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Abstract. Skew polynomial rings have invited attention of mathematicians
and various properties of these rings have been discussed. The nature of ideals
(in particular prime ideals, minimal prime ideals, associated prime ideals),
primary decomposition and Krull dimension have been investigated in certain
cases. We introduce a notion of primary decomposition of a Noetherian ring.
We say that a Noetherian ring satisfying this type of primary decomposition
is a Transparent ring.

A Noetherian ring R is said to be a Transparent ring if there exist irreducible
ideals Ij , 1 ≤ j ≤ n such that ∩n

j=1Ij = 0 and each R/Ij has a right Artinian
quotient ring. In this paper we show that if R is a semiprime Noetherian ring
σ is an automorphism of R such that aσ(a) ∈ P (R) implies that a ∈ P (R),
(P(R) the prime radical of R), then R[x;σ] is a Transparent ring.
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1. Introduction

A ring R always means an associative ring with identity. The set of positive
integers is denoted by N, and the field of rational numbers is denoted by Q.
The set of prime ideals of R is denoted by Spec(R). The sets of minimal prime
ideals of R is denoted by Min.Spec(R). Prime radical and the set of nilpotent
elements of R are denoted by P (R) and N(R) respectively.

Now let R be a ring and σ an automorphism of R. Recall that the skew
polynomial ring R[x;σ] is the usual polynomial ring with coefficients in R, in
which multiplication is subject to the relation ax = xσ(a) for all a ∈ R. We
take any f(x) ∈ R[x;σ] to be of the form f(x) =

∑n
i=0 xiai. We denote R[x;σ]

by S. Ore-extensions including skew-polynomial rings and differential operator
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rings have been of interest to many authors. For example [1, 2, 3, 4, 5, 6, 8,
12, 13, 14].

The classical study of any commutative Noetherian ring is done by studying
its primary decomposition and this forms the fundamental edifice on which any
such ring is studied. Further there are other structural properties of rings, for
example the existence of quotient rings or more particularly the existence of
Artinian quotient rings etc. which can be nicely tied to primary decomposition
of a Noetherian ring. The notion of the quotient ring of a ring, the contractions
and extensions of ideals arising thereby appear in chapter (9) of [8].

The first important result in the theory of non commutative Noetherian
rings was proved in 1958 (Goldie’s Theorem) which gives an analogue of field
of fractions for factor rings R/P, where R is a Noetherian ring and P is a prime
ideal of R. In 1959 the one sided version was proved by Lesieur and Croisot
(Theorem (5.12) of [8]) and in 1960 Goldie generalized the result for semiprime
rings (Theorem (5.10) of [8]).

In [6] it is shown that if R is embeddable in a right Artinian ring and if
characteristic of R is zero, then the differential operator ring R[x; δ] embeds in
a right Artinian ring, where δ is a derivation of R. It is also shown in [6] that
if R is a commutative Noetherian ring and σ is an automorphism of R, then
the skew-polynomial ring R[x;σ] embeds in an Artinian ring.

A non commutative analogue of associated prime ideals of a Noetherian ring
has also been also discussed. We would like to note that a considerable work
has been done in the investigation of prime ideals (in particular minimal prime
ideals and associated prime ideals) of skew polynomial rings (K. R. Goodearl
and E. S. Letzter [9], C. Faith [7], S. Annin [1], Leroy and Matczuk [13],
Nordstrom [14]) and Bhat [4].

The above discussion leads to a stronger type of primary decomposition of
a Noetherian ring. We call such a ring a Transparent ring.

Definition (A): A Noetherian ring R is said to be a Transparent ring if
there exist irreducible ideals Ij , 1 ≤ j ≤ n such that ∩n

j=1Ij = 0 and each R/Ij

has a right Artinian quotient ring.
It can be easily seen that an integral domain is a Transparent ring, a com-

mutative Noetherian ring is a Transparent ring and so is a Noetherian ring
having an Artinian quotient ring. A fully bounded Noetherian ring is also a
Transparent ring.

This type of decomposition was actually introduces by the author in [2].
Such a ring was called a decomposable ring, and the following results were
proved:

Let R be a commutative Noetherian ring, σ an automorphism of R and δ a
derivation of R. Then:

1. S = R[x;σ] is a decomposable ring.
2. L = R[x, x−1; σ] is a decomposable ring.
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3. D = R[x; δ] is a decomposable ring. In this case R is more over an algebra
over Q.

Now in order to distinguish between one more definition of a decomposable
ring given below and pointed out by the referee of one of the papers of the
author, we now call such a ring a Transparent ring.

Decomposable ring (Hazewinkel and Krichenko[10]) Let R be a ring.
An R-module M is said to be decomposable if M � M1 ⊕ M2 of non zero
R-modules M1 and M2. A ring R is called a decomposable ring if it is a direct
sum of two rings.

In this paper we investigate the transparency of R[x;σ], when R is not nec-
essarily commutative. In this direction we get a motivation from the following:

Recall that in [11], a ring R is called σ-rigid if there exists an endomorphism
of R with the property that aσ(a) = 0 implies a = 0 for a ∈ R. In [12], Kwak
defines a σ(∗)-ring R to be a ring in which aσ(a) ∈ P (R) implies a ∈ P (R) for
a ∈ R.

Example 1.1. Let R =

(
F F
0 F

)
, where F is a field. Then P(R) =

(
0 F
0 0

)

Let σ : R → R be defined by σ
((

a b
0 c

) )
=

(
a 0
0 c

)
. Then it can be seen

that R is a σ(∗)-ring.

In [12], Kwak also establishes a relation between a 2-primal ring and a σ(∗)-
ring. Recall that a ring R is 2-primal if and only if N(R) = P (R) if and only
if the prime radical is a completely semiprime ideal. Recall that an ideal I of
a ring R is called completely semiprime if a2 ∈ I implies a ∈ I for a ∈ R.
Also an ideal J of R is called completely prime if ab ∈ J implies a ∈ J or
b ∈ J for a, b ∈ R. The property is also extended to the skew-polynomial ring
R[x;σ]. Clearly R is a I(*)-ring if and only if R is a 2-primal ring, where I is
the identity map on R. The ring in Example (1.1) is 2-primal.

We now give an example of a ring R, and an endomorphism σ of R such
that R is not a σ(∗)-ring, however R is 2-primal.

Example 1.2. Let R = F[x] be the polynomial ring over a field F. Then R
is 2-primal with P(R) = 0. Let σ : R → R be an endomorphism defined by
σ(f(x)) = f(0). Then R is not a σ(∗)-ring. For example consider f(x) = xa,
a 	= 0.

In this paper, we prove that a semiprime Noetherian σ(∗)-ring R is a Trans-
parent ring, and further more R[x;σ] is also a Transparent ring. This is proved
in Theorem (2.8). But before that, we give an equivalent condition for a Noe-
therian ring to be a σ(∗)-ring. This is proved in Theorem (2.4).

2. Transparency of σ(∗)-rings and their extensions

We recall the following definition:
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Definition 2.1. [Kwak[12]]: Let R be a ring. Then R is said to be a σ(∗)-
ring if aσ(a) ∈ P (R) implies a ∈ P (R) for a ∈ R, where P(R) is the prime
radical of R.

Proposition 2.2. Let R be a ring. Let σ be an automorphism of R. Then R
is a σ(∗)-ring implies P(R) is completely semiprime.

Proof. Let a ∈ R be such that a2 ∈ P (R). Then
aσ(a)σ(aσ(a)) = aσ(a)σ(a)σ2(a) ∈ σ(P (R)) = P (R).
Therefore aσ(a) ∈ P (R) and hence a ∈ P (R).

Proposition 2.3. Let R be a σ(∗)-ring and U ∈ Min.Spec(R) be such that
σ(U) = U . Then US = U [x;σ] is a completely prime ideal of S = R[x;σ].

Proof. Proposition (2.2) implies that P(R) is completely semiprime ideal of R
and further more U is completely prime by Proposition (1.11) of [15]. Now we
note that σ can be extended to an automorphism σ of R/U . Now it is well
known that S/US � (R/U)[x; σ] and hence US is a completely prime ideal of
S.

We now give a necessary and sufficient condition for a Noetherian ring R to
be a σ(∗)-ring in the following Theorem:

Theorem 2.4. Let R be a Noetherian ring. Then R is a σ(∗)-ring if and only
if for each minimal prime U of R, σ(U) = U and U is completely prime ideal
of R.

Proof. Let R be a Noetherian ring such that for each minimal prime U of R,
σ(U) = U and U is completely prime ideal of R. Let a ∈ R be such that
aσ(a) ∈ P (R) = ∩n

i=1Ui, where Ui are the minimal primes of R. Now for each
i, a ∈ Ui or σ(a) ∈ Ui and Ui is completely prime. Now σ(a) ∈ Ui = σ(Ui)
implies that a ∈ Ui. Therefore a ∈ P (R). Hence R is a σ(∗)-ring.

Conversely, suppose that R is a σ(∗)-ring and let U = U1 be a minimal
prime ideal of R. Now by Proposition (2.2), P(R) is completely semiprime.
Let U2, U3, ..., Un be the other minimal primes of R. Suppose that σ(U) 	= U .
Then σ(U) is also a minimal prime ideal of R. Renumber so that σ(U) = Un.
Let a ∈ ∩n−1

i=1 Ui. Then σ(a) ∈ Un, and so aσ(a) ∈ ∩n
i=1Ui = P (R). Therefore

a ∈ P (R), and thus ∩n−1
i=1 Ui ⊆ Un, which implies that Ui ⊆ Un for some i 	= n,

which is impossible. Hence σ(U) = U .
Now suppose that U = U1 is not completely prime. Then there exist a, b ∈

R \ U with ab ∈ U . Let c be any element of b(U2 ∩ U3 ∩ ... ∩ Un)a. Then
c2 ∈ ∩n

i=1Ui = P (R). So c ∈ P (R) and, thus b(U2 ∩ U3 ∩ ... ∩ Un)a ⊆ U .
Therefore bR(U2 ∩U3 ∩ ...∩Un)Ra ⊆ U and, as U is prime, a ∈ U , Ui ⊆ U for
some i 	= 1 or b ∈ U . None of these can occur, so U is completely prime.

Definition 2.5. Let R be a Noetherian ring. R is said to be a Transparent
ring if in R there exist irreducible ideals Ij, 1 ≤ j ≤ n such that ∩n

j=1Ij = 0
and each R/Ij has a right Artinian quotient ring.
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The following Proposition, though not used to prove the main result, gives
a basic idea about the possible transparency of a Noetherian ring.

Proposition 2.6. 1. Let R be a commutative Noetherian ring. Then R is
a Transparent ring.

2. Let R be a Noetherian ring. Then there exist ideals Ij, 1 ≤ j ≤ n of R
such that ∩n

j=1Ij = 0.

Proof. The proof is obvious and we leave the details to the reader.

Proposition 2.7. Let R be a Noetherian ring having a right Artinian quotient
ring. Then R is a Transparent ring.

Proof. Let Q(R) be the right quotient ring of R . Now for any ideal J of
Q(R), the contraction Jc of J is an ideal of R and the extension of Jc is J ;
i.e. (J c)e = J . For this see Proposition (9.19) of [8]. Now there exist ideals Ij,
1 ≤ j ≤ n of Q(R) such that 0 = ∩n

j=1Ij , and each Q(R)/Ij is an Artinian ring.
Let Ic

j = Kj. Then it is not difficult to see that R/Kj has a right Artinian
quotient ring Q(R)/Ij . Moreover ∩n

j=1Kj = 0. Hence R is a Transparent
ring.

Theorem 2.8. Let R be a semiprime Noetherian σ(∗)-ring, and σ an auto-
morphism of R. Then R is a Transparent ring and R[x;σ] is also a Transparent
ring.

Proof. R is Noetherian, therefore, Theorem (2.4) of Goodearl and Warfield
[8] implies that Min.Spec(R) is finite. Also R is semiprime implies that
∩P∈Min.Spec(R)P = 0. Now Theorem (2.4) implies that σ(P ) = P , for all P ∈
Min.Spec(R). Therefore P [x;σ] is an ideal of R[x;σ] and ∩P∈Min.Spec(R)P [x;σ] =
0. In fact P [x;σ] is a completely prime ideal of R[x;σ] by Proposition (2.3).
Now R/P has a right Artinian quotient ring by Theorem (5.12) of [8], and
∩P∈Min.Spec(R)P = 0 implies that R is a Transparent ring. Now Theorem (2.11)
of [3] implies that R[x;σ]/P [x;σ] has a right Artinian quotient ring, and hence
∩P∈Min.Spec(R)P [x;σ] = 0 implies that R[x;σ] is a Transparent ring.
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