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B.P. 7955, Casablanca, Morocco
abdellatifro@yahoo.fr

Abstract

We review those absolute valued algebras A satisfying (xi, xj, xk) = 0
for fixed i, j, k ∈ {1, 2}. We show that existence of either an involution
or a left-unit in algebra A carry away finite dimensionality. Concretely

1. If the algebra A is endowed with an involution, then A is flexible

and is isomorphic to lR, lC ,
∗
lC , lH,

∗
lH, lO or

∗
lO .

2. If A contains a left-unit, then A has degree ≤ 4. Next we give a
description for such an algebras in case

(a) A has dimension ≤ 4, or
(b) A has dimension 8 with (i, j, k) �= (2, 2, 2).

The degree 4 can happen only when (i, j, k) = (2, 2, 2) and the dimension
is 4 or 8. There are examples of ∞-dimensional pre-Hilbert absolute
valued algebras satisfying (x2, x, x2) = (x2, x2, x2) = 0.

Keywords: Absolute valued algebras, involution, left unit, central (flexi-
ble) idempotent, degree of an (algebraic) algebra

1 Introduction

Absolute valued algebras (AVA) are those real or complex algebras A sat-
isfying ||xy|| = ||x||.||y|| for a given norm ||.|| on A, and x, y ∈ A. It it well
known that any familiar identity in an AVA as associativity [Os 18], commu-
tativity [UW 60] or, even, power associativity ([W 53], [EM 80]) carry away
finite dimensionality. Albert’s paper [A 47] contains a fundamental result as-
serting that any finite-dimensional (FD) AVA has dimension n = 1, 2, 4 or 8
and is isotopic to one of classical (unital) AVA lR, lC , lH or lO . The discovery of
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pseudo octonions lP by Okubo [Ok 78] were an impulse within the theory and
had important consequences. El-Mallah and Micali showed that any flexible
AVA is FD [EM 81]. Next, El-Mallah showed that for a FD AVA A, flexibility
and identity (x, x, x) = 0 (where (., ., .) means associator) coincide, and A is

isomorphic to lR, lC ,
∗
lC , lH,

∗
lH, lO ,

∗
lO or lP [Elm 87]. Recently the study of AVA

with weakly identities as (x, x2, x) = 0, (x, x, x2) = 0 or (x2, x2, x2) = 0 be-
comes of actuality. It is shown that any AVA with an involution satisfying
(x, x, x2) = 0 is FD and isomorphic to lR, lC , lH or lO [Elm 01] and that any
AVA with an involution satisfying (x2, x2, x2) = 0 is FD [EE 04]. Cuenca [Cu
06] completes above result by showing that any AVA with involution satisfying

(x2, x2, x2) = 0 is FD and isomorphic to lR, lC ,
∗
lC , lH,

∗
lH, lO or

∗
lO . The same con-

clusion is true for any AVA with an involution satisfying (x, x2, x) = 0 [RR].
Thus, it is natural to study those AVA A satisfying (xi, xj , xk) = 0 for fixed
integers i, j, k ∈ {1, 2}. Let us note that infinite-dimensional AVA can exist
when the algebra is provided with an involution [U 61] or possesses a left unit
element [Cu 92], [Rod 92].

Here we show that any AVA A satisfying (xi, xj , xk) = 0, for fixed i, j, k ∈
{1, 2} is FD in any one of the following two cases:

1. A is endowed with an involution. In this case A is flexible and isomorphic

to lR, lC ,
∗
lC , lH,

∗
lH, lO or

∗
lO .

2. A contains a left-unit e. In this case, e satisfies x2e = x2 for all x ∈ A
and A has degree ≤ 4. Concretely,

(a) If i = 1, then e is two-sided unit and A is isomorphic to lR, lC , lH or
lO .

(b) If i = 2 and (j, k) �= (2, 2), then A has degree ≤ 2 and is isomorphic
to lR, lC , ∗lC , lH, ∗lH, lO or ∗lO .

(c) When (i, j, k) = (2, 2, 2) the list of such an algebras contains lR, lC , .∗lC ,
lH, .∗lH, .∗lH(i, 1), lO , .∗lO more some 8-dimensional algebras of degree
4.

There are examples of infinite-dimensional real AVA A satisfying (x2, x2, x2) =
0 (apparently the first ones with nontrivial identities) [EE 04], built from arbi-
trary ∞-dimensional AVA with a nonzero central idempotent. In above exam-
ple, identity (x2, x, x2) = 0 is also satisfied and the unique nonzero idempotent
e is flexible, that is, (e, A, e) = 0 (Remark 5.2.1).
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2 Notations and preliminary results

Let A be a real algebra and let x ∈ A, we denote by Lx (respectively, Rx)
the operator of left (respectively, right) multiplication by x on A.

Algebra A is said to be algebraic if, for every x in A, the subalgebra
A(x) of A generated by x is finite-dimensional [A 49]. If, in fact, the set
{dim(A(x)) : x ∈ A} admit a bigger finite element d, then the algebraic
algebra A is called of bounded degree and d is called the degree of A [Rod 94].
It is well known that algebraic AVA are finite-dimensional [KRR 97] and then
are of degree 1, 2, 4 or 8 [A 47].

We set lA one of principal absolute valued algebras lR, lC , lH or lO , and

.∗lA, lA∗,
∗
lA, the standard isotopes of lA, other than lA, i.e. algebras having lA

as vectorial space and products given respectively by x ∗.y = xy, x.∗y = xy,
x

∗. y = x y, where x �→ x is the standard conjugation of lA. Now for arbitrary

norm-one elements a, b ∈ lH, we set lH(a, b), ∗lH(a, b), lH∗(a, b),
∗
lH (a, b), the

principal isotopes of lH, that is, the algebras having lH as subjacent space and
products x � y given respectively by axyb, xayb, axby, ax yb [Ra 99].

Let now a1, ..., an be nonzero elements in lA, we denote by {a1, ..., an}⊥
the orthogonal subspace of {a1, ..., an} in euclidian space lA. The space {1}⊥ is
denoted by Im(lA). Two elements a, b in lA are said to be conjugated il there
exists norm-one c ∈ lA such that b = cac−1.

Let now i, j, k be fixed natural numbers in {1, 2} then there are maps
fm : A × A → A such that the equality

((x + λy)i, (x + λy)j, (x + λy)k) = (xi, xj , xk) + λf1(x, y) + λ2f2(x, y) + ...

holds for all scalar λ and x, y ∈ A. If A satisfies (xi, xj, xk) = 0 we get
fm ≡ 0, m = 1, 2. This identity is denoted by (i.j.k.m) and is specified in the
following tables

(xi, xj , xk) = 0 (i.j.k.1)
(x, x, x) = 0 (x, x, y) + (x, y, x) + (y, x, x) = 0
(x, x, x2) = 0 (x, x, xy + yx) + (x, y, x2) + (y, x, x2) = 0
(x, x2, x) = 0 (x, x2, y) + (x, xy + yx, x) + (y, x2, x) = 0
(x, x2, x2) = 0 (x, x2, xy + yx) + (x, xy + yx, x2) + (y, x2, x2) = 0
(x2, x, x) = 0 (x2, x, y) + (x2, y, x) + (xy + yx, x, x) = 0
(x2, x, x2) = 0 (x2, x, xy + yx) + (x2, y, x2) + (xy + yx, x, x2) = 0
(x2, x2, x) = 0 (x2, x2, y) + (x2, xy + yx, x) + (xy + yx, x2, x) = 0
(x2, x2, x2) = 0 (x2, x2, xy + yx) + (x2, xy + yx, x2) + (xy + yx, x2, x2) = 0
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(x2, xj , xk) = 0 (2.j.k.2)
(x2, x, x) = 0 (x2, y, y) + (xy + yx, x, y) + (xy + yx, y, x) + (y2, x, x) = 0
(x2, x, x2) = 0 (x2, x, y2) + (x2, y, xy + yx) + (xy + yx, x, xy + yx)

+(xy + yx, y, x2) + (y2, x, x2) = 0
(x2, x2, x) = 0 (x2, xy + yx, y) + (x2, y2, x) + (xy + yx, x2, y)

+(xy + yx, xy + yx, x) + (y2, x2, x) = 0
(x2, x2, y2) + (x2, xy + yx, xy + yx) + (x2, y2, x2)

(x2, x2, x2) = 0 +(xy + yx, x2, xy + yx) + (xy + yx, xy + yx, x2)
+(y2, x2, x2) = 0

We state now some preliminary results:

Lemma 2.1 Let A be an arbitrary algebra containing a left unit e satisfying
x2e = x2 for all x ∈ A. Then (xe)e = x holds for all x ∈ A, that is R2

e = IA.

Proof. Immediate consequence of equality (x + e)2e = (x + e)2.�

Lemma 2.2 Let A be an arbitrary algebra containing a left unit e satisfying
(xe)e = x for all x ∈ A. Then (y + ye, e, z) = 0 holds for all y, z ∈ A.�

Lemma 2.3 Any norm-one a, b in Im(lH) are conjugated. As consequence,
algebras ∗lH(a, 1) and ∗lH(i, 1) are isomorphic.

Proof. For any norm-one u in Im(lH) orthogonal to a we have uau−1 =
−a. If b �= −a, we have b(a + b) = ba − 1 = (a + b)a that is b = vav−1

with v = ||a + b||−1(a + b). Now, the second assertion follows from ([Ra 99]
Proposition 2.3 p. 171).�

3 AVA with involution satisfying (xi, xj, xk) = 0

3.1 Case i = k.

Lemma 3.1 Assume now A to be an AVA verifying (x2, x, x2) = 0 and having
a nonzero central idempotent e. Then e satisfies [ex, x] = 0 for all x ∈ A.
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Proof. Let x be any element in A which we can, without loss of generality,
assume to be orthonormal to e. So x2 = −e ([Elm 90] Lemma 3.3) and putting
y = e in (2.1.2.1), we have 2(−e, x, ex) + (−e, e,−e) + 2(ex, x,−e). So

0 = (e, x, ex) + (ex, x, e)

= (ex)2 − e[x(ex)] + [(ex)x]e − (ex)2

= e[ex, x].�

As an important consequence

Corollary 3.2 Any AVA verifying (x2, x, x2) = 0 and having a nonzero central

idempotent e is finite dimensional and isomorphic to lR, lC ,
∗
lC , lH,

∗
lH, lO or

∗
lO .

Proof. Let x be an arbitrary element of A linearly independent to e which
we can assume, without loss of generality, to be orthogonal to e, so is ex. Using
Lemma 3.1 and the result in [Elm 90], we have

(ex − x)(ex + x) = (ex)2 − x2 = −||ex||2e + ||x||2e = 0.

We deduce that ex = ±x and the subalgebra A(x) coincides with Lin{e, x}
and is isomorphic to lC or

∗
lC . Consequently A is finite-dimensional (power

commutative) algebra isomorphic to lR, lC ,
∗
lC , lH,

∗
lH, lO or

∗
lO .�

Let now A := Aa⊕As be an AVA with involution ∗ [U 61] and let e be its
unique nonzero self-adjoint idempotent (see Lemma 3). In [Elm 88] El-Mallah
showed that if the ∗-invariant subalgebra lRe ⊕ As := B (Lemma 3.1), with
central idempotent e, is finite-dimensional then A = B is finite-dimensional
([Elm 88] Lemma 3.2).

Corollary 3.3 Any AVA with involution verifying (x2, x, x2) = 0 is finite di-

mensional and isomorphic to lR, lC ,
∗
lC , lH,

∗
lH, lO or

∗
lO .�

It is shown that any AVA with an involution satisfying (x2, x2, x2) = 0
[EE 04], [Cu 06] or (x, x2, x) = 0 [RR] is finite-dimensional. Such an algebras

are isomorphic to lR, lC ,
∗
lC , lH,

∗
lH, lO or

∗
lO [RR], [Cu 06].

Theorem 3.4 [Cu 06] Any AVA with an involution satisfying (x2, x2, x2) = 0

is finite-dimensional and isomorphic to lR, lC ,
∗
lC , lH,

∗
lH, lO or

∗
lC .�

Now, we can state
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Theorem 3.5 Let A be an AVA with involution. Then the following are equiv-
alent

1. A satisfies (x, x, x) = 0.

2. A satisfies (x, x2, x) = 0.

3. A satisfies (x2, x, x2) = 0.

4. A satisfies (x2, x2, x2) = 0.

5. A is flexible.

6. A is finite dimensional and isomorphic to lR, lC ,
∗
lC , lH,

∗
lH, lO or

∗
lO .�

3.2 Case i �= k.

Theorem 3.6 Let A be an AVA having a CI e. Then the following are equiv-
alent

1. A satisfies (x, x, x2) = 0,

2. A satisfies (x, x2, x2) = 0,

3. A satisfies (x2, x, x) = 0,

4. A satisfies (x2, x2, x) = 0,

5. A is finite-dimensional, with unit element e and isomorphic to lR, lC , lH
or lO .

Proof. By putting x = e in (1.1.2.1) we get 2(e, e, ey)+(e, y, e)+(y, e, e) =
0 and then 2e(ey) − 3ey + y = 0. So the powers of Le (= Re) satisfy 2L2

e −
3Le + IA ≡ 0. Clearly 2Le − IA is injective and (2Le − IA) ◦ (Le − IA) =
2L2

e −3Le +IA ≡ 0, so Le−IA = 0. Thus e becomes the unit element of A, and
consequently A is finite-dimensional according to the Noncommutative Albert-
Urbanik-Wright’s theorem [UW 60]. Equally, identities (1.2.2.1), (2.1.1.1),
(2.2.1.1) carry away the same conclusion, so 1., 2., 3., 4. are all equivalent
to 5.�

Remark 3.7 It is shown in [Elm 01] that any AVA with an involution sat-
isfying (x, x, x2) = 0 is finite-dimensional and isomorphic to lR, lC , lH or lO .�
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We can state

Theorem 3.8 Any AVA A with involution satisfying (xi, xj , xk) = 0 for fixed
i, j, k ∈ {1, 2} is finite-dimensional. The following table specifies the isomor-
phisms classes

A satisfies The list of isomorphisms classes

(x, x, x) = 0 lR, lC ,
∗
lC , lH,

∗
lH, lO ,

∗
lO

(x, x, x2) = 0 lR, lC , lH, lO [Elm 01]

(x, x2, x) = 0 lR, lC ,
∗
lC , lH,

∗
lH, lO ,

∗
lO [RR]

(x, x2, x2) = 0 lR, lC , lH, lO
(x2, x, x) = 0 lR, lC , lH, lO

(x2, x, x2) = 0 lR, lC ,
∗
lC , lH,

∗
lH, lO ,

∗
lO

(x2, x2, x) = 0 lR, lC , lH, lO

(x2, x2, x2) = 0 lR, lC ,
∗
lC , lH,

∗
lH, lO ,

∗
lO [EE 04],[Cu 06]

4 AVA with left-unit satisfying (xi, xj, xk) = 0

Rodriguez proved in ([Rod 92] Remark 4.i) p. 942) and ([Rod 04] Theorem
3.5 p. 133) the following famous result:

Theorem 4.1 Let (A, ||.||) be an AVA with left-unit e. Then the norm of A
comes from an inner product (./.), and, putting x∗ = 2(e/x)e − x, we have
(xy/z) = (y/x∗z) and x∗(xy) = ||x||2y for all x, y, z ∈ A.�

Remarks 4.2 Let (A, ||.||) be an AVA with left-unit e.

1. The following equalities, deduced from the ones in Theorem 4.1, hold for
all x, y, z ∈ A with x orthogonal to e :

(xy/z) = −(y/xz) (1)

x(xy) = −||x||2y (2)



844 A. Chandid and A. Rochdi

Particularly, the following equalities hold for all x ∈ A orthogonal to e :

(xe/x) = −(e/x2) (3)

xx2 = −||x||2x (4)

Linearizing (4.2), we get the following equality for all x, y, z ∈ A with
x, y orthogonal to e :

x(yz) + y(xz) = −2(x/y)z (5)

2. Equality x∗(xy) = ||x||2y gives the following one for all x ∈ A :

x(xe) = 2(e/x)xe − ||x||2e (6)

Linearizing (4.6) we get the following equality for all x, y ∈ A :

x(ye) + y(xe) = 2(e/x)ye + 2(e/y)xe − 2(x/y)e. (7)

We have the following preliminary results:

Lemma 4.3 Let (A, ||.||) be an AVA with left-unit e. Assume that (xe)e = x
for all x ∈ A. Then the following equalities hold for all x ∈ A

1. [(xe)x]e = x(xe).

2. [x(xe)]e = (xe)x.

3. [xe, x] = (e/x)[e, x − xe].

If, moreover, x is orthogonal to e, then

4. [xe, x] = 0,

5. (xe)x2 = 2(e/x2)x + ||x||2xe,

6. (xe)2 = 2(e/x2)e − x2,

7. x2x = −||x||2xe.

Proof.
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1. For all x ∈ A, we have:

(xe)x = (xe)[(xe)e]

= 2(e/xe)(xe)e − ||xe||2e (from (4.6))

= 2(e/x)(e/e)(xe)e − ||x||2e
= 2(e/x)x − ||x||2e.

Consequently

[(xe)x]e = 2(e/x)xe − ||x||2e
= x(xe) (from (4.6)).

2. We have [x(xe)]e = [((xe)x)e]e = (xe)x.

3. Assume first that x is orthogonal to e, and we have

[(xe)x]e = −||x||2e.
So (xe)x = −||x||2e = x(xe). In general case we have an orthogonal sum
x = (e/x)e + u. Thus

0 = [ue, u] = [xe − (e/x)e, x − (e/x)e] = [xe, x] + (e/x)[e, xe − x].

In the sequel of proof x will be assumed to be orthogonal to e.

4. Immediate consequence of 3.

5. Keeping in mind that xe is orthogonal to e, we put (y, z) = (xe, x) in
(4.7) and we have

x[(xe)x] + (xe)x2 = −2(x/xe)x.

The result follows from equalities (xe)x = x(xe) = −||x||2e and (x/xe) =
−(e/x2).

6. We put (y, z) = (xe, e) in (4.7). The result follows from equality
(x/xe) = −(e/x2) and by taking into account that xe is orthogonal
to e.

7. We just establish the equality (xe)2 = 2(e/x2)e − x2 for all x ∈ A or-
thogonal to e. So x2(xe) = −(xe)2(xe) + 2(e/x2)xe. By comparison
with

x2(xe) = ||x||2x + 2(e/x2)xe

we get (xe)2(xe) = −||x||2x for al x ∈ A orthogonal to e. As xe is also
orthogonal to e, and (xe)e = x, we have:

x2x = [(xe)e]2[(xe)e] = −||xe||2xe = −||x||2xe.�
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Lemma 4.4 Let (A, ||.||) be an AVA with left-unit e. Assume that x2e = x2

for all x ∈ A. Then

1. Equality (x2)2 = −||x||4e + 2(e/x2)x2 holds for all x ∈ A. As conse-
quence, A satisfies the identity (x2, x2, x2) = 0.

2. Equality x2(xe) = ||x||2x + 2(e/x2)xe holds for all x ∈ A orthogonal
to e.

Proof.

1. Equality (4.6) gives x2(x2e) = 2(e/x2)x2e − ||x2||2e for all x ∈ A. The
result is then consequence of hypothesis x2e = x2 for all x ∈ A. Now, as
x2e = x2 = ex2, identity x2(x2)2 = (x2)2x2 happens.

2. We put y = x2 in (4.7) and get xx2 + x2(xe) = 2(e/x)x2 + 2(e/x2)xe−
2(x/x2)e. Moreover, (x/x2) = (ex/x2) = ||x||2(e/x) = 0. The result
follows from (4.4).�

Lemma 4.5 Let A be an AVA with left-unit e satisfying x2e = x2 for all
x ∈ A. Then A if finite-dimensional of degree ≤ 4.

Proof. By Lemma 2.1 we have R2
e = IA so Le, Re are bijective and then A

is finite-dimensional ([Rod 04] Theorem 2.2). Let now x be nonzero element of
A which we can assume, without loss of generality, to be orthogonal to e. Then
the subalgebra A(x) coincide with Lin{e, x, xe, x2} and we have the following
table:

e x xe x2

e e x xe x2

x xe x2 −||x||2e −||x||2x
xe x −||x||2e 2(e/x2)e − x2 2(e/x2)x + ||x||2xe
x2 x2 −||x||2xe ||x||2x + 2(e/x2)xe −||x||4e + 2(e/x2)x2

�

We are going now to specify those AVA with left unit satisfying (xi, xj , xk) =
0 with (i, j, k) �= (2, 2, 2) and we need the following preliminary results:

Lemma 4.6 Let (A, ||.||) be an AVA with left-unit e satisfying ue = −u for all
u ∈ A with u orthogonal to e. Then x2 = ||x||2e for all x ∈ A and consequently
A is algebraic of degree ≤ 2.



Survey on absolute valued algebras 847

Proof. For any x ∈ A we have an orthogonal sum x = (e/x)e + u and
so x2 = (e/x)2e + u2. Equality (4.6) gives −||u||2e = u(ue) = −u2, and then
x2 = ||x||2e.�

Using principal isotopes of algebra lH Ramírez determines all 4-dimensional
AVA and solves the isomorphism problem ([Ra 99] Propositions 2.1, 2.3).
Now, from [Ra 99] and Lemma 2.2, we can exhibit easily all 4-dimensional
AVA with left unit satisfying (xi, xj , xj) = 0 for fixed i, j, k ∈ {1, 2} :

Theorem 4.7 Let A be a 4-dimensional AVA with left unit satisfying (xi, xj, xk) =
0 for fixed i, j, k ∈ {1, 2}. Then A is isomorphic to lH,∗ lH or ∗lH(i, 1). Concretely

1. (i, j, k) �= (2, 2, 2) iff A is isomorphic to lH or ∗lH. In this case A has
degree 2.

2. The algebra ∗lH(i, 1) satisfies only (x2, x2, x2) = 0 and has degree 4.

We summarize above results in

Proposition 4.8 Let A be an AVA with left unit e, satisfying (xi, xj , xk) = 0
for fixed i, j, k ∈ {1, 2}. Then A is finite-dimensional. Concretely

1. If i = 1, then e is two-sided unit and A is isomorphic to lR, lC , lH or lO .

2. If i = 2 and (j, k) �= (2, 2), then A has degree ≤ 2 and is isomorphic to
lR, lC ,∗ lC , lH,∗ lH, lO or ∗lO .

Proof. We put x = e in (i.j.k.1) and we get (y + (i − 1)ye, e, e) = 0
and then (i − 1)(ye)e − (i − 2)ye − y = 0 for all y ∈ A. So Re satisfies
(i−1)R2

e − (i−2)Re − IA ≡ 0, that is Re = IA for i = 1 and R2
e = IA for i = 2.

Then A is finite-dimensional.

1. If i = 1 then e becomes a two sided-unit and Noncommutative Albert-
Urbanik-Wright’s theorem [UW 60] conclude.

2. If i = 2 we put x = e in each equality (2.j.k.2) and distinguish the
following two subcases

(a) If j = 1, then identity (2.1.k.2) and Lemma 2.2 gives

(y + ye, y, e) + (y2, e, e) = 0.

Now equality [(ye)y]e = y(ye) in Lemma 4.3 and (y2e)e = y2 give
(ye)2 = y2. If y is orthogonal to e, then by Lemma 4.3 ye commutes
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with y and we deduce that, either e is two-sided unit element or
ye = −y for all y ∈ A with y orthogonal to e. In the first case
A is isomorphic to lR, lC , lH or lO , and, in latter one A has degree
≤ 2. As A possesses a left unit, the result is concluded by ([Rod 94]
Theorem 3 p.5).

(b) If (j, k) = (2, 1) then identity (2.2.1.2) and equality (xe)e = x give
(y + ye, y + ye, e) + (y2, e, e) = 0. Now, (ye)e = y, (y2e)e = y2 and
equalities [(ye)y]e = y(ye), [y(ye)]e = (ye)y in Lemma 4.3 give
(ye)2e = (ye)2 and hence y2e = y2 for all y ∈ A. Now by Lemma
4.5 A has degree ≤ 4. Assume that for some x ∈ A, which we
can be taken to be orthonormal to e, the subalgebra A(x) is four-
dimensional. By Theorem 4.7 A(x) is isomorphic to lH or ∗lH. But
the degree of algebras lH,∗ lH is two [Rod 94], and the one of algebra
A(x) is four, absurd. It follows that algebra A has degree ≤ 2 and
isomorphic to lR, lC ,∗ lC , lH,∗ lH, lO or ∗lO .�

We have a special example for those 8-dimensional AVA with left unit of
degree 4. We denote by .∗lO l(i, 1) and .∗lO r(i, 1) algebras having lO as underlying
vectorial real space and product �l,�r respectively, given by

x �l y = (xi)y, x �r y = x(iy) for all x, y ∈ lO .

Proposition 4.9 Algebras .∗lO l(i, 1), .∗lOr(i, 1) are isomorophic, we denote them
by .∗lO(i, 1). Moreover .∗lO(i, 1) is an 8-dimensional real AVA with left unit e = i
satisfying (x2, x2, x2) = 0 and having degree 4.

Proof. The mapping Φ : .∗lO l(i, 1) → .∗lOr(i, 1) x �→ −ixi is an algebras
isomorphism. Indeed, let x, y ∈ lO and taking into account that algebra lO is
alternative and using Artin’s theorem ([S 66] Theorem 3.1 p.29), we have

Φ(x �l y) = −i(x �l y)i

= −i((xi)y)i

= −i[((xi)y)i]

= −i[x(i.yi)] by right Moufang identity

= −(ixi)(yi)) by left Moufang identity

= ixi(−yi)

= ixi(i.iyi)

= (ixi) �r (iyi)

= (−ixi) �r (−iyi)

= Φ(x) �r Φ(y).
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Now, it is easy to see that algebra .∗lO(i, 1) contains .∗lH(i, 1) and satisfies
x2e = x2 so its degree is 4 (Lemma 4.5, Theorem 4.7). By Lemma 4.4 .∗lO(i, 1)
satisfies (x2, x2, x2) = 0.�

Using [Roc 03] we can see easily that the list of those 8-dimensional AVA
with left unit satisfying (x2, x2, x2) = 0 contains more than lO , .∗lO and .∗lO(i, 1).

We can state

Theorem 4.10 Any AVA A with left unit satisfying (xi, xj , xk) = 0 for fixed
i, j, k ∈ {1, 2} is finite-dimensional. The following table specifies the isomor-
phisms classes

A satisfies The list of isomorphisms classes
(x, xj , xk) = 0 lR, lC , lH, lO
(x2, xj , xk) = 0

with lR, lC ,
∗
lC , lH, .∗lH, lO , .∗lO

(j, k) �= (2, 2)
lR, lC , .∗lC , lH, .∗lH, .∗lH(i, 1) if dim(A) ≤ 4

(x2, x2, x2) = 0 contains strictly
lO , .∗lO , .∗lO(i, 1) if dim(A) = 8

5 A remark in ∞-dimensional case

Definition 5.1 An element e in an algebra A is said to be flexible if left and
right multiplication operators Le, Re commute, or equivalently (e, A, e) = 0.
Clearly a left unit element or a central idempotent are flexible idempotent ele-
ments.

In ([CR 08] Theorem 4.7 p.364) the authors showed that a nonzero flexible
idempotent e belonging in an AVA (A, ||.||) becomes e central idempotent for
a suitable AVA, namely (A0, ||.||) where A0 = (A, •) with multiplication

x • y = (ex)(ye).

Let now (A, ||.||) be an infinite-dimensional AVA with involution ∗ (A =
Aa ⊕ As) [U 61] and let e be its unique nonzero self-adjoint idempotent. El-
Mallah and El-Agawany [EE 04] considered the ∗-invariant subalgebra lRe ⊕
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As := B, which is also infinite-dimensional ([Elm 88] Lemma 3.2) with a
central idempotent e. They observed that the cracovian algebra B∗ = (B, ∗)
where x ∗ y =

∗
x y [G 63] satisfies the identity

(x2, x2, x2) = 0.

Such an algebras (which we can assume to be complete) seem to become
the first examples of ∞-dimensional (real) AVA satisfying nontrivial identities.

In other hand the fact that e satisfies x
∗
x=

∗
x x = ||x||2e for all x ∈ A ([U 61]

Lemma 3 p.253) implies that e is the unique nonzero idempotent for algebra
B∗.

Remarks 5.2 .

1. Let (A, ||.||) be an arbitrary infinite dimensional AVA having a nonzero
flexible idempotent e. The famous AVA (A0, ||.||) having central idem-
potent e is endowed with an involution ([Elm 90] Theorem 3.7 p.185).
Now, the Cracovian algebra (A0)∗ has product � defined by:

x � y = (e
∗
x)(ye)

and we check easily that ((A0)∗, ||.||) is an AVA satisfying (x2, x2, x2) =
(x2, x, x2) = 0 and its unique nonzero idempotent e is flexible.

2. We showed that every AVA satisfying (x, x, x) = 0 and containing a
nonzero flexible idempotent is finite-dimensional ([CR 08] Theorem 4.9
p.365). It is also shown that any pre-Hilbert AVA satisfying (x, x, x) = 0
is finite-dimensional [Elm 83] and is flexible [Elm 87]. In other hand
identity (x, x, x) = 0 carry away (x, x2, x) = 0 as well as (x2, x2, x2) = 0.
So it is interesting to know if any pre-Hilbert AVA containing a nonzero
flexible idempotent satisfying (x, x2, x) = (x2, x2, x2) = (x2, x, x2) = 0 is
finite-dimensional.

Acknowledgements. This paper has benefited from several remarks
and suggestions by Professor Angel Rodŕiguez Palacios. The authors are very
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