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Abstract

In this paper we compute weights of various groups like linear groups,
finite p groups and groups of order upto order 50. The weights are
expected to play a very vital role.
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Let G be a group and let X C G. We denote the normal closure of X in
G by (X)n. Thus (X)ny = (29 = g 'zg|z € X, g € G).The weight, w(G), of
a group G is the least cardinality of a subset X of G such that G = (X)y.
A group is said to be of finite weight if X is finite. We define weight of a
trivial group to be 1. For a normal subgroup H of GG, we define G-weight of
H, wg(H), as the least cardinality of a subset Y of H such that H = Y¢ =
(Y9 |yeY, geG). Clearly we(H) < w(H).

The concept of weight of groups and especially the relation between weight
of a group and its abelianisation arise naturally in the study of knot theory.
Kutzko [4] studied groups of finite weight and proved that
Theorem [Kutzko|. If G is a group of finite weight and the lattice of normal
subgroups of G contained in the commutator subgroup G’ satisfies the minimum
condition then w(G) = w(G/G").

Rhemtulla [5] carried the study further and proved the following theorem.
Theorem [Rhemtulla]. If N is a normal subgroup of a group G and G acts
on N by conjugation, then dg(N) = dg(N/N') provided dg(N) is finite and N
has the following property:

There does not exist an infinite descending series of G—subgroups N' = Cy >
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Cy > ... with each C;/Ciyq perfect.
Note that dg(N) = wg(N) and dg(G) = w(G).

In this connection, Gupta, Sharma, Srivastava [2] proved the following
theorem.
Theorem [Gupta, Sharma, Srivastava]. Let G be a nilpotent group. Then
weight of G is finite if and only if G is finitely generated.

They also gave a counter example to show that it is not the case in solvable
groups.

In this paper we compute weight of various classes of groups. In particular,
we compute weight of linear groups like GL,(K), UT,(K) and T, (K) for any
field K. We also compute the weight of finite p groups of order upto p™, n <5,
p odd prime, and certain groups of small order upto 50.

1 Weight of linear groups

We first prove a lemma regarding weight of K* = K \ {0}, where K is a field.
This lemma is very helpful in computing weights of certain groups.

Lemma 1. For any field K, w(K*) is finite if and only if K is finite. In this
case w(K*) = 1.

Proof. Clearly for a finite field K, w(K*) = 1. If K is a field of characteristic
0 then w(K*) < oo will give that K* is finitely generated abelian, which is not
possible as Q* is not finitely generated. Now let us consider the case when K
is an infinite field of characteristic p > 0. If K is algebraic over Z,, then K*
is locally finite. Hence finite weight will give that K* is finitely generated and
hence finite which is a contradiction. Now in the case when K is not algebraic
over Z,, let £ € K be transcendental over Z,. Then w(K*) < oo will give K*
is finitely generated abelian but Z,(£) can not be finitely generated. Hence
w(K*) = oo if K is infinite. O

We begin by computing the weight of general linear group GL,(K), for
any field K.

Theorem 1. Let GL,(K) be the group of all n x n invertible matrices with
entries from the field K. Then

(i) w(GL,(K)) =1, for any finite field K.

(77) w(GL,(K)) = oo, when K is a infinite field of char p > 0.
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(1i1) w(GL,(K)) = 0o, when K is a infinite field of char 0.

Proof. We know that GL,(K)/SL,(K) = K*, where K* = K\{0}. In case K
is a finite field, K* is cyclic. Further, GL,(K)" = SL,(K) unless n = 2 and
K =75. In case n = 2 and K = Z,, we know GLy(Zy) = S3. Hence in case
of finite field K, w(GL,(K)) = 1. For an infinite field K, using the Lemma 1
we get w(GL,(K)/SL,(K)) = oo and hence w(GL,(K)) = cc. O

Another important group is UT,,(K), the group of all n x n unitriangular
matrices over K. These groups provide a good source of nilpotent groups. We
now obtain w(UT, (K)), for any field K:

Theorem 2. Let UT,(K) be the group of all n X n upper triangular matrices
with 1 on the diagonal and entries from the field K. Then

(i) wUT,(K)) =
(77) w(UT,(K)) = oo, when K is a infinite field of char p > 0.
(i) w(UT,(K)) =
Proof. (i) As (UT,(K))' = (I + V| V is strictly upper triangular with first

m(n — 1), when K is a finite field and |K| = p™.

0o, when K is a infinite field of char 0.

super diagonal zero ), we have % = p™=1_ Also as charK = p,
every element of % has order p. Hence (g;:’:((f))), = CpxCpx...xC,
m(n — 1) times. Thus w(UT,(K)) = w <(g£:l((§))),> =m(n—1).

(17) For any A € UT, (K), we have o(A) is power of prime p. So UT,(K) is a
torsion nilpotent group. Let if possible w(UT,(K)) < oo, then by [2] we
get UT,,(K) is finitely generated, hence finite. This is a contradiction as
K is an infinite field. Hence w(UT,,(K)) = oo if F' is an infinite field of
char p > 0.

(1ii) Let if possible w(UT,(K)) be finite. Then by [2], UT,(K) is a finitely
generated nilpotent group and hence a polycyclic group. Thus UT, (K)
satisfies maximal condition on subgroups, hence every subgroup of UT,,(K)
is finitely generated. But

1 0 O o
01 O 0
) a€e Ky <UT,(K)
00 0 ... 1

which is not finitely generated. Hence w(UT,(K)) = oc.
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We next compute weight of 7,,(K), for any field K. These groups provide
a good source of solvable groups.

Theorem 3. Let T,,(K) be the group of all n x n upper triangular matrices
with units on the diagonal and entries from the field K. Then

(1) For a finite field K,
w(Tn(K)) = { nol | fﬁfgﬁgf.

(17) w(T,(K)) = oo, when K is a infinite field of char p > 0.
(173) w(T,(K)) = oo, when K is a infinite field of char 0.

Proof. We know that T,,(K)/UT,(K) = (K*)". Further, T,,(K) = UT,(K)
unless K = GF(2). In case K = GF(2), we know T,,(GF(2)) = UT,,(GF(2)).
So w(T,,(GF(2))) = w(UT,(GF(2))) = n — 1, using Theorem 2. In case K
is a finite field and K # GF(2), we have w(T,(K)) = w(T,(K)/(T.(K))) =
w(T,(K)/UT,(K)) = w((K*)") =n w(K*) = n. For an infinite field K, using
Lemma 1 we get w(7T,(K)/UT,(K)) = oo and hence w(T,,(K)) = occ.

U

2 Finite p - groups
In this section, we compute the weights of all finite p-groups of order p™, n < 5,

p an odd prime. Due to space, weight of these groups is given in Table 1. For
better comprehension of the table, the following be taken into consideration:

1. For the economy of space, all relations of the form [a,b] = 1(with a,b
generators) have been omitted and should be assumed when reading the
presentation.

2. Throughout, v denotes the smallest positive integer which is a non-
quadratic residue (mod p).

3. Throughout, g denotes the smallest positive integer which is a primitive
root (mod p).

For notations and other details, we refer to [6]. Further, we note that
for a non abelian group of order p?, |Z(G)| = p and |G/Z(G)| = p*. Hence
G' = Z(G) and G/Z(G) = C, x C,. Hence weight of all non abelian groups
of order p?, p an odd prime, is 2. We use the result for nilpotent groups that

w(G) = w(G/G).
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3 Weights of Finite Groups of order up to 50

In this section, we compute weights of groups of small order, to be precise of
order up to 50. We note that if G is a group of order pips - - - p,, where p;’s

are distinct primes, then G/G’ is abelian of order m = p;,p;, - - - pi. (i < n),
where p;’s are distinct primes and hence G/G’ is cyclic of order m. Thus
w(G) = w(G/G") = w(C,,) = 1. Hence groups of order 1,2,3,5,6,7,10,11, 13,
14,15,17,19, 21, 22,23, 26,29, 30, 31, 33, 34, 35, 37, 38, 39, 41, 42, 43, 46, 47 each have
weight 1. Also one can see that for dihedral group Ds,, w(Ds,) = 1 if n is
odd; w(Ds,) = 2 if n is even. Clearly if G is any non abelian simple group
(finite or infinite) then w(G) = 1. The weight of small groups of order upto

50 are given in Table 2.

TABLE 1

Table of weight of groups of order p”, n <5, p an odd prime. Groups
in the following table refer to those in [6].

Presentation of Group

Cp

Cp2

Cp x Cp

Cps

sz X Cp

Cp x Cp, x Cp

<a,b,c|[byal =c,a? =¢c,bP =cP =1 >
< a,b,c|[bal=c,a? = =cP =1
Cpa

Cp3 X Cp

C2 X Cp2

p
CQXCPXCP

p

8

DO NN WN N WWEREWNNFIDNDDNDWND =N =R

[b,a]
< a,b,c|[bal =c,a? =bP =P =1> xC),
< a,b,c| [b,a]:ap2 =cP=c=1>
< a,b,c|[bal=a :c,bp2 =cP=1>
<aybc,d|[byal=dP =c,a’P =P =P =1>
< ayb,c | [b,a]zc,a”2 =WP=cP=1>
< a,b,c,d|[byal =c,[c,al =aP =d,bP =P =dP =1 >
<a,bc,d]|[byal=cc,al =P =d,aP =P =dP =1 >
<a,bc,d|[byal =c¢c,al’ =P =d",aP =P =dP =1 >
<a,b,c,d|[byal =cc,al =d,a? =P =P =dP =1 >
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Presentation of Group

8

Cps

p
Cp4 X Cp
Cps X Cp2
Cp3 X Cp X Cp
sz X sz X Cp
Cpz X Cp x Cp x Cy

Cp x Cp x Cp x Cp %

<a,b,c|[ba =a?
<a,b,c|[ba
<a,b,c|[bal=c=
<a,b,c|[bal=c=
<a,bc,d|[b
<a,bc|]
<a,b,c|[ba
<a,b,c|[ba
<a,b,c|[ba :a3
<a,b,c|[ba = a?
<a,b,c|[ba

< a,b,c,d| [b,al

<a,b,c,d]|[bal =c,
<a,b,c,d]|[bal =c,
<a,b,c,d][bal =c,
<a,b,c,d|[bal =c,
<a,b,c,d][bal =c,
<a,b,c,d][bal =c,
<a,b,c,d][bal =c,
<a,b,c,d][bal =c,
<a,b,c,d][bal =c,
<a,b,c,d][bal =c,
<a,b,e,d, f|[bal =
<a,b,c,d][bal =c,
<a,b,c,d|[bal =c,
<a,b,c,d, f|[ba] =
<a,byc,d, f|[ba] =
<a,byc,d, f|[ba] =
<a,byc,d, f|[ba] =

—a”—cb” =c?=1>xC,

b, al

b, al

b,a]

b,a]

| 7a]—d”—ca”—b”—c”—1>><C’
b,a] =c, pszch:1>xC

ba] =c,a? =P =c? =1> xCp

bal =c,a? =b" = =1> xC, x C)

b, al
b, al
b, al

:bp—cap =cP=1>
= ar’ =ca?=0W=c=1>
<a,b,c|[ba]=c, a’’ =P =P =1>
<a,b,cd | [b7a]:dp:c,ap2:bp:cp:1>
<a,bc|[ba=c,a? =P =P =1>

Cp
—cb”—cp:1>><C’

al,bP = cP =1> xCp
apbp—cp—1>><C’ x Cp

=cbP=c=1>
—cbp2—cp:1>

C7a]:ap:d)bpch:dp:1>><0p

cal=bW=d,a? =c? =d’ =1> xC,
cally =W =d",a? =cP =d’ =1> xC,
cal=d,a? =P = =dP =1> xC,
c,a :apz:d,bp:cp:dp:1>
=W =da?=cP=d’=1>

”—bpz_dap:cpzd”:1>

[
[
[
[
[
[
[
[
[
[

S
_._._._..&._._.__.

ca
c,a) = aP db” =cP=dP=1>
c,al = b:dap =cP=dP=1>
c,a"zb”zd",a”zzc”:d”:l>

¢le,al=fP=dja? =bP=c?P=dP =1 >

WWWWN N WK NDNDNDDNDDWWWWN WNWNDNNPRWWRRERWWWIUREWWND N =R

[c,al =d,a? =P =P =dP =1 >
[c,a]:d,ap:bp2:cp:dp:1>
d="bWc,al=f=aP,P=dP = fP=1>
d=c[c,al=f=aP, 0P =dP = fP=1>
d=W, [c,al=f=cP,aP =dP = fP=1>
d,fc,a) = f=cP,bP =dF aP =dP = fP =1>
1,2,..,(p—1)/2
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Presentation of Group w(G)
<a,be,d, f|[bal =d,c,al = f,bP = f1 P =df,aP =dP = fP=1> 3
<a,bye,d, f|[ba] =d,[c,al = f=b,cP =d’,aP =dP = fP=1> 3
<a,b,c,d, f | [b,a] =d,[c,a] = f,bP = fE P =df,aP =dP = fP =1 > 3
where 4k = ¢?>" 1 — 1 for r = 1,2,....,(p— 1)/2

<a,be,d, f|[ba] =d,[c,al=f=aP, P =P =dP = fP=1> 3
<a,bc,d, f|[bja]=d="bP[c,a] = f,aP =P =dP = fP=1> 3
<a,bc,d, f|[bja]=d=cP c,a] = f,aP =P =dP = fP =1 > 3
<a,be,d, f|[ba] =d,[c,al = f,a?P =P =P =dP = fP=1> 3
<a,be,d, f|[a,b]=[c,d]=aP = f,P =P =dP = fP=1> 4
<a,bed, f|[a,b]=[c,d]=f,a? =P =P =dP = fP=1> 4
<a,b,c,d, f|a,b =cc,a] =d=aP,[c,b]=f =, P =dP = fP=1> 2
<a,b,c,d, f | [a,b] =c,[c,a] =d,[c,b] = fya? =d*¥, 0P = f, P =dP = fP=1> 2
where k =g" forr=1,2,...,(p—1)/2

<a,b,c,d, f|[a,b] =c [c,al =d,[c,b] = foaP = f~/AP =d"fr, P =dP = fP=1> | 2
where r =1 or v

<a,be,d, f|[a,b] =c,c,al =d,[c,b] = f,a? = f,0P =d¥, P =dP = fP=1> 2
<a,b,e.d, f|a, bl =c[c,al =d,[c,b] = f,a? = fk W=df,c=dl = fr=1> 2
where 4k = ¢?>" 1 — 1 for r = 1,2,....,(p— 1)/2

<a,bye,d, f|[a,b] =c¢,[c,al =d,[c,b] = f,a? =d, P =P =dP = fP=1> 2
<a,bc,d f|la,b]=cc,al =d,[e,b] = f,bp =d",a? =P =dP = fP=1> 2
where r =1 or v and p > 3

<a,bc,d f|]a,b]=c[c,al =d,[c,b] = f,aP =P =P =dP = fP=1> 2
<a,be,d, f|[ba] =c,[c,al =d,[b, fl=a? =d,bP =P =dP = fP=1> 3
<a,bye,d, f | [ba]l =c,[c,al =d,[b, f]T = =d",aP =P =dP = fP=1> 3
where 7 =1 or v

<a,bc,d, f|[bal=clc,al =d,[b,fl=fP=dja? =P =cP=dP=1> 3
<a,bc,d, f|[bal=clc,al =d,[b,fl=d,aP =P =P =dP = fP=1> 3
<a,b,c|[a,b]:c:ap,cpzsz2:1> 2
<a,bye,d, f|[ba] =c¢c,al =d,[d,a] =aP = [P =P =dP = fP=1> 2
<a,b,e,d, f|[b,al =c,[c,al =d,[d,a] = f,b° = fFaP =cP =dP = fP =1 > 2
where k =¢g" forr+1=1,2,....(p—1,3)

<a,bye,d, f|[ba]l =c¢c,al =d,[d,a] = fa? =P =P =dP = fP=1> 2
<a,b,c,d, f | [b,a] =c,[c,a] =d,[d,a] = f,[b,d)f = fF=aP,bP =P =dP = fP=1> | 2
where k =¢g" forr+1=1,2,...,(p—1,4)

<a,b,c,d, f | [b,a] =c,[c,a] =d,[d,a] = f,[b,d)f = fF=bPaP =P =dP = fP=1> | 2
where k =¢g" forr+1=1,2,....(p—1,3) and p > 3

<a,b,e,d, f|[ba]l =c¢,c,al =d,[d,a] = f,[b,c]=f,a’P =P =P =dP = fP =1> 2
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TABLE 2

Order | Groups w(G)
1 4 1
2 Cy 1
3 Cs 1
4 Cy 1
Cg X Cg 2
5 Cs 1
6 Cs 1
Dg=<ab|a®=0>=1,b"tab=0a"'! > 1
7 C 1
8 Cs 1
C4 X Cg 2
CQ X CQ X CQ 3
Dg=<ab|a*=0>=1,b"lab=0a"! > 2
Qs =<a,b|at=bt=1b"tab=a"1, 0 =0a®>> | 2
9 Co 1
Cg X Cg 2
10 C1o 1
Diyjp=<a,b|a®=b>=1,b"tab=a"'!> 1
11 Ci1 1
12 Cia 1
C@ X Cg 2
Dy =<a,b|a®=b0>=1,b"tab=0a"'!> 2
Ay =<a,b|a®=0b*=1,a=babab > 1
<a,bla*=0=1a"tba=b"1> 1
13 Ci3 1
14 Cia 1
Dyy=<ab|a" =*=1b"tab=a"1> 1
15 Cis 1
16 Cie 1
Cg X Cg 2
C4 X C4 2
C4 X Cg X Cg 3
CQ X CQ X CQ X CQ 4
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Order | Groups w(Q)
<a,b]a®=b>=1,b"tab=a’ > 2
<a,blat=bt=1,b"tab=0a?> 2
<a,bc|la*=b0>=c*=1,ctbe=ba% b tab=a,c tac=a > 3
<a,byc|lat=0*=c?>=1,ctac=a?a 'ba =0b,c tbc=1b> 3
<a,byclat=0>=c?>=1,ctac=ab,b~tab=a,c e =b > 2
<a,byclat =bt=c2=1,b"tab=a3a?> =b?,c tbe=b,c tac=a > | 3
<a,bla®=b>=1,b"tab=a’> 2
Dig=<a,b|a®=b>=1,b"tab=0a"! > 2
Q6 =<a,b|a®=0b*=1,b"tab=0a"'b> =a* > 2

17 Ci7 1

18 Cis 1
Cﬁ X Cg 2
Dig=<a,b|a®=0>=1,b"tab=0a"! > 1
<a,byc|la?=0>=c=1,a"ba=0b%a"tca=c*ctbc=0b> 1
<a,bye|la®=0>=c?=1,ctbc="b%ctac=a,b"tab=a > 1

19 Cig 1

20 Coo 1
ClO X CQ 2
Doy =<a,b|a®=0>=1,b"tab=a"1 > 2
<a,bla*=0b"=1,a"tba=0>> 1
<a,bla*=0b"=1,a"tba=0*> 1

21 Co 1
<a,bla®=0b"=1,a"tba =0b>> 1

22 Coys 1
Doy =< a,b|a't =2 =1,b"tab=0a"1 > 1

23 Cos 1

25 Cos 1
05 X 05 2

2 Coe 1
Do =< a,b|a®=b=1,b"tab=a"1 > 1

27 Cor 1
Cg X C3 2
Cg X Cg X Cg 3
<a,bla®=b=1,b"tab=a*> 2
<abc|la®=0=c*=1,ctbc=ba,c tac=a,b"tab=a > 2

28 Cog 1
C14 X CQ 2
Dog =< a,b|a* =0 =1,b"tab=0a""1 > 2
<a,blat=b"=1a"tba=b"1> 1

29 Cio 1
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Order | Groups

30 Cso
D3p=<a,b|a®=b=1b"tab=a""1 >
<a,b|a®=b=1,b"tab=0a""t >
<a,bla®=b"=1b"tab=0a"1>

8

31 Cs1

33 Css

34 Cs34
D3y =<a,b|al"=b=1b"tab=a""1 >

35 Css

37 Csr

38 Css
D3s =<a,b|a®=b=1,b"tab=a""1 >

39 Csg
<ablaB=b=1blab=a"1>

41 Cy1

42 Cio
Dyp=<a,b|a®' =t =1b"tab=a""1 >
<a,bycla"=0=c2=1ctbe=b"tb"tab=a,c tac=a >
<abcla"=b=c*=1,clac=a", b7 tab=a,c tbce=b>
<a,bye|la”"=0>=c?>=1,b"tab=a?c tbc=b,c tac=a >
<a,byc|la"=0=c2=1,b"tab=a?c tac=ab c tbc=b>

43 Cus

44 Cuq
Caz x Oy

Dy =<a,b|a®?=b=1b"tab=a"1>
<a,byelat = =c2=1,b"tab=a"',c lac=a,c lbc =b >

45 Cius
Ci5 x C3
46 Cue
Dys=<a,b|a®®=b=1,b"tab=a"1 >
47 Cur
49 Cag
07 X 07
50 Cso
Cio x Cs

Dso=<a,b|a®>=b=1,b"tab=0a"1 >
<a,byc|a?=0=c®=1,a"ba=0b*ateca=c*ctbc=0b>
<a,byc|la®=0"=c®>=1,ctbc="bclac=a,btab=a >

HHH[\D>—‘[\DHHH)—‘NH[\?[\?[\D)—‘)—‘HH)—‘)—‘)—‘HHH)—‘)—‘HHH)—‘)—‘)—‘HH)—‘)—‘)—‘g
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