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Abstract

Here by using the new description of the deformed canonical relation
of the W l

α,β(p, q)-extended oscillator. We present a new kind of defor-
mation of the Witt algebra which we call W l

α,β(p, q)-deformed centerless
Virasoro algebra.
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1 Introduction

Various quantum deformations of boson oscillator commutation relations al-
gebras have attracted great attention during the last few years [1, 2, 3, 4].
These new mathematical objects called quantum algebras or quantum groups
have found a lot of interesting physical applications e.g in the description of
systems with nonstandard statistics, with violation of the Pauli principal, in
the construction of integrable lattice models, as well as the algebraic treatment
of n-particle integrable models. Among the various deformations and exten-
sions discussed in the litterateur, we mention the following :

(i) The generalized deformed oscillator algebra [5, 6, 7], generated by the
unit, creation, annihilation, and number operators (I, a, a†, N) satisfying the
Hermiticity conditions: (a†)† = a, N † = N and the commutation relations :
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[ N, a†] = a†, [ N, a] = −a, [a, a†]q = aa† − qa†a = g(N + l)− qg(N) (1)

where q is some real number and g(N) is some Hermitian, analytic function
which characterizing the deformation scheme (see [1, 3, 4, 8] for more details).

(ii) The G-extended oscillator algebras, where G is some finite group, ap-
peared in connection with n-particle integrable systems. For example, in the
case of Calogero model [5, 6, 7] G is the symmetric group Sn. In the par-
ticular case where n = 2 (i.e for two particles) S2 is nothing but the cyclic
group of order 2; C2 = {I, K, /K2 = I} and the obtaining S2-extended oscil-
lator algebra is generated by the operators (I, a, a†, N and K) subject to the
Hermiticity conditions (a†)† = a, N † = N and K† = K− and the commutation
relations :

[
N, a†] = a†, [N, K] = 0, K2 = I (2)[

a, a†] = I + rK , (r ∈ R) a†K = −Ka† (3)

together with their Hermitian conjugates.

In this situation the Abelian group S2 can be realized in terms of Klein
operator K = (−1)N , where N denotes the number operator. Hence the S2-
extended oscillator algebra becomes a generalized deformed algebras, where
g(N) = I + r(−1)N and q = 1 and known as the Calogero-Vasiliev or also
modified oscillator algebra [7]. By replacing C2 by the cyclic group of order
λ i.e Cλ = {I, K, K2, ..., Kλ−1}, one get a new class of G-extended oscillator
algebra, generalizing the one describing the two-particle Calogero-model.
The Letter is organized as follows : in section 2 we review some basic notions
concerning the W l

α,β(p, q)-extended oscillator algebra and its representation.
In section 3 we propose a new deformed Witt algebra which we call W l

α,β(p, q)-
deformed centerless Virasoro symmetry in terms of the W l

α,β(p, q)-extended
oscillator generators. Concluding remarks are given in the last section.

2 Preliminary Notes

In this section, we briefly review the relevant definitions and results regarding
the W l

α,β(p, q) -deformed oscillator algebras ( for more details see ref. 9 and
the references quoted therein).

Definition 2.1 The W l
α,β(p, q)-deformed oscillator is defined as the asso-

ciative algebra generated by the operators {1, a, a+, N} and defining relations

[N, a] = −la, [N, a†] = la†, [a, a†]B = g(N + l) − Bg(N), (4)
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where

g(n) =
p−αn−β − qαn+β

p−l − ql
= [αn + β](p,q,l),

with α, β and B ∈ IR and l ∈ IZ.

Definition 2.2 The corresponding W l
α,β(p, q)-deformed canonical commu-

tation relations are defined by the following formulas :

aa† − qla†a = p−αN−β, (5)

aa† − pla†a = qαN+β, (6)

and
[N, a] = −la, [N, a†] = la†. (7)

Instead of the relations (5) and (6) we have the relations

Lemma 2.3

aa† =
p−αN−β−l − qαN+β+l

p−l − ql
= [αN + β + l](p,q,l), (8)

a†a =
p−αN−β − qαN+β

p−l − ql
= [αN + β](p,q,l)

The creation and annihilation operators a, a† and the operator N of the rela-
tions (6) and (7) act on the Hilbert space with the basis {|n〉, n = 0, 1, ...} and
l ∈ IZ. as follows

a|n〉 =
(

p−α−β − qα+β

p−l − ql

) 1
2 |n − l〉 = [α + β]

1
2

(p,q,l)|n − l〉

a†|n〉 =
(

p−α−β−l − qα+β+l

p−l − ql

) 1
2 |n + l〉 = [α + β + l]

1
2

(p,q,l)|n + l〉
and

N |n〉 = n|n〉,
Definition 2.4 We introduce the (α, β)(p, q) difference operator (the Jack-

son derivative) as

Df(z) =
f(p−αz)p−β − f(qαz)qβ

(p−l − ql)z
l
α

, (9)

where f(z) belong to a space of functions (analytic if l
α

is an integer).
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Lemma 2.5

Dzn =
p−αn−β − qαn+β

p−l − ql
zn− l

α =
zn

z
l
α

p−αn−β − qαn+β

p−l − ql

1

n!

dnz

dzn
. (10)

If α
l

is an integer, then for an analytic function f(z) =
∑∞

n=0 anzn we have

Df(z) =
∞∑

n=0

anDzn =
∞∑

n=1

zn

z
l
α

p−αn−β − qαn+β

p−l − ql

1

n!

dn

dzn
f(z). (11)

Lemma 2.6 In this space we can give the coordinate realization of the re-
lations (6),(7) and (8) as follows :

a : f → Df (12)

a† : f → z
l
α f, (13)

N : f → αz
d

dz
, (14)

qN : f → qz d

dz
f = f(qz), (15)

p−N : f → p−z d

dz
f = f(p−1z), (16)

Indeed from (13) and (14) we obtain :

Lemma 2.7

Na†f(z) = αz
d

dz
(z

l
α f(z)) = lz

l
α f+αz1+ l

α
d

dz
f(z), a+Nf(z) = αz1+ l

α
d

dz
f(z).

It follows that :

[N, a†] = la†f. (17)

Let us look at the spectrum El
n,α,β(p, q) of the hamiltonian operator of W l

α,β(p, q)-
deformed oscillator

H l
α,β(p, q) = a†a + aa†, H l

α,β(p, q)|n〉 = El
n,α,β(p, q)|n〉

it follows from (8) that :

El
n,α,β(p, q) = qαn+β + (p−l + 1)[αn + β](p,q,l).

To end this section we would to note that the Hopf structure of the generalized
W l

α,β(p, q)-deformed oscillator algebra is given in [9].
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3 Main Results

In this section we introduce the new deformed Witt algebra using the W l
α,β(p, q)-

extended oscillator algebras. To begin with, recall that the centerless Virasoro
algebra termed witt algebra or also conformal algebra was first introduced in
the context of string theories. It is relevant to any theory in 2-dimensional
space-times which possesses conformal invariance.

Definition 3.1 The Witt algebra is the complexification of the Lie algebra
V ect(S1). An element of W is a linear combination of the elements of the
form einθ d

dθ
where θ is a real parameter and the Lie bracket on W is given by :

[eimθ d

dθ
, einθ d

dθ
] = i(m − n)ei(n+m)θ d

dθ
. (18)

It is rather convenient to consider an embedding of the circle into complex
plane IC with the coordinates z, so that z = eiθ and the element of the basis
em(m ∈ IZ) are expressed as em = −zm+1∂z . In this basis the commutation
relations have the following form :

[em, en] = (m − n)em+n (19)

On the other hand the deformation (q-deformation) of this algebra was first
introduced by Curtright and Zachos [10] and investigated in many occasion by
many authors [11, 12, 13, 14], and defined by the following q-commutation
relations:

[em, en]q = qm−nemen − qn−menem =
(qm−n − qn−m)

q − q−1
em+n (20)

Turn now to the construction of the W l
α,β(p, q)-deformed Witt algebra.

Lemma 3.2

[
a, (a†)m+1

]
ql

= (a†)m{p−αN−β(p−(m+1)l − ql) − qαN+β(q(m+1)l − ql)

p−l − ql
}

and

[a, (a†)m+1]p−l = (a†)m{p−αN−β(p−(m+1)l − p−l) − qαN+β(q(m+1)l − p−l)

p−l − ql
}

From the Lemma 2.3 and Lemma 3.1, we obtain the following Theorem

Theorem 3.3 The generators em(p, q), m ∈ IZ satisfy the following com-
mutation relations:

[em, en]p−l = ([(n+1)l+β](p,q,l)−p−l[(m+1)l+β](p,q,l))em+n +(1−p−l)em+n+1,

and the same relation for q :

[em, en]ql = ([(n + 1)l + β](p,q,l) − ql[(m + 1)l + β](p,q,l))em+n + (1 − ql)em+n+1
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The limit goes to the classical Witt algebra eq(19) when q = p = 1, α = 1,
β = 0 and l = 1. However, when p �= q �= 1, α �= 1 and β �= 0 and l �= 1 it is
something new.

4 Conclusion

In this paper, we have presented a new kind of W l
α,β(p, q)-deformed Witt sym-

metry in terms W l
α,β(p, q)-extended oscillator algebra. It is interesting to in-

vestigate these new algebraic structures in the physical situation. Finally, note
that in same way one can construct W l

α,β(p, q)-deformed W -algebras which are
the higher spin extension of the Virasoro algebra.
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