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Abstract

An example of a ring R and a multiplication R-module M is given
such that every prime submodule of M is cyclic but M is not. Some
sufficient conditions for a multiplication module to be cyclic have also
been given.
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1 Introduction

Let R be a commutative ring with unity and M be an R-module. The notion
of prime submodules in M is an analogue of the notion of prime ideals in R.
Indeed, prime submodules of R are precisely its prime ideals. Therefore, it is
of interest to find out whether some results on prime ideals also hold for prime
submodules.

The prime avoidance theorem has been proved by C. P. Lu, see [6, Theorem
2.3]. He proves the result under a condition and also gives an example which
shows that without the condition the result is not true, in general. In view of
this, we are encouraged to consider the following two statements:

(a) If all prime submodules of M are finitely generated then M is Noetherian.

(b) If all prime submodules of M are cyclic then so are all submodules of M .

Note that these statements are true in R (see, Ex 2.22 and Ex 2.23 in
[4]). Unfortunately, neither of these statements holds if M is an arbitrary
R-module. A countre-example for (a) is given in this note (see, Example 3.1)
and for a countre-example for (b), take R to be a field and M = R2.



376 A. Gaur, A. Kumar Maloo and A. Parkash

However, in [3], statement (a) has been proved for a special class of modules,
known as multiplication modules. Therefore, in this note we investigate if
statement (b) also holds for multiplication modules. In fact, we show by an
example that statement (b) is not true even for multiplication modules (see,
Example 3.3).

We also determine some sufficient conditions for (b) to be true for a mul-
tiplication module.

2 Preliminaries

Throughout this article, rings are assumed to be commutative with unity and
modules are assumed to be unitary.

Let R be a ring. We recall the following definition:

Definition 2.1 A proper submodule N of an R-module M is said to be a
prime submodule of M if ax ∈ N for a ∈ R and x ∈ M then either aM ⊆ N
or x ∈ N .

We remark that if N is a prime submodule of M then P = (N : M) is
necessarily a prime ideal of R and therefore N is sometimes referred as a
P -prime submodule of M .

We now recall another definition:

Definition 2.2 An R-module M is said to be a multiplication R-module if
for each submodule N of M there exists an ideal I of R such that N = IM .

An ideal I of R is said to be a multiplication ideal of R if I is a multipli-
cation R-module.

Remark 2.3 Let M be a multiplication R-module. Then all quotients of
M are multiplication R-modules. Furthermore, if S ⊂ R is a multiplicative set
then S−1M is a multiplication S−1R-module.

Submodules of M need not be multiplication R-modules.
If N is a submodule of M then N = (N : M)M .

We now recall some results on multiplication modules from [5]: Let M be
a multiplication module over a ring R.

(1) [Theorem 2.5] If M is nontrivial then M admits maximal submodules.
If N is a maximal submodule of M then N = mM for some maximal
ideal m of R. Furthermore every proper submodule of M is contained in
a maximal submodule.

(2) [Theorem 3.1] If M is faithful then M is finitely generated if and only if
IM �= M for all proper ideals I of R.
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(3) [Corollary 3.3] If R is Noetherian then M is Noetherian.

(4) [Corollary 2.11 and Theorem 2.5] Let P be a prime ideal of R containing
the annihilator of M . If PM �= M , then PM is a P -prime submodule of
M and if P is maximal then so is PM .

(5) [Lemma 4.1] If M is faithful then M is torsion free.

3 Results

We recall (see, Ex. 2.22 of [4]) the following theorem of I. S. Cohen: Let R
be a ring such that every prime ideal of R is finitely generated. Then R is
Noetherian.

However, if every prime submodule of an R-module M is finitely generated
then M is not necessarily Noetherian as can be seen from the example given
below.

Example 3.1 Consider Q, the field of rational numbers, as a Z-module.
Let N be a prime submodule of Q and let P = [N : Q]. Then P is a prime
ideal of Z and PQ ⊆ N . Since N �= Q, we must have P = (0). We now claim
that N = (0). Suppose N �= (0). Then there exist nonzero integers a and b
such that ab−1 ∈ N . As N is (0)-prime, we see that b−1 ∈ N and therefore
1 ∈ N , that is, Z ⊆ N . As N �= Q, there exist nonzero integers α and β such
that αβ−1 �∈ N . However, βαβ−1 = α ∈ N . This is a contradiction as β �= 0
and N is (0)-prime.

Therefore the only prime submodule of Q is the submodule (0) and Q is not
finitely generated over Z.

Interestingly, the result does hold for multiplication modules and has been
proved by M. Behboodi and H. Koohy (see, [3, Corollary 3]). We provide here
an alternative proof, which appears more natural.

Theorem 3.2 Let R be a ring and let M be a multiplication R-module such
that every prime submodule of M is finitely generated. Then M is Noetherian.

Proof. We may assume that M �= {0}. Then, by [5, Theorem 2.5], M admits
a maximal submodule, say L. As L is maximal, there exists x ∈ M such
that M = L + Rx. As every maximal submodule is also prime, L is finitely
generated and therefore so is M .

Suppose, if possible, M is not Noetherian. Let

F = {N | N is not a finitely generated submodule of M }.
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Then F �= ∅ and M /∈ F. We order F by inclusion. Now, by Zorn’s lemma,
F has a maximal element, say N = IM , where I = (N : M). We show that
I is prime. Clearly I �= R. Let a, b ∈ R such that ab ∈ I. Suppose a /∈ I
and b /∈ I. Then aM � N and bM � N . In particular, N + aM is finitely
generated.

Therefore N + aM =
∑n

i=1 R xi. Hence xi = ti + asi for some ti ∈ N and
si ∈ M .

Also N + bM ⊆ (N : a). Therefore (N : a) is finitely generated, that is,
(N : a) =

∑m
j=1 R yj.

It now follows that N is generated by {t1, ..., tn, ay1, ..., aym}, which is a
contradiction. Hence I is prime. As N is a proper submodule of M and
annR(M) ⊆ I, by [5, Corollary 2.11], N = IM is prime. Which again is a
contradiction. �

We now recall the following result, which is due to M. Isaacs (see, Ex.2.23
of [4]): Let R be a ring such that every prime ideal of R is principal. Then R
is a principal ideal ring.

However, if every prime submodule of an R-module M is cyclic then every
submodule of M is not necessarily cyclic. For example, in a two dimensional
vector space V over a field k every proper subspace is cyclic.

As V is not a multiplication k-module in the above case, one naturally
wonders if the result is true for multiplication modules. Unfortunately, that is
not the case, as can be seen from the following example:

Example 3.3 First note that if R is a Dedekind domain then every ideal
of R is a multiplication ideal. If, in addition, the ideal class group of R is of
order 2 then the product of any two non-principal ideals is principal.

Now let A = Z[δ], where δ denotes the complex number
√−5. Then A is

a Dedekind domain which is not a principal ideal domain. In fact, the ideal
(2, δ − 1) is not principal. Furthermore, the ideal class group of A is of order
2 (for details, see, [1, pp. 414-431]).

Let S0 denote the set of all nonzero prime elements of A and let S denote
the multiplicative set generated by S0. Put R = S−1A. Then R is still a
Dedekind domain with ideal class group of order 2. Hence the product of any
two non-principal ideals of R is principal. One easily verifies that if P is a
nonzero prime ideal of A with P ∩S = ∅, then S−1P is not principal in R. In
other words, no nonzero prime ideal of R is principal. Let I be a non-principal
ideal of R. If N is prime submodule of I then N = PI for some prime ideal
P of R, and therefore N is cyclic.

In the next result we give some sufficient conditions for every submodule
of a multiplication module M to be cyclic, provided its all prime submodules
are cyclic.
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Theorem 3.4 Let R be a ring and M be a faithful multiplication R-module
such that every prime submodule of M is cyclic. Then every submodule of M
is cyclic in each of the following cases:

(a) If R is semi-local.

(b) If there exists a non zero-divisor a ∈ R such that Ra is a maximal ideal
of R.

(c) If every proper submodule of M is cyclic.

(d) If there exists an onto map φ : M −→ R.

Proof. By Theorem 3.2, M is Noetherian and therefore so is R.

In each of the cases it is enough to show that M is cyclic. For, if M is
cyclic then M ∼= R and hence every prime ideal in R is principal. By M. Isaac’s
Theorem, every ideal of R is principal and the result follows.

Part (a) follows by [2, Proposition 4].

We now prove (b). Let m = Ra. As m is maximal, by [5, Theorem 2.5],
mM is a maximal submodule of M and hence it is prime. Therefore mM = Rx
for some x ∈ M . Let y ∈ M \ mM . Then M = mM + Ry = Rx + Ry. As
m = (Rx : M), we have ay = bx for some b ∈ R.

We claim that b /∈ m. Suppose b ∈ m. Then b = ra for some r ∈ R. Now
bx = rax = ay, that is, a(rx − y) = 0. As a is a nonzero divisor of R, by [5,
Lemma 4.1], a is a nonzero divisor of M and therefore we have y = rx ∈ mM ,
a contradiction.

Hence Ra+Rb = R. Therefore there exist α, β ∈ R such that αa+βb = 1.
As x = a(αx + βy) and y = b(αx + βy), we have M = R(αx + βy), that is, M
is cyclic.

We prove (c) now. If every nonzero divisor of R is a unit then R is semilocal
and hence by part (a), M is cyclic.

Therefore, we may assume that R contains a nonzero divisor a, which is
not a unit of R. As M is a finitely generated faithful R-module, aM �= M and
therefore aM is cyclic. By [5, Lemma 4.1], M ∼= aM , that is, M is cyclic.

We now prove (d). Let K = ker(φ). Since M is a multiplication module
K = IM for some ideal I of R. Then I = (0) = φ(K), that is, φ is an
isomorphism. �

Remark 3.5 (1) Note that in a two dimensional vector space every proper
subspace is cyclic. Therefore, Theorem 3.4(c) does not hold for arbitrary
modules.
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(2) If all proper submodules of a module M are cyclic then M need not
even be finitely generated. For example, let p be a positive prime and let
G = {a ∈ C | o(a) = pr for some r ≥ 0}. Then G is an infinite abelian
torsion group in which every proper subgroup is cyclic. Clearly, G can
not be finitely generated.

The following result is of some interest in view of Example 3.3.

Theorem 3.6 Let R be an integral domain. If there exists a faithful mul-
tiplication R-module M such that every prime submodule of M is cyclic then
R is a Dedekind domain.

Proof. By Theorem 3.2, M is Noetherian and therefore so is R.
We may assume that R is not a field.
Let P be a nonzero prime ideal of R. Then MP is a nontrivial multiplication

RP -module. As RP is local, by [2, Proposition 4], MP is cyclic and hence
RP

∼= MP . Therefore RP is a principal ideal domain, that is, a discrete
valuation ring for every prime ideal P of R. Hence R is a Dedekind domain.
�
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