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1. INTRODUCTION

First we recall some definitions. Let E be an n-dimensional vector space
over a field K and let A™E denote the exterior power of degree m over E, the
classification of trivectors is the study of the action of General linear group
GL(FE) on the space A3FE defined by f-w = (A3f)(w). The equivalence classes
are the GL(FE)-orbits under this action. As A3E* ~ (A®FE )*, there is no
difference between trilinear alternating forms and trivectors. The support of
the trivector w is the least subspace F of E such that w € A3F. Denote this
subspace by S,, its dimension is the rank of w and will be denoted by 7(w).
This classification could help to solve some open problems in the theory of
self dual codes, see[10]. The relationship between trivectors and nilpotent lie
algebras can be seen in [6].

A general classification of trivectors exists in dimension 7 and less [2,7,12].
For n=8 Gurevitch [4], D. Djokovic [3] and L.Noui [9] give an answer to the
classification problem with K = C, K = R and for K algebraically closed field
of arbitrary characteristic respectively.
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If w is a trivector defined over the field K, a K-form of w is another trivector,
of the same type as that of w, defined over K which is isomorphic to w over
K, the algebraic closure of K. In [6], the K-forms of a trivector of rank 8 in
the open dense orbit are determined when K has characteristic zero. In this
paper, K is a field of characteristic other than 2 and 3, we are interested in
describing the K-forms of 2-step splitting trivectors of rank 8.

1.1. Invariants and trivectors. First we talk about arithmetical invariant
di(w) that one may assign to a trivector w. For every subspace « of E let W,
the canonical image of w in A*(E/a). We put dy(w) = inf, r(©,) where a runs
over all k-dimensional subspaces of E. The numbers dj(w) form a chain

do(w) =7r(w) > di(w) > do(w) > -+ >dr(w) =0

where r is less than or equal to dim E. Note that di(w) = 0 if and only if w is
divisible by a vector [8].

The element w of A2E is called splitting if there exists a decomposition
E =FE, ® F, such that w € By @ A2E,.

If dim Ey = r, w is called r—step splitting. In particular w is 1-step splitting
means that w is divisible: w = eju where e; € E; and u € A?FE,. We refer
to Aut (w) the automorphisms group of w as the stabilizer (in GL(E) ) of w,
other invariants as Derivation and Commutant are defined in [7, 8, 13].
Theorem 1. [11] There exists a system of divided powers in the ideal k6>90/\2kE
of the exterior power of E . :

This result is well known in the case of fields and it has a generalization in
the ring case. If u € A2M*, u is nondegenerate if and only if ~,,(u) generates

.
the A-module A*"M*. Ifu = Y w9;_179; where {x1,... ,To, ... ,2,} is a basis
i=1
of M,
’Yk(u) = Z L2y —1L24y = T2y,

1<y <--<ij <r

such that rank (u) = 2r is equivalent to v, (u) # 0 and k41 (u) = 0.
1.2. Trivectors of rank 8.

Theorem 2. [9] Let E be a vector space of dimension 8 over an algebraically
closed field K of arbitrary characteristic. Then any trivector of rank 8 in A3E
is equivalent to one of the trivectors wg; of Table 1.
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Table 1

Notation
ws,i of Trivector dy (o.)g,i)

Gurevitch
ws,1 XVI e (6263 + 6465) + egeres 3
wg 2 XI e1 (eze3 + eses + eger) + eseges 3
ws,3 XVII e (6364 + 6565) + e2 (6365 + 6768) 5
ws 4 XIII e (6263 + 6465) + eg (6267 + 6468) 5
ws 5 XIX e1 (eze3 + eaes) + eg (eze3 + eres) 5
ws,6 X1V e1 (eze3 + eqes + eger) + eg (ese3 + eseq) 5
wg,7 XII e1 (eze3 + eqes + eger) + €2 (eseq + eres) 5
ws,8 XVIII e (6268 + eszeg + 6467) + egeresg + eseqes 6
ws,9 XXI e1 [e2 (e3 + eq) + eseq] + ezeser + eseges 6
ws,10 XX e1 (exes + eger) + exezes + ezeqeq + eseser 6
ws,11 XV e1 (eser + eseq + egez) + eg (ese3 + eger) + eaeseq 6
wg,12 XXII e1 [(ea —e7) (e3 —eg) + eser] + ez (eseq + eseg) + egeres 7
ws,13 XXIIT e1[es (es + e7) + eseq] + ez (ezeq + eseq) + egeres 7

Remark 1. The trivectors wg; , i =1,...,6. are 2 step-splitting.

2. AUTOMORPHISMS GROUP AND GALOIS COHOMOLOGY.

In this section, K is an arbitrary field of characteristic other than 2 and 3,
we will compute the automorphisms group A; of each trivector wg;, 1 <@ < 6.
If K is the algebraic closure of K and G is Gal(K/K), the classification of
trivectors using Galois descent will involve the cohomology H'(G, A;) for not
necessarily abelian coefficients A;, H'(G, A;) classifies trivectors over K that
become isomorphic over K to ws;. Indeed if A; = Aut(ws;), there is a
bijection from H'(G, A;) to the set of K-isomorphisms classes of trivectors w
such that wi v ws; ([12,14]).

To establish the main result for K-forms we need to introduce a few more
concepts.

2.1. Etale algebras. Following [5] by etale algebra we mean a finite dimen-
sional commutative K-algebra L such that L ~ K; x ... X K, with the K;’s
finite separable field extentions of K. In other words, if we denote by K a
separable closure of K then a finite-dimensional K-algebra L is called etale
if L, K is isomorphic to a split Ks-algebra K, X ... x K. For the set
X =1{1,2,...,n}, let S, be the symmetric group of X, i.e the group of all per-
mutations of X. It is well-known that the Galois cohomology set H!(G, S,,) is
in canonical one -to-one correspondence with the isomorphism classes of etale
K-algebras of dimension n, see| 5], that is, the pointed set H(G, S,,) classifies
etale K-algebras of degree n. In particular, for n = 3 we obtain the cubic etale
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algebras as commutative associative K-algebras L of dimension 3 over K such
that L ~ K, x Kg x K. They are of four possible types:

Ly ~ K x K x K, the split algebra.

Lo~ K x K', where K’ is a Galois quadratic field extension of K.

L3 a cyclic cubic field extension of K, and

L, a general separable field extension of degree 3 over K.

2.2. Invariant domains. Let E be a vector space of dimension n over the
field K and if w is a trivector in A®E, we define two domains which are invariant
under the group of automorphisms of the trivector w.

First, the domain R;(w) = {x € E / Wy, is of type w;} is invariant under
Aut (w), indeed, let = € R; and put £ = Kx @ E’, then w = zu + w’ where &'
is a trivector in A*E’. Since z € E', Wy = W) = w’ which is of type w;. If
f € Aut (w) then

Nf(w) =w = f(2)A*f(u) + A (o),

this yields @y = A3f(w’)<f($)>, as f is a bijective linear map, A3f(w') is
equivalent to w'. f(x) & f(E') imply that @) = A®f(w') which is of type
wi, so f(z) € R;, that is, f(R;) C R;.

For the second domain, suppose x € E and let f be a nonzero trilinear

alternating form on E. Consider the bilinear alternating form f* on E defined
by

iy, 2) = flz,y,2) (y,2€E).

Its rank rk(f*) is an even number, then the domain R;(f) = {x € E/ rk(f*) =
2i} (0 <2i < n) is invariant under Aut (f) [ 2].

In order to compute the automorphisms group A; we use the previous in-
variant domains.

2.3. Automorphisms groups.

Proposition 1. The automorphisms group Ay = Aut (ws1) verify the follow-
ing exact sequences :

1 — SL3(K) — A — Aut(ws) — 1
1 — Ay — Aut(ws) — K — 1
1 — K'— Ay — SP(K) —1

where ws = e1(eze3 + eqe5)

Proof. Let ws1 = e (ezes3 + eqes) + egeres, first we determine the domain
R¢i(ws1) = Ro(ws) U Ri(ws1). Direct computation shows that

Rgl(w871) =< eg,€3,64,65 > U < €g, €7, 68 >= ‘/1 U ‘/2
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AsVinV, = {0} then if f € A = Aut (w&l) we have f(Rgl(w871)) - Rgl(w871)
so f either stabilizes each of the two linear spaces V1, V5 or interchanges them,
that is,

{f(Vi) c Vi and f(Vo) CVa} or  {f(Vi) C V2 and f(V2) C V1}.

The second case is impossible and the matrix of f is of the shape:

&1 O1x4 O1x3

A 04x3
ag 03xa B

Let f € Al, A3f(w871) = Wg1 1rnphes B € SLg(K) and Qg = -+ = (g =
0, in this case f(e1) = aie; and A3f [e1(eaes + eses)] = er(ezes + eses) =
ws, consequently f | < e1,...,es >€ Aut(w;), this allows us to define a
homomorphism of groups

Al > f | — @(f) = f’<e1,...,e5> € Aut (w5>

¢ is obviously surjective, we havekero = {f / f € A and «a; =1, A =ids}.
A3 f(ws1) =ws1 implies that ker p = SL3(K), so the sequence

1 — SL3(K) — Ay — (w5) — 1
is exact, as Aut (ws) verify the following exact sequences [§]

1 — Ay — (w5) — K* — 1
1 — K* — Ay — SPy(K) — 1

so we obtain the desired result. O

Proposition 2. The automorphisms group A; = Aut (ws2) verify the follow-
ing exact sequences :

1 — A, — Ay, — K" —1
1 — A;—>A\2—>SL2(K)—>1
1 — A;\ — A — K" —1
1 — U(16) — A;\ — SLy(K) — 1
Proof. Choosing a suitable basis of E, we can write
w2 = €1 (e5€6 + esea + eser) + esesey.
First determine the domain R3(ws2) = {x € E/ Wsz, hasrank 3} . Notice

that e; € R3(wsz2). Direct computation yields Rz(wss) =< €1 > —{0}, then
we can define a groups homomorphism ¢ : Ay — K* by ¢(f ) = a where
fle1) = aey, A, = ker . ¢ is surjective so the first sequence is exact:

1—>A\2—>A2—>K*—>1.
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Let f € A,, hence a = 1 and A3f(wga) = wso imply that f stabilizes the
linear space < ey, eq, €3, e4 >. In this case the matrix of f has the form :

1 a b c

) B
. AeGLy(K), C,E¢€GLy(K).

o OO

cC D
O2><2 E

By simple computation we deduce that C' € SLy(K). This allows us to define
a groups homomorphism 7 : A, — SLy(K). 7 is surjective, therefore the
following sequence is exact

O4><4

1—>A\2\—>A\2—>SL2(K)—>1

where A; = kerm. As A3f(ws2) = wsz, then by simple computation, the
matrix A gives the last sequences with U(16) is unipotent group of dimension
16. O

Proposition 3. The automorphisms group As = Aut (ws3) verify the follow-
ing exact sequences :
1 — A\3—>A3—>K*><K*—>1
1 — A; —>A\3—>SL2(K)—>1
1 — K9—>A§—>SL2(K)—>1
Proof. Let ws 3 = ey (e3eq + ese6)+eq (e3e5 + ereg), the invariant domain Rs(ws 3) =

{x € E/ Ws3, has rank 5} is equal to

{ViuVo} — {0} ={<e1 > U < ey >} — {0}

Let f € As, then f(Rs(ws3)) C Rs(wss) so f either stabilizes each of the two
linear spaces Vi,V or interchanges them, the case f(V7) C Va and f(V5) C
V1 is impossible because if f(e1) = Aeg and f(ea) = feq, a computation of
the coefficient of eseres in the equality A®f(wss) = wss leads to 1 = 0, a
contradiction. So f(V7) C Vi and f(Va) C Vb, hence f(e1) = ey and f(ez) =
[Beq, then we can define a groups homomorphism ¢ : A3 — K* x K* by
o(f) = (a, B), this allows us to write the first exact sequence

1—>A\3—>A3—>K*><K*—>1

where Ay = kerp. Let f € Ay, then a = 3 = 1, from the equality A%f(ws3) =
wg 3, we get:

10
A

oo D | BeaLx)

M =1 o, P C € GLy(K)

O2><2 O2><4 C
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By a computation using the equality det M(f ) = det B x detC # 0,
we deduce that C' € SLy(K), then we can define a groups homomorphism
U Ay — SLy(K) by o(f) = C, consequently we obtain the second exact se-
quence. Let [ € Ag = kerW¥ then C' = Idy. The requirement A®f(ws3) = ws 3
gives the last sequence. U

Proposition 4. The automorphisms group Ay = Aut (ws4) verify the follow-
ing exact sequences ::

1 — A, — Ay — 7)27 — 1

1 — AZ—>A:1—>K*><K*—>1

1 — K2 A, — SLy(K) x SLy(K) — 1
Proof. Choosing a suitable basis of E,_W€ can write ws4 = eq(eses + ese7) +
ea(eses + eqeg). The invariant domain Rs(ws4) is equal to

{<e,ea>U<es eq >} — {0} = {V1uVa} — {0},

obviously V4 N Va = {0}, then if f € A4, f(Rs(ws4)) C Rs(ws4) consequently
f either stabilizes each of the two linear spaces Vi, V5 or interchanges them,
this allows us to define a groups homomorphism

v: Ay — Z)27, f'—>90(f)={ 0 if f(Vi) C Vi and f(Va) C V4

1 otherwise
¢ is surjective, indeed ¢ (idg) = 0 and ¢ (fy) = 1 with fo is defined by fo(e1) =
es, fo(e2) = eq, foles) = e, folea) = €2, foles) = —er, foles) = —es, fo(er)

—es, fo(es) = —es. Thus we obtain the following sequence :

1—>A:l—>A4—>Z/2Z—>1

where A, = ker .
Let f € A}, then f(V1) C Vi and f(Vi) C Vi, consequently the matrix of f
has the form:

A O2><2
M(f) = OQXé B C A, B e GLQ(K)
4x4

this allows us to define a groups homomorphism

YA, — K* x K*, (f) = (det A, det B).
1 is surjective, hence we obtain the exact sequence
1—>AZ—>A:1—>K*><K*—>1
where A, = kert. Let f € A,, then det A = det B = 1, s0 A , B € SLy(K),

thus we can define a groups homomorphism 7 : AZ — SLy(K) x SLy(K) by
w(f) = (A, B), 7 is surjective, determine its kernel ker 7. Let f € kerm, then
A = B =idy and A3 f(w) = w imply kerm = K'?, as wanted. O
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Proposition 5. The automorphisms group As = Aut (wss) verify the follow-
ing exact sequences :

— A\5 — Ay — 53 — 1

— A; — A\5 — K" —1

— A\5“ —>A\5: — SLy(K) — 1

0 KS s A, — SLy(K) x SLy(K) — 1

—_ = =

Proof. Choosing a suitable basis of E, we can write wss = e1(eseq + eseq) +
ea(eseq + ereg). The invariant domain Rs(wss) is equal to

{<epr>U<ey>U<e;+e > —{0}={VLulhUVs} —{0}.

If f € As, f(Rs(wss)) C Rs(wss) so that f(V;) C Vo) with o € S, this allows
us to define a groups homomorphism

| B (Vi VY
Q. A5 — 537 Sp(f) =0 where o= ( Va(l) Vo’(2) Va(3) ) '

It readily follows that ¢ is surjective, so that the first sequence with A}) =
kerp is exact. Let f € Ay then f(Vi) € Vi and f(Va) C Va, f(V3) C Vs,
consequently f(e1) = aeq, f(e2) = Pes, f(e1+ ea) = d(e1 + e2), hence a = f.
This allows us to define a groups homomorphism ¢ : A, — K* by (f ) = a.
We readily find that 1 is surjective, so the second sequence with Ag = ker
is exact. Let f € Ay, then a = 1 and from the equality A®f(wss) = wss, the
matrix of f must have the form

1 0 A
D\ CeqL(K)

M(f)=| o1 B
Osvs Osus C ) BEGLE)

Since det M(f ) = det B x det C' # 0, det C # 0. Moreover A3 f(w) = w im-
plies det C' =1 s0 C € SLy(K), hence we can define a groups homomorphism
7 Ay — SLy(K) by 7(f) = C, 7 is surjective then the third sequence is
exact

1—>A\5“ —>A\5: — SLy(K) — 1

with A;\ = kerm. Let f € kerm, we get C' = idy. But A3f(w) = w shows that

0):;2 012;2 ) with det X = detY = 1, then

X,Y € SLy(K). This allows us to define a groups homomorphism 5 : A;\ —
SLy(K)x SLy(K) by h(f) = (X,Y), it readily follows that h is surjective and
its kernel ker h is isomorphic to K. U

the matrix B has the form :(
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Proposition 6. The automorphisms group A¢ = Aut (wse) verify the follow-
ing exact sequences :

1 — A\6—>A6—>K*><K*—>1
1 — U(13) — Ay —> SLy(K) — 1
Proof. Choosing a suitable basis of E, we can write wgg = e1(eses + eges +
eqer) + eaeges + eseq). A direct computation leads to the relations
E5(w876) =< e > — {0}
and
Rii(wsg) = {r € FE /wselx)) is of type wri[8,13]}
= {x € F/x=ae+aes and s # 0}.

Let f € Ag, from previous invariant domains the matrix of f must have the
form

B o
0 2 A s
O6><2

thus we can define a groups homomorphism ¢ : Ag — K* x K* by ¢(f) =
(8, a2). Put Ay = ker g, it readily follows that ¢ is surjective and the first
sequence is exact.

1—>A\6—>A6—>K*><K*—>1
Let f € A\6, fle1) = ea + are; and A3 f(wsg) = wse implies det B = 1 where
B is a 2 x 2 submatrix of the matrix A such that det M(f) = det B x det C';

C € GLy(K). Thus we can construct a homomorphism of groups ¢ : A, —
SLy(K) by ¥(f ) = B, v is surjective and its kernel is isomorphic to U(13).
Hence we obtain the exact sequence

1 — U(13) — A\6 — SLy(K) — 1.
This ends the proof of the proposition. O
3. K-FORMS OF 2-STEP SPLITTING TRIVECTORS OF RANK 8.

We are now ready to formulate the main results. The following theorem
gives us a description of K-forms of 2-step splitting trivectors of rank 8.

Theorem 3. Let E be a vector space of dimension 8 over a field K of char-
acteristic other than 2 and 3. Then any K -form of 2-step splitting trivector of
rank 8 in A3E is equivalent to one of the trivectors of Table 2.
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Table 2

ws,i Trivector d; (ws,)
ws,1 €1 (6263 + 6465) + egeres 3
Ws,2 €1 (6263 + eqe5 + 6667) + eseges 3
ws,3 €1 (6364 -+ 6566) + €9 (6365 + 6768) 5
W8 4 €1 (6263 + 6465) + €5 (6267 + 6468) 5
Ws,4.d es (€19 + e3eq) + eg (e1€3 + desey) + e7 (ere4) + es (e2e3) 6
ws,5 €1 (6263 -+ 6465) + €5 (6263 + 6768) 5
Ws,5.d €9 (6563 — d€4€6) +e1 (6564 + eres + 6663) 5
W8.5.a e1 (aeseq + aeseg + eres) + ea (eses + eger + eges) 7
Ws,5.b,c €7 (6162 + eseq + 6566) + eg [61(64 + b€5) + e9¢g + 66365] 7
Ws,6 €1 (6263 + eqe5 + 6667) + eg (6463 + 6566) 5

Here, d € K, — K2, a € K, — K2, and bc # 0.

Denote by C; the set of K-isomorphism classes of the K-forms of wg;, 1 <
1 < 6. In order to prove Theorem 3, the following lemmas are necessary.

Lemma 1. The trivector wg 4 has two K-forms

® Wg 4
® wsyq = e5(ere2 + eseq) + e (e1e3 + degeq) + er (ereq) + es (eze3) where
de K, — K2.

Proof. According to [14] H'(G, X) = 0 whenever X is one of the groups K,
K., SL,,(K), by proposition 4 and using the exact sequences of Galois co-
homology sets, we get [Cy| = |[H'(G,5:)|. Since H'(G, =) classifies cyclic
K-algebras of degree n, then |Cy| = [HY(G, )| = ]gg . We deduce that if
L = K(Vd) is quadratic extension of K, d ¢ K2, there exists a trivector
wr, € N*E such that wy, % wsy and wy ® L € N}(E ®k L) is L-isomorphic to
ws 4-

We construct wy, as follows. ws4 = e1(e2e5 + e3eq) + ea(erea + eges) is 4-step
splitting because

Ws 4 = €5U1 + eglz + erus + eguy

where u; = ejeq, ug = e1e3, uz = egeq and uy = esey, thus V = vect {uq, us, us, us }

is a subspace of dimension 4 of A2K*. As in [ 12] we define the quadratic form
v2 on V and we put wrp= wgaq = €501 + egU2 + e7v3 + egvy with

U1 = e1€g + e3eyq, Vo = €13 + desey, V3 = ey, Vg = ege3, where d ¢ Kf.

To each of the forms ws 4, ws 4,4 We associate a quadratic form e (zuy + yug +
zug + tuy), then we get

Yo(auy + yug + zuz + tug) = —yz, yo(rvy + Yyvo + 2v3 + tvg) = 2 — dy?
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respectively. The two forms are not equivalent over K but they may become
equivalent over the algebraic closure K.

We can also prove that wg 4 is not equivalent to ws 4 4 by using the arithmetical
invariant d; (w). O

For the K-forms of ws 5 we have the following

Lemma 2. wgs has four K-forms.
® Wg5;
® ws5q = ex(eses — degeg) + e1(eres + eseq + eges), d € K — K2
o ws5, = e1(aeseqs + aeses + eres) + ea(eses + eqer + eges) , a & (Fy)?.
® wyppe = er(eres + eseq + eseq) + es(erfes + bes) + exeq + ceses)] where
bc # 0.

Proof. For the K-forms of wg s, using the exact sequences of proposition 5 we
deduce that |Cs| = |H'(G, S3)|, on the other hand we know that there exists
a bijective correspondence from H'(G, S3) to the isomorphism classes of cubic
etale algebras. By according 2-1 we get four types of cubic algebras so ws 5 has
four K-forms.
Let L be a cubic extension of K and F' a L— space of dimension 3. Choose a
basis {e1, ez, e3} of F and let the determinant form ¢ : A3F — L such that
p(er,e,e3) = 1. and Tr : L — K the trace forme hence w;, = Trp o ¢ :
F x F x F— K: is an alternating trilinear form of rank 9 on £ = F' viewed
as vector space over K.

If cara(L) # 3 we take L = K (t) with > = a in this case
{e1,e9,e3,64 = teg, e5 = teg, e6 = tes, er = t2er, eg = t2ey, €9 = t?e3} is a basis
of E. Let (ef), 1 <1i < 9; its dual basis; Hence it readily follows that:
wL(ela €2, 63) =3 ) wL(eéla €5, 66) = 3a ) wL(€77 €s, 69) = 3a® ) wL(ela €s, 69) = 3a )

wL(ela €6, 68) = —3a ) wL(e% €4, 69) = —3a ) wL(e% €6, 67) = 3a ) wL(€97 €4, 68) =
3a , wi(es, es,e7) = —3a and wg(e;, €5, ;) = 0 otherwise. Hence
1 _ k% _k * %k ok 2k _k _* * %k ok * %k ok
3WL = €1€5€3 T A€ C5E6 T A7 E7€3€q + AL €565 — A€ EGEG
k %k %k k ok %k k ok %k k ok %k
+ aese eq — aeseger + aeszejeg — aezeser
and .
s _ * k _k k ok k_k * k ok k _k k ok
39 = es(ejes + aejes + aerel) + aef(ejer + ejes + eser),

then the trivector es(eie2 + aeses + aeres) 4+ aeg(eses + e1es + eaer) is equivalent
to trivector wss, ( it suffices to consider linear map f defined by f(e1) = es3
f(e2) = aes, fles) = ea, flea) = es, f(es) = e5 ,f(es) = —er, f(er) = —eu,
f(es) = —62)-

If we take L = K x K with K' = K(a) and o® = d (d ¢ K**), in this
case, {e1, €2, €3, €4 = Qey, €5 = (eg, €5 = (ves, €7, €3, €9} is a basis of E. Let (ef)
, 1 <1< 9; its dual basis then

wr(e1,e2,e3) =3, wr(er, es,e9) = 3, wr(er,es,e5) = 3d,

wr (€2, e4,66) = —3d, wr(es, eq, e5) = 3d, and
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wr(e;, ej,ex) =0 otherwise .

*k ok ok *k ok ok

1 kK ok * k% * k% :
Then swp = ejeses + dejeseg + desejeg + dezejes + ezegeg and it follows that
w = ejeges + dejeses + deseses + deseses 4 eregeg = wWe 1,4 + €7€3€9

because we 1,4 = e1(eses + ese6) + ea(eses — deses) ([7]). We put z = eg — ey,
then g = Tr+eq and w<z> =e1 (5758 +eée3ey +§5§6) +eé (5356 —d§4§5) is equivalent
to Wws,5,d-

If L=KxKxK =K?then F = L? = K° by the same method we obtain
ws5-
In order to find the last trivector wgsy. , take L = K(a) a general separable
field extension of degree 3 over K where o +ba + ¢ = 0 with b, c € K/bc # 0,
Since the trivectors wg s, ws 5.4, Ws s, and wgsp. are 2-step splitting, using the
invariant y3(zu; + yuz) which is a cubic forme; uy, us € A2K® we get :

Y3(zuy + yuo) = zy(z +y), = (2° —dy?), a*z® +y* and z° + bxy® + ¢y’

for ws 5, ws 5.4, W54 and wg s respectively. Clearly, the three last forms may
be equivalent to the first form if the field is algebraically closed. O

Proof of Theorem 3.

Proof. As H'(G,X) = 0 whenever X is one of the groups K., SPy,.(K),
GLn(K), SL,(K) [14 ], by propositions 1 , 2, 3 and 6, and using the exact
sequences of Galois cohomology sets, we get

HY(G,A) =0 if i€{1,2,3,6}.

Then |C;] = 1, consequently ws; is the only K-form of ws; for i € {1,2,3,6}.
For wg 4 by Lemma 1 we obtain two K-forms, ws4 and

wsa,d = €5 (€162 + e3eq) + eg (e1e3 + degey) + er (ereq) + es (e2e3)

where d ¢ K2. For the K-forms of wgs, Lemma 2 gives us four K-forms
W85, W8 5.d; Ws 5.0 aNd wg sy Where be # 0. Notice that if b = 0, wg 55, must be
equivalent to wg s, and for ¢ = 0, wg 55 ¢ is equivalent to wg 5 4. This establishes
Theorem 3.

O

Corollary 1. There are trivectors of rank 8 over K that are not 2-step split-
ting but they may become 2-step splitting by extension of scalars.

Proof. If the field K is not quadratically closed, it is enough to consider trivec-
tors wg 44 which are not 2-step splitting and becomes equivalent to wg4 over
the algebraic closure K. Thus (ws44)% is 2-step splitting.

]

In order to deduce other results, the following definitions are necessary.

An ordered field K is said to be real closed field if any algebraic extension
of K which is ordered must be equal to K. For example R the field of real
numbers is a real closed field.
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A field which is complete with respect to a discrete valuation is called a local
field if its field of residue classes is finite. For example Q, the field of p—adic
Numbers for some prime p is a local field.

As an immediate consequence of Theorem 3, we deduce nine Fi-forms of 2 step-
splitting of rank eight over a finite field F,, indeed, we have |H'(G, S;)| = 3
because the last etale algebra Ly does not exist [1] and |[H'(G, )| = 2. But
over the real closed field we get eight K-forms of rank 8 of 2-step splitting
trivectors, indeed, |H'(G, S3)| = 2 because every polynomial of odd degree has
a root in K so we obtain only two etale algebras Ly and L. |[H'(G, &)| = 2,
hence we deduce the known result [3] about real forms of rank 8 of 2-step
splitting trivectors.

If K is local field such that its field of residue classes has a characteristic other
than 2 and 3, then |Cy| = |£5| = |Z x =| = 4 [8]. Hence we deduce the

K2
following

Corollary 2. a) There are nine Fy-forms of 2 step-splitting trivectors of rank
8 over a finite field Fy:ws 1, wga, W3, Wea, Wead, Ws 5, Wesd, Wes.a, Wee Where
4 ¢ (F)) a g (Fp)’.

b) If K is real closed field (in particular if K = R), then the K-forms of 2-step
splitting trivectors of rank 8 are wg 1, w2, W3, W4, Wed 1, Ws5, W8 51, Ws6-
c) If K s local field such that its field of residue classes has a characteristic
different from 2 and 3. Then there are 12 K -forms of 2 step-splitting trivectors
of rank 8. W1, W2, W83, W4, Wg4aigi, W85, W85d, W85a;, W85bc, W86 where

d¢K37 a¢K§7 bc#oa andozﬁ_l ¢K37 iaj € {Oal}
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