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Abstract

In this paper, some sufficient conditions for a finite group to be su-
persolvable or nilpotent are given by means of some kinds of generalized
normality of cyclic subgroups of order prime and 22, and several known
results are generalized .
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1 Introduction

Throughout this paper, all groups considered are finite.

In 1988, X. Y. Su introduced the definition of the semi-normal subgroup
and discussed the structure of the group whenever its some subgroups are
semi-normal. Recently, Y. Fan and X. Y. Guo gave the definition of the semi
cover-avoiding property in [2], which covered both the C-normality property
and the cover-avoiding property and obtained some meaning results(see [2, 3,
4]). Based on the former results, in this paper, we will study the influence
of some subgroups either having the semi cover-avoiding property or being
semi-normal on the structure of groups.

'The research was supported by the National Natural Science Foundation of
China(10771132), SGRC(GZ310) and the research grant for graduate students of Shang-
hai University.

2Corresponding author. e-mail: xyguo@staff.shu.edu.cn



396 Yaqiong Cui and Xiuyun Guo

2 Basic Definitions and Preliminaries

Definition 1 [1] Let A be a subgroup of a group G. If there is a subgroup
B of GG such that G = AB and AB; < G for every proper subgroup B; of B,
then A is called a semi-normal subgroup of G, and the set of all such B is
denoted by Sg(A).

Definition 2 [2] Let H be a subgroup of a group G and M/N be a
normal factor of G. Then H is said to cover M/N if HM = HN. On the
other hand, if H(\M = H(\ N, then H is said to avoid M/N.

Definition 3 [2] Let H be a subgroup of a group G. H is said to have
the semi cover-avoiding property in G if there is a chief series of GG

1=Gy<Gi<--- <G =0

such that H either covers or avoids G;/G;_; for every i =1,--- | [.

Definition 4 [5] Let G be a group, S(G) be the set of supersolvable
subgroups of G and

A(G) = {N|N <G and NX € S(G) whenever X € S(G)}.

Set U(G) = (N|N € 2(G)). It is obvious that 2A(G) # ¢ and U(G) char G.

Lemma 1 [1] Let H be a semi-normal subgroup of a group G, then:

(1 )H is a semi-normal subgroup of K if H < K <G,

(2) HN/N is a semi-normal subgroup of G/N if N is a normal subgroup
of G.

Lemma 2 [3] Let H be a subgroup of a group G having the semi cover-
avoiding property in G, then:

(1) H has the semi cover-avoiding property in K if H < K < G,

(2) H/N has the semi cover-avoiding property in G/N if N is a normal
subgroup of G and N < H,

(3) HN/N has the semi cover-avoiding property in G/N if (|H|, |N]|) =1,
where (, ) denotes the greatest common divisor.

Recall that a group G is called an inner supersolvable group if G is not
supersolvable but every proper subgroup of G is supersolvable.
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If G is an inner supersolvable group, then:

(1) G has the unique normal Sylow p—subgroup P, and there exists M < G
such that G = PM,P(\M =1, and M is supersolvable,

(2) P/®(P) is a minimal normal subgroup of G/®(P),

(3) if p > 2, then expP = p, and if p = 2, then expP < 4,

(4) there exists an element ¢ in P\ ®(P) such that (c) is not normal in G,

(5) P/®(P) is not cyclic.

Lemma 3 [6] Let G be an inner supersolvable group and P be a normal
Sylow p—subgroup of G. If there is a normal subgroup N of G such that G/N
is supersolvable, then P € Sly,(N).

Lemma 4 Let G be an inner supersolvable group and P be a normal
Sylow p—subgroup of G, then there exists an element ¢ in P\ ®(P) such that
(c) does not have the semi cover-avoiding property in G.

Proof Assume that the result is false. Then, for every element x in
P\ ®(P), (z) has the semi cover-avoiding property in G, that is, there is a
chief series of G

1=Gy<Gi <+ <G =0

such that either (x)G; = ()G, or () (G; = (x)[)Gi-1 for every i =
1,2,---,1. Since z is in G, there must exist an integrate number k£ such that
x is in Gy but not in Gy. It follows that ()G = (x)Gg11, and therefore
Gr+41/Gy is a cyclic group of order p or 4.

On the other hand, since (P () Gy)®(P)/®(P) is normal in G/®(P) and
P/®(P) is aminimal normal subgroup of G/®(P), we will see that (P Gy)®(P) =
Por ®(P). If (P Gk)®(P) = P, then PGy = P, in contradiction to that
x is not in P Gg, so PG = ®(P). By using the same arguments, we can
have that P(Gry1 = P. Thus P/®(P) is a cyclic group of order p or 4, the
final contradiction.

Lemma 5 [1] If a p-subgroup P of a group G is semi-normal in GG, then
PQ = QP, for every gq—subgroup @ of G with g # p.

Lemma 6 [5] Let H be a subgroup of a group G, then U(G) (" H < U(H).

Lemma 7 [5] Let G be a group, then G is supersolvable if and only if
G/U(G) is supersolvable.

Lemma 8 [1] If A is a semi-normal subgroup of a group G, then A® is
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also a semi-normal subgroup of G for all z in G and S¢(A*) = S¢(A). And if
B € S¢(A), then BY € Si(A) for all y in G.

Lemma 9 Let H be a subgroup of a group G having the semi cover-
avoiding property in GG, then H” has also the semi cover-avoiding property in
G for all z in G.

Proof Since H has the semi cover-avoiding property in GG, then there is
a chief series of G

1=Gy<Gi < <G =G

such that either HG; = HG;_; or H(\G; = H(\G;_; for every i = 1,--- ,[.
We can see that H*G; = (HG;)* = (HG;—1)* = H*G;_; and H*(G; =
(HNG)* =(H(NGi-1)* = H*(G,_ for all z in G. Hence the result holds.

Lemma 10 [7] Suppose that every maximal subgroup of a Sylow subgroup
of a group G either is semi-normal or has the semi cover-avoiding property in
G, then G is supersolvable.

3 Main Results

Theorem 1 Let N be a normal subgroup of a group G such that G/N
is supersolvable. If every cyclic subgroup of N of order prime and 22 either
is semi-normal or has the semi cover-avoiding property in G, then G is super-
solvable.

Proof Assume that the theorem is false and let G be a counterexample
of the smallest order. Then

(1) G is inner supersolvable:

Let H be a proper subgroup of G. Since HN/N = H/H [N, we see that
H/H (N is supersolvable. By Lemma 1 and Lemma 2, we can see that every
cyclic subgroup of H (N of order prime and 2* either is semi-normal or has
the semi cover-avoiding property in H. Thus H satisfies the hypotheses of the
theorem for its normal subgroup H [ N, and the minimality of G implies that
H is supersolvable. So G is inner supersolvable.

(2) Let P be the unique normal Sylow p—subgroup of G. By Lemma 3
and the property of the inner supersolvable group, we see that P < N and
therefore every subgroup of P of order prime and 2* (when p = 2) either is
semi-normal or has the semi cover-avoiding property in G.

(3) The final contradiction:

By (2) and Lemma 4, there exists an element = in P\ ®(P) such that (z) is
semi-normal in G, and therefore there exists B € Sg((z)) such that G = (z) B
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and (x)B; < G for every proper subgroup By of B. Set B = (B, By, -+, B, ),
wherever B, €Syl,(B), B,, €Syl,,(B), for every i = 1,2,--- ,r. By applying
Lemma 5, we see (z)B,, < G, and therefore (x) = (x)B,, ()| P is normal in
() By,, thus B,, < Ng((z)). Noticing that P is the unique normal Sylow
p—subgroup of G and P/®(P) is abelian, we know (x)®(P)/®(P) is normal
n (x)B,®(P)/®(P). It follows that (z)®(P)/®(P) is normal in G/P(P).
Therefore (z)®(P) = P, in contradiction to that P/®(P) is not cyclic.
The proof of the theorem is completed.

Theorem 2 Let N be a normal subgroup of a group G such that G/N
is supersolvable. If every subgroup of N of order prime is contained in U(G),
and every cyclic subgroup of N of order 2% either is semi-normal or has the
semi cover-avoiding property in G, then G is supersolvable.

Proof Suppose that the theorem is false and let G be a counterexample
of the smallest order. Then

(1) G is inner supersolvable:

Let K be a proper subgroup of G, it follows from KN/N = K/K (| N that
K/K (N is supersolvable. By the hypotheses and Lemma 6, we see that every
subgroup of K (N of order prime is contained in U(K). By using Lemma
1 and Lemma 2 once again, we get that every cyclic subgroup of K [N of
order 22 either is semi-normal or has the semi cover-avoiding property in K.
So K satisfies the hypotheses of the theorem for its normal subgroup K (| N.
It follows that K is supersolvable by the minimality of (G, and therefore G is
inner supersolvable. So we can let G = PM and P(\M = 1, where P is the
unique normal Sylow p—subgroup of G' and M is supersolvable.

(2) By P < N and Lemma 3, we see that every subgroup of P of order
prime is contained in U(G), and every cyclic subgroup of P of order 2% (when
p = 2) either is semi-normal or has the semi cover-avoiding property in G.

(3) p=2 and P is not cyclic:

Otherwise, assume p > 2. By the property of the inner supersolvable
group G, we get expP = p. Since G/P is supersolvable, we can conclude
that P < U(G) by (2). So it follows from G/U(G) = (G/P)/(U(G)/P) that
G/U(G) is supersolvable. By Lemma 7, we have that G is supersolvable, a
contradiction. So p = 2. Then by the supersolvablity of G/P, we know P is
not cyclic.

(4) For all z in P\ ®(P), o(x) = 4:

Otherwise, then there exists an element y in P\ ®(P) such that o(y) = 2.
Let L = ()¢, then L is normal in G and L < P, and therefore L®(P)/®(P)
is normal in G/®(P). The minimality of P/®(P) implies that L®(P)/P(P) =
P/®(P) and so P = L®(P) = L. It follows that P = L < U(G) and G/U(G)
is supersolvable. By using Lemma 7 once again, we can conclude that G is
supersolvable, a contradiction.
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(5) The final contradiction:

By the hypotheses of the theorem and Lemma 4, (z) is semi-normal in G
for all x in P\ ®(P), so there is B € S¢((z)) such that G = (x)B. Since G
is solvable, there exists an element a in GG such that M* < B. By the Lemma
8, we can assume M < B. Noticing that (z) < P, we see that (x)M < G
and (z) = (z)(M () P) is normal in (z) M. Since P/®(P) is abelian, we have
that (z)®(P)/®(P) is normal in G/P(P). The minimality of P/®(G) implies
(x)®(P)/®(P) = P/®(P), namely P = (z), in contradiction to that P/®(P)
is not cyclic.

The proof of the theorem is completed.

Theorem 3 If there exists a Sylow p—subgroup P of a group G for any
prime p dividing the order of GG such that

(i) Na(P)/Cq(P) is a p—group,

(ii) every maximal subgroup of P either is semi-normal or has the semi
cover-avoiding property in G,

then G is nilpotent.

Proof Assume the theorem is false and let G be a counterexample of the
smallest order. Then

(1) Let P* be a Sylow p—subgroup of GG, and we have that P* satisfies (i)
and (ii):

By the Sylow Theorem, there exists an element x in GG such that P* = P*.
Since Ng(P*) = Ng(P*) = (Ng(P))* and Cq(P*) = Cq(P*) = (Ca(P))*,
it follows from Ng(P*)/Cq(P*) = Ng(P)/Cq(P) that Ng(P*)/Cq(P*) is a
p—group. And by Lemma 8 and Lemma 9, every maximal subgroup of P*
either is semi-normal or has the semi cover-avoiding property in G. So P*
satisfise (i) and (ii).

(2) By Lemma 10, we can get that G is supersolvable. Let ¢ be the maximal
prime dividing the order of G and @ be a Sylow ¢g—subgroup of G, then (@) is
normal in G.

(3) Let N be a minimal normal subgroup of G, and we see that G/N is
nilpotent:

Considering the quotient group G = G/N, let P = PN/N be a Sylow
p—subgroup of G.

Since Ng(P) = Ng(P)N/N and Cg(P) > Co(P)N/N, we see that
Ng(P)/Cq(P) is a p—group.

Assume that N is an r—subgroup of G and Fy/N is a maximal subgroup of
PN/N. If r = p, then N < P and P, is a maximal subgroup of P either being
the semi-normal or having the semi cover-avoiding property in G. Therefore,
by Lemma 1 and Lemma 2, we have that Py/N either is semi-normal or has
the semi cover-avoiding property in G/N. If r # p, then Py = Fy(|PN =
(Py(YP)N. We can conclude that Py() P is a maximal subgroup of P by
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comparing the orders, so Py[| P either is semi-normal or has the semi cover-
avoiding property in GG. By using Lemma 1 and Lemma 2 once again, we can
see that Py/N = (Py() P)N/N either is semi-normal or has the semi cover-
avoiding property in G/N.

From the above statements, we know G /N satisfies the hypotheses of the
theorem, and therefore G/N is nilpotent by the minimality of G.

(4) N is the unique minimal normal subgroup of G and N = Q:

Let H be another minimal normal subgroup of G, and we see that G/H is
nilpotent by (3). It follows from G/H (YN < G/H x G/N that G is nilpotent,
a contradiction. Thus N is the unique minimal normal subgroup of G.

Moreover, if ®(G) # 1, then by the minimality of N, we get N < &(G) # 1.
It concludes that G/®(G) # 1 is nilpotent by (3), and therefore G is nilpotent,
a contradiction. Thus, by Lemma 14, we see ®(G) =1 and F(G) = N. Since
Q < F(G) = N and N is the unique minimal normal subgroup of G, we get
N =Q.

(5) The final contradiction:

We know that Q = N is a cyclic subgroup of order prime by (2) and (4), so
Q < Ce(Q). By the hypotheses, Ng(Q)/Ca(Q) is a g—group, then C(Q) =
Ne(Q) = G, that is Q < Z(G). It follows from G/Z(G) = (G/Q)/(Z(G)/Q)
that G/Z(G) is nilpotent, and therefore G is nilpotent, the final contradiction.

Thus the counterexample of the smallest order does not exist, and therefore
G is nilpotent.
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