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Abstract. Let M be an R-module. An R-module M is called multiplication
if for any submodule N of M we have N = IM, where I is an ideal of R. In

this paper we characterize primary submodules of multiplication modules.
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In this paper, all rings are commutative with identity and all modules are
unitary. For a submodule N of an R-module M, the set {r € R:rM C N}
is denoted by (N : M), this is the ideal Ann (M/N). A submodule N of an
R-module M is said to be primary if N # M and whenever r € R,m € M
and rm € N, then m € N or ™ € (N : M) for some positive integer n. Let
PSpec (M) denote all primary submodules of M. If N is primary submodule
of an R-module M, it is easily shown that (N : M) is primary ideal of R.
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An R-module M is called multiplication if for any submodule N of M we
have N = IM, where [ is an ideal of R. One can easily show that if M is
a multiplication module, then N = (N : M) M for every submodule N of
M [see, 1].

If P is a maximal ideal of R, Tp (M) = {m € M : (1 — p)m = 0 for some p € P}.
Clearly Tp (M) is a submodule of M. We say that M is P-cyclic provided there
exist ¢ € P and m € M such that (1 —q) M C Rm.

In Example 1 we show that PSpec (M) may be empty.

Example 1. Let p be a fived prime integer and No = ZT U {0}. Then M =
E(p) ={acQ/Z :a=r/p"+ Z for somer € Z and n € Ny} is a nonzero
submodule of the Z-module Q/Z. For each t € Ny, set
Gi={a€eQ/Z:a=r/p+Z for somer € Z}. Gy is a cyclic submodule of
E (p) generated by 1/p' + Z for each t € Ny. Each proper submodule of E (p)
is equal to G; for some i € Ny. (Gt :z E (p)) = 0 for every t € Ny. However
no Gy is primary submodule of E (p), for if p* & (Gy:z E(p)) = 0 for all
kand 3 =1/p"+ 7 & Gy (1 >0), but p'8 = 1/p' + Z € G.Consequently,
PSpec(M) = @.

Theorem 1. Let R be a commutative ring with identity. Then, an R-module
M is a multiplication module if and only if for every maximal ideal P of R
either M = Tp (M) or M is P-cyclic.

Proof. See [2, Theorem 1.2]. §

For an ideal I, the intersection of all prime ideals containing I is called radi-
cal of I and denoted by v/I. Tt is well known that v/ = {a € R : a™ € I for some n}.
Let M be an R-module and N a submodule of M.A submodule N of M is
called prime if N £ M and whenever r € R,m € M and rm € N, then m € N
or r € (N : M) [see, for example, 3 and 5,6]. In [2] ,Zeinab Abd El-Bast and
Patrick F. Smith proved that if M is a faithful multiplication module and P
a prime ideal of R such that M # PM then PM is a prime submodule of M.
Now, we prove that if M is a faithful multiplication module and P a primary
ideal of R such that M # PM then PM is a primary submodule of M.

Theorem 2. Let P be a primary ideal of R and M a faithful multiplication
R-module. Let a € R,z € M satisfy ax € PM. Then a € /P or x € PM.

Proof. Leta ¢ vVP.Let K = {r € R:rz € PM} . Suppose K # R. Then there
exists a maximal ideal @) of R such that K C Q. Clearly = ¢ T (M) . For if
x € T (M), then (1 —g)x = 0 for some g € Q. Therefore, 0 = (1 —¢q)z €
PMandsol—qge K CQ,1 € (@, a contradiciton.

By Theorem 1, M is Q-cyclic, that is there exists m € M, q € @) such
that (1 —q) M C Rm. In particular, (1 —¢)x = sm and (1 — q) ax = asm
pm for some s € R and p € P. Thus (as —p)m = 0. Since (1 —¢q) M
Rm, (1 —¢q)Ann(m)M C RAnn(m)m = 0 and so (1 —q) Ann(m)M
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0.Now [(1 —¢q) Ann (m)] M = 0 implies (1 —q) Ann(m) = 0, because M is
faithful, and hence (1 —¢q)as = (1 —¢q)p € P. Indeed,as — p € Ann (m) and
so (1—¢)(as—p)=0,(1—q)as= (1 —q)p.

But P C K C @, so that s € P( Since (1—¢)" ¢ P,a™ ¢ P for all
m,n € Z* and P is primary) and (1 —¢)z =sm € PM =1—-¢€ K CQ, a
contradiction. It follows that K = R and x € PM, as required. 1

Corollary 1. Let M be a faithful multiplication R—module and P a primary
ideal of R such that M #+ PM. Then PM 1is a primary submodule of M.

Proof. Let P be a primary ideal of R and M a faithful multiplication R-module.
Then, ax € PM = 2 € PM or a € VP C \/(PM : M) where a € R and
x € M by Theorem 2. Therefore, PM is a primary submodule of M. g

Remark 1. Let M be an R-module and N a submodule of M such that N #
M. Let I be an ideal of R such that I C Ann (M) = (0: M). Then N is a

primary R-submodule of M if and only if N is a primary submodule of M as
an R/I-module.

Corollary 2. The following statements are equivalent for a proper submodule
N of a multiplication R-module M.

(1) N is primary submodule of M.
(#7) (N : M) is primary ideal of R.
(17i) N = QM for some primary ideal ) of R with Ann (M) =

(0:M)CQ.
Proof. (i) = (ii) = (1) . Clear.
(13i) = (i). Since N = QM # M and as an R/(0: M)-module, N is

primary, so is primary as an R-submodule of M by Remark 1. n

Let R be a commutative ring with identity. R is called a ()-ring if and only
if every ideal in R is a product of primary ideals[see , 4] .

Definition 1. Let M be an R-module. M is called a QQ-module if every sub-
module N of M such that N # M either is primary or has a primary factor-
1zation N = (Q1Q...Q,N*, where Q1,Qo, ..., Q, are primary ideals of R and
N* is a primary submodule in M.

Theorem 3. Let R be a Q-ring and M a faithful multiplication R-module.
Then, M 1is a QQ-module.

Proof. Let N be a submodule of M such that N # M. Then N = I M for some
ideal I of R. Since R is a Q-ring, I = (1(Qs...Q0,, and so N = (Q1Q>...QQ, M
where @1, Qs, ...,Q, are primary ideals of R. Since N # M, there exists a
primary submodule Q;M # M,1 < i < n. Therefore, N either is a primary
submodule of M or has a primary factorization by Corollary 1. &

Corollary 3. If R is a Dedekind domain and M a faithful multiplication R-
module, then M is a Q-module.
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Theorem 4. Let M be a finitely generated faithful multiplication R-module.
If M is a Q-module, then R is a Q-ring.

Proof. Let I be any ideal of R such that I # R.Then IM is a submodule of
M such that IM # M [see 2, Theorem 3.1] . Since M is a Q-module IM =
Q1Qs...Q, N* where @1, Qs, ..., (), are primary ideals of R and N* is a primary
submodule of M. Since M is a multiplication module, N* = (N* : M) M, where
(N*: M) is a primary ideal of R. Then IM = Q1Qs...Q,, (N* : M) M. Then
I =01Q5...Q, (N*: M) [see 2, Theorem 3.1]. Consequently, R is a Q-ring. i

Theorem 5. Let R be a Q-ring and M a finitely generated faithful multiplica-
tion R-module. Let S be a multiplicative closed subset of R. Then Rg-module
Ms is a QQ-module.

Proof. Let Ng be a submodule of Mg such that Ng # Mg. Since M is a
multiplication R-module, Mg is a multiplication Rg-module[l, Lemma 2 (7)].
Then Ng = IsMg for some ideal I of Rg. Since R is a (Q-ring, it is clear that Rg
is a Q-ring. Therefore, Is = (P1) 4 (%) g ... (Pn)g Where (P)g, (P2)g, ... (Pn)g
are primary ideals of Rg. It is clear that Ann (Mg) = 0g. Therefore, Ng either
is a primary submodule or has a primary factorization. Consequently, Rg-
module Mg is a ()-module. 1
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