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Abstract
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1 Introduction

Several of finite groups, including all non-abelian finite simple groups, can be

generated by symmetric sets of involutions [7]. Using this approach, Curtis

constructed many of sporadic simple groups by manual double coset enumer-

ation, see for instance [5]. The first computer implementation of this double

coset enumeration process was written by the author [7]. Since then, different

algorithms which perform single (or double) coset enumeration for involutory

generated groups have been described, see [2, 8, 9].



506 M. Sayed

In the present work, which is a sequel to [9], we give the first attempt to

generalize the coset enumeration procedure of symmetrically generated groups.

Indeed, the described enumerator can handle, in addition to the case of invo-

lutory generated groups, the case when the symmetric generators are of prime

order greater than 2. As will apparent below, we consider each group as a

homomorphic image of a free product of n cyclic groups of order m extended

by a group of automorphisms which permutes the n generators of these cyclic

groups and raise them to some power. Thus, the group of automorphisms has a

proper monomial action on the n cyclic subgroups. In [6] Curtis demonstrated

this technique and used it to construct some sporadic simple groups such as

the Held and the Harada-Norton groups.

A monomial matrix over a ring R is defined to be a square matrix in which

there is just one nonzero entry in each row and column. Note that the nonzero

entries should belong to a closed set under multiplication and inversion so that

these entries must be units of the ring R. The case when this ring is a filed F

implies that the corresponding linear transformation can be written as

η : ei �→ λieσ(i),

where σ is a permutation on {0, 1, . . . , n − 1} and {e0, e1, . . . , en−1} is a ba-

sis for the vector space Fn and λi ∈ F. We say that σ is the permutation

corresponding to the monomial transformation η. In addition, a monomial

group G is defined to be a group of such matrices (under multiplication) or,

equivalently a group (under composition) of transformation like η above with

respect to a fixed basis {ei}. The corresponding permutation group is the set

of permutations corresponding to a monomial transformation. Let H be the

point stabilizer in the corresponding permutation group (which we will call

N). Then since our requirement is that N be transitive, it follows that the

monomial group is a representation of N induced up from a nontrivial linear

representation of H with respect to some well-chosen transversal of N over H ,

see [1], the representation induced up from the trivial representation being the

permutation representation.

In section 2, we introduce symmetric presentations, showing how to con-

struct a group which contains a set of n symmetric generators of order m.

In section 3, we describe our coset enumeration algorithm of such groups, ex-

plaining how it can be implemented on the machine and showing how it can

be carried out either by hand in such a small case or by the machine in such

a large case. We finish with section 4 in which we give the results of the coset

enumerations of some considered groups and some useful observations about
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our algorithm.

2 Symmetric generation of groups

Let G be a group and let T = {t0, t1, . . . , tn−1} be a set of elements of order

m in G. Making the definitions Ti = 〈ti〉 and T = {T0, T1, . . . , Tn−1} allows

us to define N = NG(T ), the set normalizer in G of T . We say that T is a

symmetric generating set for G if the following two conditions hold:

(i) G = 〈T 〉, and

(ii) N permutes T transitively.

We call N the control subgroup. Conditions (i) and (ii) imply that G is a

homomorphic image of the progenitor (a split extension of the form)

m∗n : N ,

where m∗n represents a free product Cm ∗Cm ∗ · · ·∗Cm of n copies of the cyclic

group Cm and N is a group of automorphisms of m∗n which permutes the n

cyclic subgroups by conjugation. Of course, N whose elements are monomial

permutations is a subgroup of M , the group all monomial automorphisms of

T0 ∗ T1 ∗ . . . ∗ Tn−1 which is a wreath product Hr � Sn, where Hr is an abelian

group of order r = φ(m), the number of positive integers less than m and

coprime to it.

For the case m = 2, N will simply act by conjugation as permutations of

the n involutory symmetric generators. Indeed, many finite groups, including

all non-abelian finite simple groups, can be so generated, see [7].

Since the progenitor is a semi-direct product (of 〈T 〉 with N), it follows

that in any homomorphic image G, we may use the equation:

tiπ = πtπi = πtrj ,

where r is an integer coprime to m, to gather the elements of N in a word

w(N, ti) over to the left. Every element of the progenitor can be represented

(uniquely) as πw, where π ∈ N and w is a word in the symmetric generators.

Another consequence of this is that a relation of the form (πti)
n = 1 for some

π ∈ N in a permutation progenitor becomes:

πntπn−1(i) . . . tπ(i)ti = 1,

which is equivalent to

πn = t−1
i t−1

π(i) . . . t−1
πn−1(i).

Thus any additional relation by which we must factor the progenitor to

obtain G must have any of the forms
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πw(t0, t1, . . . , tn−1) = 1 or π = w(t0, t1, . . . , tn−1),

where π ∈ N and w is a word in the elements of T .

We write G for the homomorphic image obtained after factoring out by

some relations which essentially take the form:

π = w(t0, t1, . . . , tn−1),

where π ∈ N . We must have π 	= 1 for at least one of these relations to

avoid the case G = 〈T 〉 : N . This relation is too general to consider and we

usually only consider certain special cases of it. For example, we will consider

relations of the form π = w(t0, t1) and π = w(t0, t1, t2) (for π ∈ N). To do this

we first note that any element of G which is in 〈ti, tj〉 and N must commute

with N ij = CN(〈ti, tj〉). We thus have the following lemmas [5]:

Lemma 2.1. In any homomorphic image of m∗n : N ,

〈ti, tj〉 ∩ N ≤ CN (N ij).

Proof. Assume 〈ti, tj〉 ∩ N > 〈1〉 and Let π = w(ti, tj) 	= 1, π ∈ N . For every

σ ∈ N ij , we have πσ = w(ti, tj)
σ = w(tσi , tσj ) = w(ti, tj) = π. This shows that

π ∈ CN (σ), therefore, we have π ∈ CN(N ij). ♦

Lemma 2.2. For k ≥ 1, we have:

〈ti1 , ti2 , . . . , tik〉 ∩ N ≤ CN (N i1i2...ik).

Proof. The same as the previous lemma. ♦

It is useful to note that, for the case of involutory generation, 〈ti, tj〉 is

dihedral of order 2k, where k is the order of titj. The elements of 〈ti, tj〉 have

the forms: [titj ]
r and [titj]

rti; the elements of the form [titj]
rti having order 2,

and the central elements of 〈ti, tj〉 having order 1 or 2 and form [titj ]
r. Lemmas

2.1 and 2.2 can be used when the symmetric generators are of higher order,

but it is usually more profitable to consider what the subgroup 〈ti, tj〉 can be

in a finite image. These groups often have several automorphisms visible in

the control subgroup, which restrict the possibilities.

The following notation is useful. We will allow i to stand for the coset Nti,

ij for the coset Ntitj and so on. The coset N is denoted by ∗. We will also let

i stand for the symmetric generator ti and ī for t−1
i when there is no danger

of confusion. Thus we write, for instance, ij ∼ k to mean Ntitj = Ntk and

ij = k to mean titj = tk. The ambiguity associated with this notation is ik
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which could mean tki or ttki . We will let ik stand for tki , so that 02 always means

t20.

It is sometimes useful to have the notation of a length of a coset. The fact

that for π ∈ N we have

Nw(ti)π = Nπ−1w(ti)π = Nw(tπi ) = Nw′(ti)
shows that all N -cosets have a representative in 〈T0 ∪ T1 ∪ . . . ∪ Tn−1〉. We

are in a position to define the length, L(Nw), of a coset Nw as the length of

the shortest possible representation of w in terms of the symmetric generators

and their inverses. Firstly, we have L(N) = 0. If w = τ1τ2 · · · τk, for some k

where τi ∈ Tai
−{1} for some {ai} such that ai 	= ai+1 for all i, then the length

L(Nw) = L(w) is defined to be k.

We proceed to illustrate the above with a simple example. The notation

for group structures mentioned in the paper follows that in the Atlas [4].

Example 2.3. We consider the control subgroup N ∼= A4 and the progenitor

3∗3 : A4 in which N acts faithfully on the symmetric generators. Our 3-modular

monomial representation of A4 is given by

x ∼

⎛
⎜⎝

· 1 ·
· · 1

1 · ·

⎞
⎟⎠ and y ∼

⎛
⎜⎝

1 · ·
· −1 ·
· · −1

⎞
⎟⎠,

or, in terms of their action on the symmetric generators as: x ∼ (0, 1, 2) and

y ∼ (0)(1, 1̄)(2, 2̄), that is x ∼ (t0, t1, t2) and y ∼ (t0)(t1, t
−1
1 )(t2, t

−1
2 ). With

the help of Lemma 2.1, we can obtain a symmetric presentation of 3·A7 as a

homomorphic image of 3∗3 : A4 by factoring the progenitor by the relations

⎡
⎢⎣

⎛
⎜⎝

· 1 ·
· · 1

1 · ·

⎞
⎟⎠ t0

⎤
⎥⎦

7

and

⎡
⎢⎣

⎛
⎜⎝

1 · ·
· −1 ·
· · −1

⎞
⎟⎠ t1t2

⎤
⎥⎦

3

,

and thus we consider

3∗3:A4
[(0,1,2)t0]7 = [(1,1̄)(2,2̄)t1t2]3 = 1

∼= 3·A7.

For further information about monomial modular representations of sym-

metrically generated groups, the reader is refereed to [1, 6].
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3 Coset enumeration algorithm

The coset decomposition of the progenitor m∗n : N is

m∗n : N = N ∪ Nt0 ∪ Nt20 ∪ · · · ∪ Ntm−1
0 ∪ · · · ∪ Ntn−1 ∪ Nt2n−1 ∪ · · · ∪ Ntm−1

n−1 ∪
Nt0t1 ∪ Nt0t

2
1 ∪ · · · ∪ Nt0t

m−1
1 ∪ · · · ∪ Nt0tn−1 ∪ Nt0t

2
n−1 ∪ · · · ∪ Nt0t

m−1
n−1 ∪

· · · ∪ Nt0t1t0 ∪ · · · ∪ Nt0t
2
1t0 ∪ · · · ∪ Nt0t

m−1
1 t0 ∪ · · · .

Therefore, the set of right cosets corresponds to the set of all ordered k-tuples,

k ∈ {0, 1, 2, . . .}, of the elements of the set of ordered pairs {(i, j) : 0 ≤ i ≤
n − 1, 1 ≤ j ≤ m − 1} which have no first entry adjacent repetitions. We see

that the progenitor has 1 coset of length 0 and at most n(n − 1)k−1(m − 1)k

cosets of length k, k ≥ 1. Once the progenitor is factored by nontrivial relations

coincidences between these cosets appear, and so leads to reduce the number

of cosets.

In this section we describe how a factor group

G ∼= m∗n:N
π1 = w1, π2 = w2, ... , πs = ws

,

may be identified. Therefore, we need to establish the order of G by enumer-

ating the cosets of a subgroup (of G) of known order. Naturally, we would like

this subgroup to be the control subgroup N .

3.1 The input and stored data

In order to define our group G, which is expected to be a finite homomorphic

image of the (monomial) progenitor m∗n : N , we need a permutation group N

of degree n(m − 1) and two sequences

π = [π1, π2, . . . , πs] and w = [w1, w2, . . . , ws],

where the πi are elements of N and the wi are sequences of integers from the set

{1, 2, · · · , n(m − 1)} without adjacent repetitions. These two sequences give

the left and the right hand sides of the group additional relations which tell

us how elements of N can be written in terms of the n symmetric generators

and their inverses. Here, each symmetric generator tji is assigned an integer

k = (i + 1) + (j − 1)n, 0 ≤ i ≤ n − 1, 1 ≤ j ≤ m − 1.

It is worth noting that all conjugates (conjugation by elements of N) of

the relations πi = wi are also relations. So that, in any homomorphic image

G of the progenitor 3∗4 : S4, the relation [(0, 1̄)(2, 2̄)(3, 3̄)t0t2]
3 = 1 can be

considered as [(i, j̄)(k, k̄)(l, l̄)titk]
3 = 1 for all distinct i, j, k, and l. Thus, if
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σ = v is an element of the set of additional relations

{π1 = w1, π2 = w2, . . . , πs = ws},
then in G we have σπ = vπ for π ∈ N .

We maintain a sequence C (instead of a table for each additional relation

as in the Todd-Coxeter coset enumeration procedure [10]) whose terms are (at

the end of enumeration) the complete set of coset representative words and

which can be considered as a function f : C ×〈T0 ∪T1 ∪ . . .∪Tn−1〉 −→ C. We

read f(w, τi) = w′ as meaning that Nwτi = Nw′ where w and w′ are words

in the symmetric generators and their inverses of length k and at most k + 1

respectively. We automatically apply a consistency condition to our sequence

C that f(w, τi) = w′ ⇐⇒ f(w′, τ−1
i ) = w, so that inverses have the behavior

we expect.

We also have to ensure that cosets which are distinct in G remain distinct

in C. Of course, as we proceed by applying the additional relations to the

cosets, we will discover some identifications between these cosets that were

considered different. So it is convenient to have some way of recording in the

sequence C when a coset w′ has been proved to be the same (in G) as an earlier

coset w so that references to w′ can be diverted to w.

We demand that if Nw is earlier in C than Nw′, then L(Nw) ≤ L(Nw′).
Also we remark that the variable level stands for the length of the last coset

in C.

3.2 The process

For each coset of G we must store a canonical representative in the sequence C.

In order to do this we first feed the sequence C by the coset decomposition up

to certain length and then progressively modify it, by performing reductions

and by using the above function, until it represents the permutation action

of the symmetric generators and their inverses on the cosets of N (in G).

We will know that we have completed the coset enumeration when the set of

right cosets obtained is closed under right multiplication. We now describe the

mechanized process which is in fact divided into the following four stages:

Initialization. We write each additional relation πi = wi, where πi ∈ N and

wi = τi1τi2 . . . τir , together with it conjugates, as

τi1τi2 . . . τik = πiτirτir−1 . . . τik+1
,

where k equals to r
2

or r+1
2

according to whether r is even or odd respectively.

In the sequence C, the first coset representative rather than ∗ to appear is
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0, which of course stand for Nt0. Thus, when the variable level is equal to 1,

we must have

C = [ [∗] , [ [0], [1], · · · , [n − 1], [02], [12], · · · , [(n − 1)2], · · · , [(n − 1)m−1] ] ].

For example, multiplication of the coset Nt0 by t1 yields the coset 01 which is

the first coset representative of length two. Therefore, the sequence C appears

as

[ [∗] , [ [0], [1], · · · , [n − 1], [02], [12], · · · , [(n − 1)2], · · · , [(n − 1)m−1] ], [ [0, 1] ] ].

In practice, it is useless to start reductions until the variable level reaches

the value r
2

or r+1
2

according to whether r is even or odd respectively, where r

is the length of the shortest additional relation.

Reductions. Our objective now is to reduce the number of coset representa-

tives in the sequence C. In order to do this, the procedure must check if a part

of any given word w in C of length k is equal to τi1τi2 . . . τik , the left hand side

of one of the above additional relations, then the procedure replaces this part

by τirτir−1 . . . τik+1
and moves the permutation πi over to the left of the whole

word. If a new word w′ of length less than the length of w is obtained, the

procedure replaces the coset represented by w by the new coset represented

by w′. References to the coset represented by w can be diverted to the coset

represented by w′. Moreover, we must store, in a temporary sequence, CT ,

this identification. On the other hand, if a new word w′ of length equal to

the length of w, is obtained, we call that the coset represented by w′ has been

proved to be the same (in G) as the coset represented by w. In this case we

store in the sequence CT , as well as in the sequence C if the last symmetric

generators in w′ and w are different, this identification. Having finished as

much reductions as we can in the current level and record the information, we

continue by carrying out the collapses process, then by applying the function

f to the cosets of length level and increasing the variable level by one.

Collapses. From time to time we pack the sequence C, reclaiming the space

that was occupied by the redundant cosets and this might lead to the collapse

of part or the entire coset diagram. During the pushing relations step we

may discover identifications between cosets that are considered different from

the additional relations (and their conjugates under N). It is convenient to

have some way of recording (in the sequence CT ) all of these coincidences,

and so we can use them together with the problem additional relations to

re-reduce the coset representative sequence. The strategy here is to perform

the collapses process by the end of each level provided that there are new co-

incidences revealed from the reductions process. If the coincidences generate
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further coincidences, the process must be repeated.

Termination. We will consider the enumerator to have terminated and, there-

fore, call the coset table is closed if, by the end of any level, there is no such

coset in C of length equal to level. In this case we call the set of right cosets

obtained is closed under right multiplication. Since N is a finitely generated

subgroup of countable index in a finitely presented group G, the point of ter-

mination will always be reached.

3.3 The output

The program returns what is essentially a Cayley graph of the action of G

on the cosets of N . When the graph is closed we have shown that G is finite

and have an upper bound for its order. Each element of G is represented

by a permutation of N followed by a word in the symmetric generators and

their inverses. Indeed, the program allows the user readily to pass between

the symmetric representation of an element of G and its action on the cosets

of N .

3.4 Illustrative examples

In order to illustrate the mannar in which our enumerator works we give four

groups which are constructed as homomorphic images of the progenitors 3∗7 :

L3(2), 3∗4 : S4, 2∗6 : L2(5) and 3∗4 : 2·S+
4 . For each considered progenitor we

use a suitable set of additional relations.

Example 1. Consider the group:

G ∼= 3∗7:L3(2)

[(1,1̄)(0,3,0̄,3̄)(2,6,4,5̄)t−1
2 ]3

.

The control subgroup N ∼= L3(2) may be regarded as acting on the 7 points

{0, 1, 2, 3, 4, 5, 6}. Here the monomial progenitor 3∗7 : L3(2) quotiented out by

the relation [(1, 1̄)(0, 3, 0̄, 3̄)(2, 6, 4, 5̄)t−1
2 ]3 which can be written as

t2t6t4 = (1, 1̄)(0, 3̄, 0̄, 3)(2, 5̄, 4, 6).

We present the input and the output as they appear in Magma [3]. The

input takes the form:

N := PermutationGroup〈14|(1, 2, 3, 4, 5, 6, 7), (2, 9)(4, 11)(3, 14)(5, 6)〉;
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π := [N! (2, 9)(1, 11, 8, 4)(3, 13, 5, 7)];

w := [[3, 7, 5]];

It is clear that N = Nt2t6t4, which we write as ∗ ∼ 264 in our notation.

In general, we have ∗ ∼ ijk and thus that ij ∼ k. Now N acts 2-transitively

on the symmetric generators and thus all N -costs have length 0 and 1. This

means that |G : N | = 15 and |G| = 2520 = |A7|. We can easily make the

identification between the group G and A7 by yielding the lines of a projective

3-space over F2 and a permutation representation of degree 15 for A7.

The list of the 15 cosets is:

[ [], [ [1], [2], [3], [4], [5], [6], [7], [8], [9], [10], [11], [12], [13], [14] ] ].

The actions of the elements x and y, and the symmetric generator t0 on the

cosets of G are given below:

xp : (2, 3, 4, 5, 6, 7, 8)(9, 10, 11, 12, 13, 14, 15),

yp : (3, 10)(4, 15)(5, 12)(6, 7)(8, 11)(13, 14),

tp : (1, 2, 9)(3, 6, 4)(5, 14, 11)(7, 15, 10)(8, 12, 13).

In the second example, we illustrate the process with a group which has

two additional relations.

Example 2. Consider the group:

G ∼= 3∗4:S4
t0t1t0t1 = [(0,1,2)t0]5 = 1

.

The control subgroup N ∼= S4 may be regarded as acting on the set {0, 1, 2, 3}.
A presentation for N is

〈x, y | x4 = y2 = (yx)3 = 1〉,
where x ∼ (0, 1̄, 2, 3̄), y ∼ (0, 0̄)(1, 1̄)(2, 3̄) and yx ∼ (0, 1, 2). The progenitor

here is 3∗4 : S4, a monomial progenitor, in which the odd permutations permute

and invert the symmetric generators and the even permutations of N merely

permute the symmetric generators. The progenitor quotiented out by the

relations t0t1t0t1 = 1 and [(0, 1, 2)t0]
5 = 1.

It is clear that N = Nt0t1t0t1, which we write as ∗ ∼ 0101 in our notation.
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By postmultiplying both sides by t1, we deduce that Nt1 = Nt0t1t0, that is

010 ∼ 1. Furthermore, postmultiplying both sides by t0 yields Nt1t0 = Nt0t1
which is 01 ∼ 10. In general, we have ∗ ∼ ijij and thus that ij ∼ ji. Similarly,

we have ∗ ∼ ijkij and thus that ijk ∼ ji, for i, k and k distinct. So cosets of

length 2 extend no further. We find that the cosets of length 0, 1 and 2 are at

most 1, 8 and 6 respectively.

The result of the coset enumeration of G over S4 indicates that |G : N | ≤
15, so |G| ≤ 360 = |A6|. Indeed, the (relatively) easy task of finding generators

for A6 satisfying the required relations completes the identification of G with

A6.

In the third example we show how the process can be carried out on a

group generated by symmetric set of involutions.

Example 3. Let

G ∼= 2∗6:L2(5)
[(0,1,2,3,4)t0]4 = 1

.

Here the L2(5) acts on the 2∗6 as the group of linear fractional transformations

(of determinant 1) on the projective line of order 5 whose points may be

labelled with the elements of F5 ∪ {∞}. The coset representative words of G

over L2(5) is shown below

[ [],

[ [∞], [0], [1], [2], [3], [4] ],

[ [∞0], [∞1], [∞2], [∞3], [∞4], [0∞], [02], [03], [2∞], [20] ],

[ [∞0∞ ], [∞1∞], [∞2∞], [∞3∞], [∞4∞] ] ].

It is easy to recognize the group G−in this case the projective general linear

group PGL2(11) of order 22× 60 = 1320−and check that it does contain such

a symmetric generating set.

Our final worked example is a symmetric presentation of M11.

Example 4. Let

G ∼= 3∗4:2·S+
4

[(1,1̄)(2,3)t2]5 = 1
.
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A presentation for the control subgroup N ∼= 2·S+
4 is

〈x, y | x4 = (yx)3, y2 = 1〉,
where x ∼ (0, 1̄, 2̄, 3, 0̄, 1, 2, 3̄), y ∼ (1, 1̄)(2, 3) and yx ∼ (0, 1̄, 2, 0̄, 1, 2̄)(3, 3̄).

The progenitor here is 3∗4 : 2·S+
4 , where 2·S+

4 acts monomially and faithfully

on {T0, T1, T2, T3}, in which the central involution of N acts trivially and the

quotient of N by this involution is S4 in its natural action on 4 points. The

progenitor quotiented out by the relations t2t3t2t3t2 = (1, 1̄)(2, 3).

We know that iji ∼ ij, for i and j distinct, and so we find that the cosets

of length 0, 1, 2, 3 and 4 are at most 1, 8, 48, 84 and 24 respectively. Thus,

|G : N | ≤ 165, so |G| ≤ 7920 = |M11|.

4 Concluding remark

In this procedure no other representations of group elements are used; any

word in the symmetric generators and their inverses can be simply put into its

canonically shortest form by application of the relations (and their conjugates

under the control subgroup). Moreover, all coincidences between cosets are

obtained without using relation tables; only by pushing the additional relations

into the coset decomposition of the progenitor. However, in this case, we need

to store many relations which are equivalent (under the subgroup N).

A further significant of the algorithm is the way that it handles the ele-

ments of the group and is the information which it tells about the structure

of the group. So that it is helpful to define the group in terms of genera-

tors and relations in the standard way; we can find a symmetric generating

set for the group and from this generating set we can determine the relations

which we need to add to our progenitor presentation. It is worth noting that

the operations of inversion and multiplication can be performed manually (or

mechanically) by means of short algorithms.

It must be stressed that the computer implementation which has been

written in Magma [3] is, of course, a different matter. It contains more detailed

description which we omitted here for the sake of simplicity and brevity. An

improvement in performance (in terms of times) can be achieved by using any

high level language such as C++. In Table 1, we give the results for coset

enumerations of some symmetrically generated groups, see [1, 7]. Times taken

are measured on a Sun Sparc Station 5 with CPU clock rate 110 MHz.
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G Progenitor Additional Relations Cosets Time Taken

PGL2(11) 2∗4 : S4 (0, 1)(2, 3) = t0t1t0t1t0, 55 0.15 Sec.

(0, 1, 2) = t0t1t2t0t1t2t0t1t2t0t1

A7 × S3 3∗5 : S5 (1, 4, 3) = t1t4t3t1 126 0.17 Sec.

J1 2∗11 : L2(11) (0, 8, 1)(2, 7, 9, 10, 6, 5)(3, 4) 266 0.22 Sec.

= t0t1t8t0t1

L2(13) × 3 3∗3 : S3 (0, 1) = t0t2t1t2t0t2 546 0.52 Sec.

A9 3∗4 : S4 (0, 1) = t0t1t0t1t0 7560 2.60 Sec.

(0, 1, 2) = t0t1t2t0t1t2t0

Table 1: Result of the coset enumeration of G over N
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