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Abstract

The aim of this work is to present an expression for the extreme
vectors in a Verma module over a complex semisimple Lie algebra in
the form of a recurrence relation.
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1 Introduction

Verma modules were first considered by Verma in [8] . Their study was con-
tinued by I.N.Bernstein, I.M.Gelfand, and S.I.Gelfand in [1], who found some
important interesting results about the structure of Verma modules. Verma
modules are modules over complex semisimple Lie algebras and they are useful
in representation theory of reductive Lie groups and harmonic analysis on sym-
metric spaces. A good introduction to the theory and applications of Verma
modules is given in [5]. The monograph [3] provides a thorough exposition of
the Verma modules theory.

Let G be a complex semisimple Lie algebra, and let H be its Cartan sub-
algebra. Denote by Δ the root system for the pair (G,H), and let Δ+ and Δ−

be the subsets of positive and negative roots repectively, and Π = {α1, ..., αn}
be the system of simple roots defined by Δ+.ρ denotes the half-sum of all pos-
itive roots: ρ = 1

2

∑
α∈Δ+ α. For any α ∈ Δ, let Gα be the root subspace of

G corresponding to the root α. Let Z+ =
∑

α∈Δ+ Gα, Z− =
∑

α∈Δ− Gα be the
maximal nilpotent subalgebras of G spanned by all positive and negative root
subspaces respectively. For any vector space A we denote by A∗ the algebraic
dual vector space consisting of all linear forms on A.
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For any χ ∈ H∗, let Iχ denote the left ideal in the universal enveloping
algebra U(G) of G generated by all elements z ∈ Z+ and all elements x =
h − χ(h) + ρ(h), where h runs over H. The quotient space Mχ = U(G)/Iχ

is naturally endowed with the structure of a left U(G) -module. This U(G)-
module Mχ is called a Verma module [8].

Let us remind some properties of Verma modules. Denote by 1χ the canon-
ical image of 1 ∈ U(G) in Mχ. [3].

a) The vector 1χ is a highest weight vector of weight χ − ρ in the module
Mχ;

b) 1χ is a cyclic vector of the module Mχ with respect to U(Z−), that is,
Mχ = U(Z−)1χ;

c) Mχ is a free U(Z−)-module;
d) dimCHomU(G)(Mχ1,Mχ2) ≤ 1 for any χ1, χ2 ∈ H∗;
e) any non-zero morphism from HomU(G)(Mχ1 ,Mχ2) is an embedding of

modules.
For α ∈ Δ and χ ∈ H∗, let χ(α) = 2 〈χ, α〉 / 〈α, α〉, where 〈., .〉 is the

bilinear form on H∗ derived from the Killing form on the Lie algebra G.
In paper [1] the necessary and sufficient conditions for

dimCHomU(G)(Mχ1,Mχ2) = 1 (1)

were found. These conditions imply that if for some α ∈ Δ+, χ2(α) = n is a
positive integer, and χ1 = χ2 − nα, then Mχ1 is embeddable into Mχ2, and
any embedding between Verma modules is a composition of embeddings of this
type. In this case we shall assume that Mχ1 ⊂ Mχ2.

Let 1̃χ1 be the image of 1χ1 under this embedding. To determine the em-
bedding of Mχ1 into Mχ2 , it is sufficient to find the element 1̃χ1 ∈ Mχ2.

Since Mχ2 is a free U(Z−)-module with a generator 1χ2 , to find 1̃χ1 it is
sufficient to find an element T n

χ2,α ∈ U(Z−) for which 1̃χ1 = T n
χ2,α1χ2.

When α is a simple root, then T n
χ2,α = zn

−α, where for any β ∈ Δ zβ is such
a root vector for which β([zβ, z−β]) = 2. [1]

2 A recurrence relation for the extreme vec-

tors

If α ∈ Δ+ is a positive but not simple root, then there exists a simple root α1 for
which 〈α, α1〉 > 0 and α2 = sα1α is a positive root (α2 = sα1(α) = α−α(α1)α1).

Then α = qα1 + α2 (q = α(α1) = 1, 2, 3) [2], [5].

Assumption 2.1 . We further assume that the positive root α2 does not
contain the simple root α1 in its expansion relative to the system of simple
roots Π.
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Definition 2.2 For α and α1 as above, let V =V (α, α1) be defined as fol-
lows: V ∈ H∗ is such that V (α1) = −1, and V (γ) = −α1(γ) for any simple
root γ not equal to α1

Under these conditions the following Theorem holds.

Theorem 2.3 Let χ ∈ H∗ be such that χ(α) = n ∈ N, then

T n
χ,α =

qn∑

i=0

(−1)i

∏qn
j=0(χ(α1) − j)

(qn − i)!i!(χ(α1) − i)
zqn−i
−α1

T n
sα1χ

′
i,α2

zi
−α1

, (2)

where
χ

′
i = χ + (χ(α1) − i)V, i = 0, ..., qn. (3)

The proof of the theorem will be preceded by a few lemmas.

Lemma 2.4 V (α) = 0.

Proof. As V (α) = 2 〈V, α〉 / 〈α, α〉, the equality V (α) = 0 is equivalent to
〈V, α〉 = 0. Now, we compute,

〈V, α〉 = 〈V, qα1 + α2〉 = q 〈V, α1〉 + 〈V, α2〉 = −q
〈α1, α1〉

2
− 〈α1, α2〉 =

= −2 〈α, α1〉
〈α1, α1〉

〈α1, α1〉
2

− 〈α1, α2〉 = −(〈α, α1〉 + 〈α2, α1〉) =

= −(〈α, α1〉 + 〈α − qα1, α1〉) = −(2 〈α, α1〉 − q 〈α1, α1〉) =

= −(2 〈α, α1〉 − 2 〈α, α1〉) = 0.

Lemma 2.5 For i = 0, 1, ..., qn, the elements χ
′
i = χ + (χ(α1) − i)V of H∗

satisfy the following conditions:

1. χ
′
i = χ if and only if χ(α1) = i;

2. χ
′
i(α) = χ(α) = n;

3. χ
′
i(α1) = i;

4. (sα1χ
′
i)(α2) = n;

5. (sα1χ
′
i)(β) = χ(β) for all simple roots β orthogonal to α1;

6. (sα1χ
′
i)(α1) = −i.

Proof. The proof is done by an easy computation.
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Lemma 2.6 The elements T n
sα1χ

′
i,α2

of U(Z−) can be selected independent

of i.

Proof. Since, by Assumption 2.1, α2 does not contain α1, it suffices to
show that (sα1χ

′
i)(β) does not depend on i for all simple roots β not equal to

α1. If β is orthogonal to α1, then this follows from Item 5) of Lemma 1.4.
Let 〈β, α1〉 �= 0 and β �= α1. We have

((sα1χ
′
i)(β) = [χ+(χ(α1)−i)V −iα1](β) = χ(β)+χ(α1)V (β)−i(V (β)+α1(β)) =

= χ(β) − χ(α1)α1(β) = (sα1χ)(β),

because V (β) = −α1(β).
This ends the proof of the Lemma.

Notation 2.7 . Since, in accordance with Lemma 2.6, we shall select the
elements T n

sα1χ
′
i,α2

of U(Z−) to be independent of i, denote T n
sα1χ

′
i,α2

∈ U(Z−)

by T (χ, α2, n).

3 Proof of the Theorem

To prove the theorem it is sufficient to show that for all γ ∈ Π we have
[zγ , T

n
χ,α] = 0 (mod Iχ).

For γ ∈ Π consider one of the following three cases:

1. γ = α1;

2. γ⊥α1;

3. γ �= α1 and < γ, α1 >�= 0.

If γ is a simple root not contained in α, then [zγ , T
n
χ,α] = 0.

(1) Let γ = α1. Since, by Assumption 2.1, α2 does not contain α1, we
have

[zα1 , T (χ, α2, n)] = 0,

and therefore

[zα1 , T
n
χ,α] =

qn∑

i=0

(−1)i

∏qn
j=0(χ(α1) − j)

(qn − i)!i!(χ(α1) − i)
[(qn − i)zqn−i−1

−α1
T (χ, α2, n)zi

−α1
+

+izqn−i
−α1

T (χ, α2, n)zi−1
−α1

](hα1 − i + 1).

Since
hα1 − i + 1 = (hα1 − χ(α1) + 1) + (χ(α1) − i), (4)
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in order to prove the equality

[zα1 , T
n
χ,α] = 0 (mod Iχ), (5)

it suffices to prove the equality

qn−1∑

i=0

(−1)i

(qn − i − 1)!i!
zqn−i−1
−α1

T (χ, α2, n)zi
−α1

+

+
qn∑

i=1

(−1)i

(qn − i)!(i − 1)!
zqn−i
−α1

T (χ, α2, n)zi−1
−α1

= 0.

But it becomes obvious, if in the second sum we introduce the new summation
index k = i + 1.

(2) Let γ be such a simple root contained in α2 that < γ, α1 >= 0. In that
case we have

[zγ , z
qn−i
−α1

T (χ, α2, n)zi
−α1

] =

= zqn−i
−α1

[zγ , T (χ, α2, n)]zi
−α1

= zqn−i
−α1

Q(χ, α2, n)zi
−α1

(hγ−χ(γ)+1) = 0 (mod Iχ),

where

Q(χ, α2, n) ∈ U(Z−),

and i = 0, 1, ..., qn, so that we also get

[zγ , T
n
χ,α] = 0 (mod Iχ).

(3) Let us now assume that the simple root γ is contained in α2, and that
it is not orthogonal to the root α1, so that < γ, α1 >�= 0. We have

[zγ , z
qn−i
−α1

T (χ, α2, n)zi
−α1

] = zqn−i
−α1

[zγ , T (χ, α2, n)]zi
−α1

=

= zqn−i
−α1

Q(χ, α2, n)(hγ − sα1χ
′
i(γ) + 1)zi

−α1
=

= zqn−i
−α1

Q(χ, α2, n)zi
−α1

(hγ − sα1χ
′
i − iα1(γ) + 1) =

= zqn−i
−α1

Q(χ, α2, n)zi
−α1

[hγ − (χ
′
i − iα1)(γ) − iα1(γ) + 1] =

= zqn−i
−α1

Q(χ, α2, n)zi
−α1

(hγ − χ
′
i(γ) + 1) =

= zqn−i
−α1

Q(χ, α2, n)zi
−α1

(hγ − χ(γ) + (χ(α1) − i)α1(γ) + 1) =

= zqn−i
−α1

Q(χ, α2, n)zi
−α1

(hγ − χ(γ) + 1) + α1(γ)(χ(α1)− i)zqn−i
−α1

Q(χ, α2, n)zi
−α1

.

This implies that in order to be able to prove the equality

[zγ , T
n
χ,α] = 0 (mod Iχ), (6)
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it is necessary and sufficient to show that

qn∑

i=0

(−1)i

(qn − i)!i!
zqn−i
−α1

Q(χ, α2, n)zi
−α1

= 0. (7)

First of all, let us observe that

qn∑

i=0

(−1)i

(qn − i)!i!
zqn−i
−α1

Q(χ, α2, n)zi
−α1

=
1

(qn)!
(ad z−α1)

qnQ(χ, α2, n),

and consequently we need to show that

(ad z−α1)
qnQ(χ, α2, n) = 0. (8)

Note that Q(χ, α2, n) ∈ U(Z−)−(nα2−γ). Let us take in U(Z−)−(nα2−γ) a basis
consisting of all monomials relative to z−β, where β are all simple roots con-
tained in nα2 − γ. We are going to show that (ad zα1)

qn annuls every such
monomial from U(Z−)−(nα2−γ).

It is known from the theory of semisimple Lie algebras (see for example
[2],[5]), that for any two simple roots α, β the number n(α, β) = α(β) is a
nonpositive integer, and

(ad z−β)1−n(α,β)z−α = 0. (9)

Since α = qα1 + α2,, we have that α2(α1) = (α − qα1)(α1) = α(α1) − 2q =
−q. Let α2 = k1γ1 + k2γ2 + · · ·+ ksγs +β, where γ1, · · · , γs are all those simple
roots contained in α2 that are not orthogonal to the root α1, and β denotes a
linear combination of the simple roots that are orthogonal to α1. Then

α2(α1) = (α2 = k1γ1 + · · ·+ ksγs + β)(α1) = k1γ1(α1) + · · ·+ ksγs(α1) = −q.

Here ki are positive integers, γi(α1) are nonnegative integers, and q is an integer
such that 1 ≤ q ≤ 3.

This implies that

(ad z−α1)
1+qz−γi

= 0, i = 1, · · · , s.

It is clear that

(ad zα1)z−δ = 0

for all roots δ that are orthogonal to α1. Let P be a monomial from U(Z−)−(nα2−γ)

(here γ denotes one of the simple roots γ1, · · · , γs). Because

nα2 − γ = nk1γ1 + nk2γ2 + · · ·+ nksγs + nβ − γ, (10)
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P contains z−γi
in the power of nki , except in that case when γi = γ. P

contains zγ in the power of nkγ − 1, and, since

k1γ1(α1) + · · ·+ ksγs(α1) = −q,

this implies that
(ad z−α1)

qnP = 0. (11)

This proves the Theorem.

Corollary 3.1 Given such a positive root α that α = qα1 + α2, where
q = α(α1) and the roots α1, α2 are simple, then T n

χ,α can be explicitly written
by the formula

T n
χ,α =

qn∑

i=0

(−1)i

∏qn
j=0(χ(α1) − j)

(qn − i)!i!(χ(α1) − i)
zqn−i
−α1

zn
−α2

zi
−α1

. (12)

4 Conclusion

An analysis of root systems for complex simple Lie algebras shows that the
applicability of the found recurrence relation depends only on the positive
root α. The relation allows to find T n

χ,α for many positive roots α of many
semisimple Lie algebras. For example, this is true for any simple Lie algebra
of the classic series A,B, by rifting simple roots from a positive root one by
one. In some cases, as the Corollary 3.1 shows, we can write out explicitely
all such elements T n

χ,α. For example, it provides the extreme vectors for all
Verma modules over simple Lie algebras of rank 2, except one case; it cannot
be applied to the positive root α = 3α1 + 2α2 of the exceptional simple Lie
algebra of type G2.

Theorem 2.3 was announced by the author in [6], but without any proof.
In papers [4], [7] a procedure has been obtained in a general case for any

positive root of any semisimple Lie algebra, but the methods announced in
these papers are less algorithmic than here, because our method practically
does not depend on the Lie algebra, and it does not involve any complex
operation.
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