ " if A= paf, where p is not divisible with r and s..
s

The exponent a in this definition is the p—adic valuation of A, which denoted
by vp(A). Then Q, is the field of p—adic numbers with valuation | |,, the
extension of the original valuation on @, which has the properties

|Al, >0 with|A|l,=0 iff A=0,|AB|, = |Al,| - Bl,,
and |A+ B|, < max(|4|,, |Bl,) with equality when |A|, # |B|p.
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It is familiar that the above non-Archimedean valuation leads to an ultra-
metric distance function p on Q,, with p(A, B) = |A — B|,, making Q, into a
complete metric space with respect to p. As is common, we define the order
vp(A) of A by |A], = p~*™W and set 1,(0) = +oo. Then v,(AB) = v,(A) +
p(B), vp(5) = vp(A) — vp(B) if B # 0, and v,(A + B) > min(v,(A), v,(B))
with equality when v,(A) # v,(B). It is well known that every A € Q, has a
unique series representation([6])

A= Z cp”, ¢ €{0,1,--- ,p—1}

n=vp(A)

In the discussion below we call (A) = Zyp( A)<n<o CnP" the fractional part of
A. Then (A) € S,, where we define S, = {(4) : A € Q,} C Q. The set S,
is not multiplicatively or additively closed. The function (A) and the set S,
have been used in the study of certain types of p-adic continued fractions by
Laohakosol([7]) in particular.

The fraction part (A) was used by A.Knopfmacher and J.Knopfmacher([1,2])
to derive some new unique series expansions for any element A € Q,, including
particular of certain ” Sylvester”, ” Engel” and ” Liiroth” expansions of arbitrary
real numbers into series with rational terms([5], Chap. IV).

In the corresponding case of p—adic Liiroth type expansions ergodic and
other metric properties have been investigated by A. and J.Knopfmacher[3].
For both the p-adic continued fractions and Liiroth expansions, ergodicity of
the corresponding transformations were used to derive the results. However,
in the case of Engel, Peter J. Grabner and Arnold Knopfmacher have obtained
some similar metric asymptotic results for the p-adic Liiroth type expansions.

For Oppenheim expansions over the field of Laurent series, Ai-hua Fan and
Jun Wu([5]) studied the metric properties and the approximation orders by
rational fractions which are the partial sums of these series. The aim of this
paper is to derive metric properties of the digits {a,(x)} for the alternating
Engel expansion expansions of p-adic series.

Let I denote the valuation ideal pZ, in the ring of p-adic integers Z, and let
P denote probability with respect to the Haar measure on (Q,, +) normalized
by P(I) = 1. The Haar measure on [ is the product measure on {0, --- ,p— 1}
defined by P({z}) = p~! for each factor and any element z € {0,--- ,p — 1}.

Considering {a,(x)},>1 as a sequence of random variables defined on the
probability space (I,P), we find the finite dimensional joint distributions of
this sequence. It turns out that both {a,(x)} and v,(a,(z)) are Markov chains
and that their transition probabilities are by explicit formulas. These allow
us to prove that {A,(x) = vp(an(x)) — Vp(an+1(x)) oo is a sequence of i.i.d.
geomitrical random variable. As a consequence of the main result and the
classical law of large numbers and central limit theorem, we deduce the metric
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properties of Z;:é A; and the approximation order of a typical p-adic series
by rational functions.

2 Metric theory

We are now in the position to introduce the algorithm of alternating Engel
expansion expansion over the field of p-adic series.

Given any A € Q,, note that if (A) = ay € S,, then v,(A —ap) > 1.
Then define Ay = A — ag. Suppose A,(n > 1) is defined. If A, # 0, then let
a, = (ﬁ% and define A,,1 = 1 — A,a,. If A, =0, then this recursive stops.

We call {a,} the digits of A.

Lemma 2.1 If A, # 0, then v(an+1) < vp(a,) — 1.

Theorem 2.2 Every x € Q, has a finite or an infinite convergent (relative to
p) expansion of the form

1 X 1
— - —1)mtt 1
x a0+a1+22( ) 0 a, (1)
where a,, € Sy, ag = (A), and vp(a1) < —1, vy(ant1) < vp(an)—1. Furthermore,
the expansion is unique.

The proofs of the Lemma2.1 and the Theorem2.2 are very similar to that of
Oppenheim series of p-adic([2]), we will omit the process.

In this section, we are concentrated in deriving the metric properties of dig-
its occurring in the expansion. Actually, we prove that the sequence of digits
{an(x)}n>1 is a Markov chain and so is {v,(a,(x))}n>1. We also obtain the fi-
nite dimensional joint distributions for both Markov chains. Most importantly,
we find for any n > 1, Ag(2) := —vp(a1(z)), Dp(x) = vp(an(x)) — vp(ant1(z))
are independent and identically distributed as a sequence of random variables.

Definition 2.3 A finite sequence {ky,--- ,kn,} C S, is said to be admissible,
if it satisfies the admissibility condition vy(an+1) < 2v,(ay,) — 1.

Lemma 2.4 Let x € I whose alternating Engel expansion expansion of p-adic
Series s

a(x) - an(x)

=) alz),  elr)= (="

We have |cpi1(x)| < |en(x)| for all n > 1.
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PRrROOF.Notice that v,(cy(x)) = — >, vp(ai(x)). The difference v, (cpy1(z)) —
vp(cn(x)) is equal to —vp(an+1(x)), which is strictly positive by the admissible
condition.

Lemma 2.5 Suppose {ay,a2,--- ,a,} C S, n > 1 is admissible, then
{rel:a(x)=ay, - ,an(x) =a,} :=Blay, - ,an)

called n-digits cylinder is equal to the disc B(Cy, D,) with center

1 < : 1
C, = o + jZQ(—l)j lm
and diameter
D, = pE?;f vp(a;)+2vp(an) -1 (2)
PRrooOF. For any = € B(ay, -+ ,a,), by Lemma 2.1,

’33 _ Cn’ — ’Cn-l—l’ — p2?=1 vp(az)tvp(anyi(z)) < p2?=11 Vp(aj)+21’p(an)_1'
It follow that x € B(C,, B,,). Thus we get

{rel:a(x)=a1,- - ,a,(x) =a,} C B(Cy, By).
Conversely, for any y € B(C,,, Dy,), then y = Zj; ¢;(y). We are going to show
that a;(y) = a; for all 1 < j < n. Firstly, we prove a;(x) = a1 by contradiction.
Suppose a1(y) # a1.There are two cases.
Case I: v,(a1(y) # vp(aq). In this case, we have

L (=, 1)
— —| = max(|——|, |—|)-
ai(y) @ ai(y) @

By Lemma2.2, we have

. 1 ,
| = [ei (W] = 2); !a—ll > el (2 <5 <n)

a1(y)
Therefore
1
max(|——|, |—|) > max( max max(|c;(y)|, |c;|), sup |c¢;
(’al(y)’ !all) (%jgn (lej(W)1; lesl) jzngll i(W)])
It follows that
1 1 1 1 1 vp(a
ly—Cnl = — —| = max(] =) > |—| = pr()

a(y) @ a(y)’ @ ax
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By the admissibility condition, we may check that log, Dy, is decreasing, so

that
Dn S Dl = p2yp(a1)_1 < pup(al) S ’y - Cn’7

which contradicts the fact y € B(C,,, D,,).
Case II: vp(a1(y)) = vp(a1). In this case, using (4), we can prove by induc-

tion on j that

. 1 .
* > lei(y)l, (> 2;) ’a_1’22’cj(y)”(2§j§n)'

a(y)
Thus
1 1 1 1
| ——[>|=P=—=F
al(y) ay al(y)
> max(max max(|e;(y)], [¢;]), sup [¢;(y)])
<j<n j>n+1

Hence
1 1 ’i’2 :p2up(a1) > D, > Dn

—C,| =
ly ! !al(y) o

Hence we have proved a;(y) = a;. In the same way, a;(z) = aj, for all
1<j<n.

Proposition 2.6 Suppose {ai,, -,
)= pE?;f vp(a;)+2vp(an)

A, Gny1} C Sy is admissible, then
(3)

P{B(ala'“ y Qn
an(z) = an} is the disc

PROOF. By Lemma2.5, {z € I : a1(x) = aq,---,
(Cn, Dy,), thus by the definition of probability P, we have

P{B(CnaDn>} = pDn = pE?:_f Vp(a])+2yp(an).
7an($) = an} 15 an
lan|p

Proposition 2.7 Suppose that {x € Iy : a1(x) = a,
admissible sequence, then we have P{a,1(x) = api1|an(z) = a,} = R
n p

PROOF. By Proposition2.6,

Plapsi(z) = n+1’an( ) =an, - a1(z) = ar}
 Ant1(T) = ang}

_ Pla@)=a
Plai(z) = a1, -+, an(2) = an}
p2l’p(an+l) B ’an’p

pyp(an) o ’an-l—l’;'
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On the other hand,

Plani1(7) = anyilan(z) = an}

P{an(z) = U, an-l—l(x) = an-l-l}
Pla,(z) = an}

> Plaj(x) =1;,1 <j<n—10a,(2) = an, aps1(T) = an1}
S Plaj(z) =1;,1<j<n—1a.(z) = an}

Z p2?=1 vp(a;)+2vp(ant1) ’an ’p

ZPE?;E vp(az)+2vp(an) B ’an-l—l’]%'

where both the summation in the numerators are taken over all sequences
{lhi,-- ,laoa} C Sy, such that {ly,- - ,lh—1, kyn} is admissible. Consequently,
the sequence {a;(x)}j>1 forms a Markov chain with the transition probability

Qp
P{an1(2) = anilan(z) = an} = | ’p2.
’an'i'l’p
Proposition 2.8 Suppose that {k1,--- ,kn} is an admissible sequence, then

we have

Plz e I:vp(ar(z)) = vp(ka), - vplan(e)) = vp(kn)}
= (-1t

and consequently, the sequence {v,(a;(x))}j>1 forms a Markov chain with the
transition probability

P{vp(ans1(2)) = vp(an i) plan(®)) = vp(an)} = (b - 1)\%'

PROOF.First remark that for any n > 1 and any a,l € S, such that v,(k) =
vp(l) < —1, we have v,(k) = v,(1), by Proposition2.6, we have
Plo € s vy(aa(e) = vy(k), -+ vp(an(2)) = vplka)}
= ) Pla(x) =h,+ ,an(z) =1}
— ZPE?; vp(l5)+2vp(ln)

n Vp(kn)

= (-1D"p

where both the summation in the numerators are taken over all sequences
{li, -+, 1.} C Sy, such that v,(l;) = vp(k;), 1 < j <n. It is trivial that

P(p(ans (&) = vp(ms) 1y (an(@)) = w(an)} = (p — 1) 200

|ansilp
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Theorem 2.9 {A,},>0 is a sequence of independent and identically distributed
random variables. Furthermore, degay(x) is geometrical, i.e. for any m > 1,

-1
P{:UGI:Al(x):m}:pp—m. (4)
PROOF.
P{zel: Ny =m}= Z P(Blay, - ,ani1))
50n4-1
- X BBl o) S
a1, ,an Gnt1
m_p—1
= Y P(B(d,-+,a,))(p—1)p " = o
where the summation on {as, - - , an, an11} is over all the admissible sequence

with 2v,(an (7)) — vp(ans1(z) = m.
At the same time, it is easy to see, for any m > 1,

-1
P{rel: N (a)=m}=L"—.
pm
For any positive integer mq, ma, - -+, Myy1,
Plzel:Aj(x)=m;;1<j<n+1}
= Z Plzel:a(zx)=ay, - ,an11(x) = ans1}

at,,Gn+1

= Z (a,--- ,a Z p2up(an+1 —2vp(an)

ai, ,an nt1
—1
— Z P(ay, - - ’an)p
pmn+l
ai, - ,an
—1
= P{z:Aj@)= mj,1<j<n} e

= [IP(&@) = myn)

where all the summations are taken over all admissible sequence with 2v,(a;_1)—
vp(aj) =my, forall 1 <j<n+1.
By this theorem, it can be easily testified the following proposition.

Proposition 2.10
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PROOF.

E(An(2) = Y IP(Au(z) =D =(p-1)> Ip" = %,
=1 =1

p—1 (p—1)%

from which the formula for Var(A,(z)) is immediate.As consequence of The-
orem 2.9, and the classical limit theorems on i.i.d. random variables, we get
immediately the following metric properties:

E(Ag(x)):iﬂP(An(x):Z): LA
=1

Theorem 2.11 For the alternating Engel expansion expansions over the field
of p-adic series, we have:

+oo
1
(i)  For P-almost all v € I, A, (x) > log, ¢(n) i.o. iff Z W = +00.
n=1

> 1)(a5()) — vylansaa) -
77 im €T : =1 = — e_“2/2 u.
(i) lim Plecl NI <1 m/_m a

(iii)  For P-almost all x € I,

n

. 1 D
nl_{ffoo 5(; vp(a;(x)) — vp(ania(x))) = E (6)

(iv) For P-almost all x € I,

il vo(a;(2)) = vplania (@) — L5m

lim sup 7 = (7)

n—-+00 Vv2nloglogn p—1

and

S vplas(@)) — vp(ania(e)) — i
lim inf 2= =—

n—-+00 Vv2nloglogn p—1

An direct application of (i) yields:

Corollary 2.12 For P-almost all x € 1,

2uy(an(x)) — vylansi(x)) —log n
i o 22023)) ~ (e (@) ~logym o)
n——+o00 log, log, n
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Theorem 2.13 ZpA i@ converges in probability to p — 1. That is

nlog,n
to say, for any fived € > 0,

lim P{x e:]
n——+00 nlogpn

S —p-n> =0 (0
j=1
ProoOF. Fix n > 1. For any 1 < k < n, define

— p ) orp sn ng n, _
Uk (x) { 07 otherwise pAk (=) Vk (.I') .

P{rel: ZpAW) —1)] > e}

n logp

SP{:L’EI:]M—(p—l)\>e}+P{x€I:ZVk(x)7é0}

nlog,n
=:P(A,) + P(B,).

i
S
g
A

ZP{:U €l:Vi(x)#0} = ZP{:U el:pt® > log, n}
k=1

k=1

_ i 3 Pl ol

! logn
k=1 l:p!>nlog, n p &

Notice that

B(U(x) = | PP =S PP(Ae) = 1)

A ()
p snlog, n l:p!<nlog, n

p—1
— Z I T (p —1)log, n. (11)

l:pt<nlog, n

Var(Uy(z)) < E(Uk(z)) = Z (p—1)p' < cnlogn.

l:pt<nlog,n

Then by Chebyshev’s inequality, we get

P{zcly:|) Urlz) =Y B(Ui(x))| > B(Ui(x))}
k=1 k=1 k=1
Var() " Uy(x))
k=1

. n?logn. 1
i T 'n2log?n’ logn
(e 3 E(U(x)))? b i

<
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1

ZL E(Uk _
E(Uy) ~ (p—1)log,n as n — +oo, we get

That is to say, @) E Uk (x) converges in probability to 1. Since
x
k=1

n

> E(Uk(x) =p—1.

k=1

Thus P(A,) — 0, as n — +o0.

3 The speed of convergence

In this section, we consider the approximation of p-adic series by its con-
vergent. For any = € I, we define its partial sum

an()’

Cu(z) = aiﬂﬂ) + Z !

Theorem 3.1 For alternating Engel expansion expansions of p-adic series,

n

) 1 p
lim_—(log, |z — Ca(x)| - Z (@) = L. (12)

PROOF.As we can see,|C11(2)| < |Cp(z)], then

log, |z — Cu(z)| = vp(anta(z))

then by theorem?2.11, for P-almost all x € I,

n

) 1 o D
nl_{ffoo E(Ing |z — Cp(x)| — 321 vp(aj(r))) = —E-

Theorem 3.2 For P-almost all x € I,

) 1
lim o log, |z — Cy| = —G(7)

n—-+00

—l—oo1

where G(x) = Z Q—RAn(ac)

n=1
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PROOF.Since Ag(z) = —vp(a1(2)), Dn(z) = 2vp(an(x)) — vp(ant1(z)), Yn > 1,
By Theorem2.9, Theorem2.11 and Toeplitz Lemma, for P-almost all x € I,

1 Vp(an-I-l( ))
A o log, [v = Cala)l = Mmoo

Notice that

and

/Z dP:ZQ_ j<—|—oo

Hence by the Beppo-levi theorem, G(z) exists, for P-almost all z € I.

h
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