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Abstract
Let K be afield of characteristic p > 0. Letf(x1,... ,z¢) € K[x1,... 2]
such that % # 0. There exists at most one polynomial P(x1,... ,xy_1) €
Klxy,... ,xp—1] such that f(xi,...,x¢) + P(x1,... ,2¢—1) iS compos-

ite and satisfying the conditions P(0) = 0 and g—fi # 0 for some
i € {1,...,0 — 1} if p > 0. Furthermore, the use of Kronecker sub-
stitution brings back the problem to that of the composition of one
polynomial in one variable. Therefore, we obtain necessary and (or)
sufficient conditions for a multivariate polynomial to be composite.
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1 Introduction

Let K be afield and let f(xy, ... ,z,) be a non-constant polynomial over K. We
say that f is composite over K if there exist two polynomials u(t), h(zy, ... ,z,)
defined over K such that degu > 2 and f(xq,...,2¢) = u(h(xy,... ,x0)).

Let K be an algebraic closure of K. Following the method of [1], one can
prove that if K is of characteristic 0 then f is composite over K if and only if
f is composite over K.

The compositeness of polynomials is related to the reducibility by the fol-
lowing classical result.

Theorem 1 (Bertini) Suppose that K is algebraically closed and let
f(z1,...,x¢) be a non-constant polynomial over K. Then f is composite
over K if and only if there exist infinitely many values of X € K such that
f(xy, ..., z¢) — X is reducible over K.
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Proof. See [4 chap. 3 §3 cor. 1].

Using Theorems 3 and 4 of [4 chap. 1 §2], one can prove that, if
f(z1,...,2¢) is a polynomial over K and f = wy(hy) = ug(hs), where hy, hy
are non-composite, then hy = u(hy) with u(t) = at +b, a € K*, b € K, so the
decomposition of f is unique up to a linear transformation over K.

When f(xq,...,x,) is non-composite, the finite set of values of A in K such
that f(xy,...,2¢) — A is reducible over K is called the spectrum of f. In [2],
one can find an explicit method to detect if a bivariate polynomial is composite
and if not to find explicitly the spectrum of f.

In order to apply Theorem 1, it is necessary to decide whether f is compos-
ite or not. Theorem 3 below, transfers the property of being composite for a
multivariate polynomial to the same property for some univariate polynomial.

The second interest to detecte if given a multivariate polynomial is com-
posite is useful when factorizing this polynomial. Suppose that f(z1,... ,z,) is
composite over K, f = u(h(zy,...,x)) then f(xy, ..., 2) = (h—a1)...(h—a,)
where ay, ..., a;, are the roots of u in an algebraic closure of K. Hence to factor-
ize f(x1,...,x) over K, one has to factorize the polynomials h(zy, . .. , 1) —a;
which are of smaller degree.

One other application of the compositness is related to the jacobian deriva-
tion. Let K be a field, f(z,y) be a polynomial over K. Let

d: K[l‘,y] —>K[l‘,y]
be the derivation defined by

of 99
w0-|% §|

and let d be its extention to K (z,y) then it is known that there exists
h(z,y) € Klz,y], non composite such that Ker(d) = KJh| ([3] or [5]), and

Ker(d) = K(h) ([5]). Since f € Ker(d) then there exists u(t) € K|[t] such that
f=u(h)).

Now we give the last application, let K be a field, {x1,...,x,} be elements
algebraically independent over K and let E = K (¢4, ...,1,) where 91, ..., 1, €
K|[xq,...,x,]. Suppose that trdegE/K = 1 then it is known ([4], chap. 1 §2,
thm 3 and 4) that there exists h € F such that £ = K(h). Consequently, for
each ¢ = 1,...,r, 1); is composite or it generates E.

Let f(z1,...,x) be a polynomial over K and let ¢ € K, then it is clear
that f is composite over K if and only if f 4 ¢ is composite. In section
2, we fix a polynomial f(z1,...,7,) such that deg,, f > 1 and we ask for
the compositeness of f(xy,...,x¢) + P(xy,... ,x9_1) where P(zy,... ,x1) €
K[zq,...,2¢_1]. In view of the preceding remark, we may suppose that P(0) =
0. We will prove the following result:



On composite polynomials 317

Theorem 2a Let { > 2 be an integer, K be a field of characteristic p > 0 and
let f(xy,...,x¢) be a polynomial over K such that 88—1{; # 0. There exists at
most one polynomial P(x1, ...,z 1) € K[x1,... 21| such thatf(zy,... ,x¢)+
P(xy,...,x1) is composite, satisfying P(0) = 0 and g—fi # 0 for some
ie{l,...0—1}if p>0.

Theorem 2a can be reformulated as

Theorem 2b Keep the hypotheses of Theorem 2a and suppose that f is com-
posite over K. Then for every P(zy,...,x4-1) € Klxy,...,xo_1] such that
g—fi # 0 for some i € {1,...0—1} if p > 0, f+ P is composite if and only if
P is constant.

We omit the simple proof that Theorems 2a and 2b are equivalent.

In the following two theorems, we give necessary and sufficient conditions
for a multivariate polynomial to be composite. Let K be a field, d be a positive
integer and f(x1,...,2¢) be a polynomial over K for which deg, f < d for
every i = 1,... £ — 1, then

Sq: fr— f(:l:,xd,... ,J:de_l)

is called Kronecker substitution. Before stating the main result of that section,
we note that a univariate polynomial f(z) € Klz] of degree at least 2 is always
trivially composite. So we make the following definition. Let K be a field,
the polynomial f(x) € K][x] is said to be strictly composite if there exist
two polynomials over K, u(x), g(z) both of them of degree at least two such
that f(x) = u(g(z)). It is clear that if f(z1,...,z,) is composite then Sy(f)
is strictly composite. The converse is false as it is shown by the following
counter-example:
f(ZL'l,ZEQ) = T129 + 1

where it is seen that f is non-composite but:
fz,2%) = 2* + 1 = u(z?)

with u(z) = 2% + 1, hence f(x,2?3) is strictly composite. Notice that f(z,x?)
is not strictly composite. Theorem 3 shows that under some assumptions the
converse is true.

Theorem 3 Let K be a field, f(x1,...,x) be a polynomial over K de-
pending at least on two varitables and let d be an integer such that:

max {deg,. f} <d.

1<i<i—-1
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Then f is composite over K if and only if Sy(f) is strictly composite over K :

Sa(f) = ua(ha(x))

where ug(z) and hq(x) are polynomials over K of degree at least 2, and the

polynomial hg(x) = Zbl-jxij is such that the expansion in base d of each i;

j=1
takes the form.:

i = coliy) + ea(ig)d + .+ e (i)d" !

with 0 < ¢ (i;) < d—1 fork =0,...,0 =2, and ¢;(i;) < d/deguq for
k=0, .. (—2

Omne could believe that if Sy(f) is strictly composite over K for all large
d, then f is composite, but this claim is not true. Consider for example the
polynomial:

flxy,..., ;) =ai+... +a}
Then
fla, 2t ™ ) =22 42 22T =y (a?)

where ug(t) = t¥7" 4+ ... 4+t + ¢, hence Sy(f) is strictly composite for all
d > 2, although f is not composite over any field of characteristic not equal to
2. Even if we suppose that for all large d, Sy(f) is strictly composite over K and
decomposes in the form Sy(f)(z) = u(ga(x)), where u and g4 are polynomials

over K of degree at least 2 and u is independent of d , we cannot deduce that
f is composite. For instance, let £ > 3 and

A) =tt4+1) ... (t+0—=2) =t" 4 a ot + .. +ayt

and consider:
. (@71)'& a a ayp_o
flzy,. ... @) =23 5 g ... T, Ty,

where a is a non negative integer. Then:
Sd(f) _ x(f—l)!a—l—A(d) _ [xa—i-A(d)/(é—l)!](Z—l)!
hence Sy(f) is strictly composite for all d > 2 and decomposes in the form

Sa(f)(x) = u(ga(x)) where the polynomial u(t) = t~Y" is independent of d.
Suppose now that ¢ = 2 and let

f@,y) = Ao(z)y" + Ai(z)y"™ " + ..+ Ay(2)

be a polynomial over K. The next theorem shows that the claim hereafter is
true if Ap(x) € K*:
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Claim If there exists an integer m > 2 such that, for all large d, Sy(f) is
strictly composite, and can be decomposed in the form f(x,z%) = uq(ga(z))
where ug is a polynomial of degree m, then f(x,y) is composite.

Theorem 4 Let K be a field and let f(x,y) be a polynomial over K of the
form:

f(z,y) = apy™ + Ay(2)y"t + ...+ An(z) (1)

where ag € K* and A;(x) € K[z fori =1,...,n. Suppose that there exists
some positive integer d > deg, f such that f(x,z%) is strictly composite over
K and takes the form:

f@,2?) = u(g(@)) (2)

where u and g are polynomials defined over K, degu = m and ged(m,d) = 1.
Moreover, suppose that the characteristic of K is zero or prime to m and that
one of the following cases holds.

(i) 2 <m and deg A;j(z) < &, fori=1,... =L
(it) 2 >m and deg A; < ™ fori=1,... 2~

Then f(z,y) is composite over K.

Theorem 4 is not going to work out if we remove the condition on the
characteristic of the field K. Indeed, consider the following counter examples,
where the first one satisfies (i) and the second one (ii).

(a) K =Ty, f(z,y)=v*+ay+1,d=3, f(z,z°) = u(g(x)) with u(x) = 22
and g(z) = z° + 2% + 1.

(b) K =Ty, f(z,y) =y* +ay+1,d=3, f(z,2°) = u(g(x)) with u(z) =
and g(x) = 2° + 2% + 1.

The authors believe that in the general case the claim preceding Theorem 4
may be formulated in the following:

Congecture Let K be a field and let f(x,y) be a polynomial over K,
fz,y) = Ao(z)y" + Al(x)ynfl + ...+ An(x)

Suppose that there exist two large integers dy,ds such that Sg, (f) and Sg,(f)
are strictly composite over K and can be decomposed in the form f(x,x%) =
u;(gi(x)) for some polynomials uy, g1, us, go defined over K, degu; = degugy =
m, m|dy and ged(m, ds) = 1. Suppose also that the characteristic of K is zero
or prime to m, then f(x,y) is composite over K.



320 M. Ayad and N. Ali

2 Compositeness of f(xy,... ,x)+P(x1, ... ,211)

Proof of Theorem 2a. Suppose that there exists two polynomials
Pl(l'l, Ce ,l‘g_l), Pg(xl, Ce ,I'g_l) over K such that P1 — PQ ¢ K and f + Pl,
f + P are composite over K. Set:

Pi(xy,...,201) — Po(x1,... ;201) = P(x1,... ,241) (3)
f(l'l, Ce ,I'g) + Pl(xl, e ,l‘g_l) = ul(hl(xl, Ce ,l‘g)) (4)
f(l'l, Ce ,I'g) + Pg(xl, e ,l‘g_l) = u2(h2(x1, e ,l‘g)) (5)

where uy, us, hy, ho are polynomials defined over K, with degu; > 2 and
degug > 2. From (3), (4), (5) we deduce that

P(xy,... 1) = ur(hi(xy, ..., 20)) — ug(ho(zy, ... ,20)) (6)

Differentiating (6) with respect to each x; we obtain the following system of ¢
linear equations where v} (hy), —ub(hs) are the unknowns:

, Ohy , Ohs B
u1(h1)a—x£ — Uy (hy) B =0
, oh , oh oP
ul(hl)a—xi - Uz(h2)a—x? = o (7)
| ahl ..... / ..... 6h2 ) ) op
ul(h) (91,7,1 2(h2)a$g,1 - axZ71

Denote by J(hi, hy) the matrix of this system, then J(hq, hg) is the Jacobian
matrix of (hy, hy) and:

Oh1 Oha
Oxy Oxy
dh1 Oha
_ 16) 16)
J(h1, he) = “ “ (8)
oh1 Oha

Org_y Oz

Since g—jz # 0, the first row of J(hy, hs) is different from zero. Consequently,
the rank of this matrix is equal to one or two. We distinguish two cases.

(a) Suppose that rank J(hq, hy) = 1, then the non-zero vector

op oP \ : Ohy Ohy Ohy T
(0, Sorr s azg,l) is proportional to (8157 G azg,l) which implies
oy _
5e = 0 As a result, f(xq,...,2¢) € K[xy,...,24-1], hence we get a

contradiction.
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(b) Suppose that rank J(hy,hy) = 2. For ¢ =1,... f put V; = (g’;i, g—’;j).

Since V; # (0,0) there exists ¢ € {1,...,¢ — 1} such that V; and V; are
linearly independent over K, hence the determinant

Ohy  Ohy
_ ox ox

D —' ohi  Ohs ' )
ox; ox;

is non zero. Solving the system (7) we obtain:

0 2k AP Ohy
D. ! hi) = oz _ i 10
il g |5 o

Oh

gm OP Oh,
‘D'“W:‘—%;f 98 | = By, o, (1)

Using (10) (resp. (11)) we will obtain the following inequality:
deg,, hy > deg,, hy (vesp deg,, hi > deg,, hy). But these inequalities are
contradictory, hence the second case is excluded and the proof of the
theorem is complete. We now prove the above claims in the case p > 0,
the case p = 0 is similar and simpler. Set

hl = CL1(ZL'1, ...,l‘g_l,ZEIZ) + bl(l'l, ...,l‘g)

and
h2 = CLZ(l'l: SEE) $£—1:$§) + bQ(xla ST .CIT@)

where ay, ay € K[xy,...,x—1,2}] and by, by € K[zy,..., 2] \ K[z1, ..., 2}]
then by (10) we have deg,, by — 1 = degu).deg,, hy + deg D > deg,, I
so deg,, ho > deg,, hi and by (11), deg,, hy > deg,, ho.

Remarks.

(a) Theorem 2a is false if we remove the condition on the characteristic
of the field K. Indeed, Let K be any field of characteristic p > 0,
f(w1, 02, 23) = 2%, Pr(x1,29) = 27, Pa(21,22) = 2§ + a8, then f+ Py and
f + P, are composite over K.

(b) Theorem 2a no longer holds if we replace the word composite by the word
reducible as it is shown by the following example: f(x1,z5) = (22 + 23,
Pi(z1) = —2? and Py(z;) = —222. Here f+ P, and f + P, are reducible.

Examples. Consider the set K|xy,... ,x¢]/K][z1,...,24—1]. Theorem 2a
implies that every non zero class of this set contains at most one polynomial
f(z1,...,x,) such that f(0) = 0 and f is composite over K. So the non trivial
classes are of two types:
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First type: class which contains exactly one element f such that f(0) = 0 and
f is composite.

Second type: class such that no polynomial belonging to this class is composite.
It is easy to construct representatives of classes of the first type. Here we give
two examples of classes belonging to the second type.

(a)

(b)

Let f(x1,...,7¢) be a polynomial over K such that deg,, f = 1, then it
is clear that f represents a class of the second type.

Let ¢ be a prime number, K be a field of characteristic p > 0 such that
(p,q) =1if p > 0 and let

fla, ... x0) = o] + aga(x, . .. ,ﬂvg,l)ﬂv‘j*2 + .. tag(xy, ..., Te1)
where a;(x1,... ,20.1) € Klx1,... ,201] for i =0,...,¢ — 2. Suppose
that there exists i € {1,...,¢—2} such that dega; > 0, then f represents
a class of the second type.
Proof. Suppose that f + P is composite for some P(z1,...,x,1) €
Klxy,... ,xp_q].. Set
flze, o mg) + Play, ... yxeq) =u(h(xg,... ,20))

where v and h are polynomials over K such that degu > 2, then it is
clear that degu = ¢ and deg,, h = 1. Set

u(t) =cgt?+ ...+ co

h(xy,...,20) =a(xy, ... ,x01) +xeb(x1,... ,24_1)
Then:
x} 4+ ag—o(xy,. .. ,l‘g_l)l'z_Q + .. Fao(zy, ... xe) + Play, ... 20 1)=
cola(x, ... xe1) +xeb(z1, .o 2e1)]? + cqoalalzy, ... Te1)+
l'gb(i[fl, Ce ,xg,l)]q_l + ...+ .

Equating the coefficients of z{ in both sides of this equation and also the
coefficients of x‘é*l, we obtain:

cb (1, ... 1) =1

Ca1bT @y, o)+ qegaly, o we)b (T, ) =0

The first equation implies that b € K* and the second one implies a € K,
hence h € Klxy], and f + P € K|x,] contradicting the hypothesis.
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3 Kronecker substitution and compositeness

Let K be a field and let d > 2 be an integer, the application

Sa: Klzy,... ,x — K|z]
f flx,z? ... ,xdlil)
is a morphism of rings and is called Kronecker substitution.

Lemma 1 The application S, is one to one from the set of polynomials
f(xy, ..., mg) such that deg,, f <d , fori=1,... 0 —1, onto K|x].

Proof. See [4 chap. 1, §6, cor. 1]. In fact, we have made a slight modification
of the presentation given in this book.

Proof of theorem 3.

Suppose that f is composite over K and decomposes in the form:
f(z1, ..., x) = u(h(xy,...,2,)) where u and h are polynomials over K such
that m = degu > 2 and degh > 1, then Sy(f) = u(S4(h)). Set g(z) = Sa(h),
then degg > 2 (because h depends on at least two variables) and Sy(f)(x) =
u(g(z)) hence Sy(f) is strictly composite over K. We must show now that
g(x) has the particular form indicated in the theorem. Set:

h(xy, ... x0) = ap(zy,. .. e )oh+. . day(zy, ... v )wet+ao(a, ... 2 )

The hypothesis show that for all 7 = 1,... ¢ —1, deg,. f = mdeg, h < d,
hence deg, h < % foralli =1,...,¢—1. It follows that deg, a;(x,... ,7¢1)
< % foralli=1,...,f—1and j =0,...,k. Using the following form of a;:

(lj(l'l, s ,I'g_l) = Z bz(i.)..ig_l‘rzll(]) T xze:ll(])
where each exponent i(j) satisfies: 4,(j) < <, leads to the equations:

g(x) = Sy(h(z)) = Sd(ak)xk'd#l +...+ Sd(al)xdkl + Salag)

ohd 3 bl(,f')“iuxil(k)+d¢2(k)+...+df—2ie_1(k) 4.

+ 20 Zbgl) P
(0) 11 1{(6)1+di (0)+...4+d"~2iy_1(0)

+ Zbil...il,lx ! 2 !

i1 (1) 4dia (1) +...4d 2ip_1 (1)

hence g(x) has the required form.

Conversely, suppose that Sy(f) is strictly composite over K and Sy(f) =
u(g(x)) where u and ¢ are polynomials over K of degree at least 2 and g has
the particular form described in the theorem.

Let m = degu and set

g(x) = Z bz and u(z) =a(z — ) ... (z — ay)
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where @ € K and oy,...,0, € K and the exponents i; have the particular
form, then

Sa(f) =ulg(z)) = alg(z)—ai1)...(9(zx) — an)
= a(d_bjx —oaq) ... (Do bjzY — ).

For ¢ =1,... ,m consider the polynomial:
hi(xy,... @) = Z bjxio(ij)xgl(ij) . .:1:7‘1(”) — ;.

Thendegwkhi<%forallk:1,...,E—landallizl,...,mand

Sa(f) = a ][ Sa(hi) = Sala ] ] ).
i=1 i=1
Since degmk(aHhi) <dforal k=1,...,¢—1, we can use Lemma 1 and
i=1
conclude that:
f(xh”‘ 71‘5) :aHhi(Ih”‘ 71‘5)
i=1

hence f is composite.

Notice that, when ¢ = 2, the condition on hg(x) in Theorem 3 may be
formulated as follows. Write hy(x) in the z%-adic expansion

ha(x) = bo(x) + by (z)2® + ... + b (x)z™,

where degb;(x) < d, for all i = 0,... ,k, then degb;(z) < d/deguy for i =
0,... k.

Proof of Theorem 4. Since d > deg, f, we have in the two cases (i), (i),
deg A;(z) <dfori=1,... ,n. Set

AZ(ZE) = aid_d+1$d_1 + ...+ aq, CZ(ZL') = Cid_d_;,_ll'd_l + ...+ Cg (12)

and let e; = deg A;(x), with ¢; = —o0 if A;(z) = 0. We may suppose in (2)
that ¢ is monic and ¢g(0) = 0. Write g(x) in the form:

g(z) = Co(x)z" + Cy(z)z* V! 4 . 4 C(x) (13)
with C;(z) € K[z], deg Ci(z) < d, Cy(x) # 0, Cx(0) = 0. From (2) and (13)

we obtain:

deg f(z,2%) = nd = m(kd + deg Co(x))
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hence m divides n and d = kd + deg Co(x). It follows that & = n/m and
Co(x) = 1. So g(x) takes the form:

gx) = zmd 4GV ed 4 )+ ...

+(C%d,d+1$dil + ..o+ C%d,1$) (14)

Set:
u(z) = box™ 4+ byx™ ..+ by, (15)
Identifying in (2) the coefficients of x, x"4=1 . . z(=wm)d+! we obtain

the following equations:

ag = b() (16)
ay = mb001 (17)
CLq = bo(mcq + Z gil---imcil e Cim) (18)

for all integers ¢, 2 < ¢ < d — 1 and where /;,_;, is a positive integer and
the sum runs over all tuples of positive integers (i; ...4,,) such that 1 <i; <
i <gand iy + ...+ 1, =q.

(a) Suppose that (i) holds. We show that ¢, = mZO forgq=1,...,%d—1.
Equations (16) and (17) show that this is true for ¢ = 1. Suppose that ¢ = &
forevery k = 1,...,q—1. This implies that if we write k in the form k = Ad—pu
where A is a positive integer and p € {0,1,...,d — 1} then ¢, = 0 if p > e,.
In order to prove the above formula, we use (18) and show that the sum
appearing in (18) is zero. Suppose that some term ¢;, ; ¢; ...¢;, in Y is non

zero. Set ¢ = ad —  and i; = &jd—ﬁj with 3, 8; € {0,1,...,d — 1} and
T <a< then for eachj =1,. , B < eq,. Usmg (i), we deduce
that: Zﬁj < Z €a, m d. It follows that: a = Zoz] and (= Zﬁ]
7j=1 7=1
hence o = Z&] > m, which contradicts our assumptions a < & < m. So
7j=1
the formula ¢, = T:Z is proved. From this, we deduce that if cad_gxﬁ is any

term in the polynomial C,(z) and if 8 > e, then since anq—3 = 0, we have
Cad—p = 0, hence deg C,(x) < e, < %.
(b) Suppose that (ii) holds. Let § = max{%e;i=1,..., 2}, then for each
i=0,1,..., 2, ¢ < %5. We show inductively that
i

deg Ci(z) < =6 (19)

3
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fori =0,1,..., . Now (19) is satisfied for ¢ = 0. Suppose that (19) holds
for i =0,...,a —1. We will show that deg Cy(2) < 26. Let caq—ga”, where
B €{0,...,d—1}, be any term in C,(x) and suppose that 3 > 4. According
to (i) we have anq4—5 = 0, hence by (18),

Mmcod—p -+ Z fil,,,imcil -Gy = 0 (20)

Suppose that some term /¢;, ; c¢; ...c;, in this sum is non zero and set
ij = a;d — 3, for j = 1,...,m. It is clear that 3; < degC,,(z) (otherwise
ci; = 0). We deduce from (4i) that, for j = 1,... ,m, a;0/n < 0/m < d/m,
hence by (19):

ijﬁj < idegC’aj(x) < ij 5 <d.
j=1 j=1 j=1

Since ad — 3 = Z(ajd — 0;), it follows that o = Zaj and # = Zﬁj
j j=1 J=1

and by (19) again,

5=3 5= degC (1) sfj%&: =
j j=1 j=1

j=1
and this contradicts our assumptions. It follows that the sum in (20) is zero
and coq—p = 0 for 5 > 20 hence deg Co(z) < 20 < %.

In case (i) or (i), we have proved that deg Cy(z) < £ for a = 0,...,
The conclusion of Theorem 4 now follows from Theorem 3.

n
me
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