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Abstract

The purpose behind this work is to construct from a family of alge-
braic formal power series of degree more than 2, a family of transcen-
dental fractions over IK,(X).

1 Introduction

Let K, be a field of characteristic p > 0 and IK,((X')) be the field of formal
power series,

]Kp((X71>) = {f = Z X" fn € ]Kp, nog € Z}

n>ng

A formal power series f = Z fnX™" has a unique decomposition as f =
n>ng

[f] + {f} where [f] is the polynomial part of f and {f} is the fractional part

of f such that [f] is a polynomial defined by [f] = fo+ fo1 X + ...+ [, X ™

if ng < 0, else [f] = 0. Let v(f) = ng if [f] # 0, otherwise v(0) = +o0.

We say that deg f = —v(f). We define an absolute value on IK,((X')) by

| 1= exp (—(f)) for any £ in I, ((X~). Let

My ={f € K,(X71) « [ fl<1},

then for any f in M,, we have
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where q; is a polynomial in IK,[X] for any ¢ > 1 of degree more than 1 and for
any f in IK,((X™')), we have

1
f:a0+—1 = [CLO ;aq ,&2,...].
at
ag + —
Let f in IK,((X™!)) such that [ag ;a; ,as,...] is the continued fraction expan-

sion of f, we define a sequence of best approximation (&)HE]N of f by requiring

n
that .1 = p_2=0,q9 =p_1 =1 and for any n € N, ¢, = a,q¢pn_1 + ¢n_2,

P = GpPp—1+Pn_2. We can write P _ lag ;ay , ..., a,] and we refer to (=) en
n n
as the convergent of f and to (a,),en as the partial quotients.

Let f be an algebraic formal power series of minimal polynomial P =
anY™ + ... + ap where «; are pairwise coprimes over K,[X]. Set H(f) =
max | «; | and o(f) = a,,. Let A be a polynomial in IK,[X][Y] such that

0<i<m
AY)=A,Y"+ ...+ Ao,

and A; € K,[X]| for any i € {0,...,m}. A is reduced if deg A,,_; > deg A4,
for any ¢ £ m — 1. An algebraic formal power series is reduced if its minimal
polynomial is reduced and [f] # 0.

In 1844, Liouville [4] was the first to prove that transcendental numbers ex-
isted. Moreover, he constructed explicit examples of such numbers. Liouville’s
theorem states that if = is algebraic of degree n then there exists a positive
number ¢ such that, for arbitrary integers p and ¢ (¢ > 0),

|z — L |> Ln
¢ lal

In 1962, Baker [1] proved the following : {if x = [By , By , Bs, .. .| where B,
is a block of k, consecutive partial quotients and if there are infinetely many
n for which

B, =Bpi1 = ... = Byiam)-1,

where A(n) is a sequence of integers verifying certain increasing properties, then
x is transcendental}. The proof of this result has been based on Liouville’s
and Roth’s theorems.

After this, in 1967, Shmidt [9] stipulated the following : {if a positif irra-
tional number is approximate by quadratic numbers, it is either quadratic or
transcendental}. In fact, it was used in most theorem’s proofs.

In [3], the transcendence of continued fractions which have repetition prop-
erties has been deduced.
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It was proved in [7] that the real number whose continued fraction expan-
sion in the {1 - 2} valued Thue-Morse sequence is a transcendental number.
Moreover, in [5] it improved Baker’s results using Shmidt’s theorem.

We alluded that Liouville’s theorem had an analogous in the field of formal
power series. But Roth’s and Shmidt’s theorems does not have an equivalent
in the case of formal power series.

In [2], Baum and Sweet were the first to give an example of algebraic formal
power series of degree 3 that had a bounded continued fraction expansion.
This, remained an open problem in the real case. This work was pursued in [§]
by Mills and Robbins who gave an example of formal power series over I, (X)
where its continued fractions expansion was explicitly given.

In this note, we improve the theorem published in [6], which was concerned
by constructing a family of transcendental continued fractions over IK,(X)
from an algebraic formal power series of degree more than 2.

2 Results
Theorem 1 Let {gj}1<j<k be a family of algebraic formal power series for
any integer j € {1,...,k} such that g; = [agj), agj),...,ag),...] and [ =
[By, B, . ..| where

B;, = [agl), . ,ag?l,a?), o ,affig, o ,agk), . ,aff?k, )

We denote by 0; ; the sum of degrees of the first n; j-terms of g;, d; the sum of
degrees of B;’s terms and M; = sup 0; ;.

1<j<k
i—1
>_d
If lierinf l:]\} =0, then f is transcendental or quadratic.

Theorem 2 Let f and g be two algebraic formal power series of degrees d and
m respectively which having the same first s-terms of their sequences of partial
quotients, let o5 be the sum of degrees of these terms. If | f |> 1 and g is
reduced then

20 <mlog H(f) +dlog| g | + mdlog| a(g) |.

We need the following lemmas to prove these theorems.
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Lemma 1 Let f be an algebraic formal power series of degree d and P its
minimal polynomial. We denote by f1, fa, ..., fa_1 the conjugates of f in the
algebraic closure of K,((X™1)). Then f is reduced if and only if | f|> 1 and
| fil< 1 foranyie{l,2,...,d—1}.

Proof. Suppose that f is a reduced formal power series, and P(Y) = A;Y¢ +
..+ Ap such that A; € IK,[X] for any i € {0,1,...,d}. Let Y = AZ such that

Ag-
A= — jdl We have
-1
————P\Z2)=2"Z-1)+ L(Z
T P02) = 22— ) + L(2),
d—2
here L(Z) Z AiZJ We remark that the absolute value of the

w )\d j— 1Ad 1

coefficient of L(Z ) is strictly less than 1. By Hensel’s lemma [10], we state that
P(Y) has a unique root f in IK,((X~!)) such that f = AZ where | Z —1 |< 1.
Moreover, for this Z we have \ Z |= 1, and since the coefficient’s absolute
value of L(Z) is strictly less than %, then | Z —1 |=| L(Z) |< % Thus the
unique root f of P verify | f — A |< 1 then | f |=| A | . The other roots
Z; of the polynomial P(AZ) in the algebraic closure over IK,((X')) satisfy
| Z; |< 1, then the conjugate f; = A\Z; of f satisfy | f; |<| A |, it implies that
| fi |< 1. In fact, if 1 <| f; |<|] A |, we obtain for any k& € {0,1,...,d — 1},
| Aw [l fi I"<| Aa—a || 177" and we have | Aq || fi |7<| Aa-1 || fi |77, then
| P(f;) |=| Aa_1 || fi |27 . Thus it leads to a contradiction with P(f;) = 0.
Conversely, if P(Y) has a simple root f such that | f |> 1 and the others f; of
P are simple and verify | f; |[< 1. Then, in this case, we have f reduced since
P is unitary, then the coefficients of f are symmetrical polynomials in f, f;. &

Lemma 2 Let Q) € K, [X]|[Y] and F(Y1,Y2,...,Y,) = QY1) ... Q(Y,). Then,
there exists a polynomial T with coefficients over IK,[X] such that
F\Y1,Ys,....Y,) =T(01,09,...,0,), where

Ulzzyz‘

1<i<n

> v,

1<i<j<n

o= ) YV

1<i<j<k<n

on =Y1Ys. .. Y,
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Moreover, the degree of T is less or equal to the degree of Q (as a polynomial
inY).

Proof. Let oy = deg(Q). From the terms containing Y;*', we denote by
ay the highest exponent of Ys, from the terms containing Y,*' Y, we denote
by a3 the highest exponent of Y3... Then we define a dominant term such
as AYMY,? .. Y% As F is symmetrical, we have oy > ay > ... > q,

(in fact, F' contains all terms AY;EII)Y;EQQ) . 'YWCEZ) where 7 is a permutation of
a1 —o2 O_Oln—lfan O_an

{1,2,...,n}). Then, we remark that the dominant term of o con “
is VY32, Y,on. Caleulating F(Ys,...,Y,) — Aot ™ .on ' "0, the
lemma can be concluded by induction. &

Lemma 3 Let f and g be two algebraic formal power series of degrees d and
m respectively. If g is reduced, then

1
H(f)™| g |d—2 | o(g) |max(m —1,m(d—m+2)+1)

| f=9gl>

Proof. As g is algebraic of degree m then
U(g)k+1gz‘7n+k = Amfl,kgz‘mil +.o+ AO,k:

for any integer k and ¢ such that i € {1,...,m} and A;; € K,[X], where
91 =9, g2, - - -, gm are the conjugates of g. We state for any i € {1,...,m} that

o (g)mOd=m+) p(gy — Bpo1g" 4+ ...+ By,

such that B; € IK,[X] for any j € {0,...,m—1} and P the minimal polynomial
of f. Consequently,

O,(g)max(O,m(dferl)) H P(gl) — H (Bmilglmfl 4o+ BO)-
=1 =1

Then, lemma 2 implies that H (Bm1g" '+ ...+ By) =T(04,...,0,), where

i=1
forany i € {1,...,m}, Q; € K,[X] and 0; = Z I Gh = Cfgz)
o

1<k1<..<ki<m

. Thus,

m

o (g Omam D TT Pgi)o(g)™ " € K,[X],

i=1
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and
m

1
| Hp(gz) |Z ‘ a(g) ‘max(mfl,m(d7m+2)fl) ’

i=1

As g is reduced, then using lemma 1, we get | g; |< 1 and | P(g;) |< H(f) for
any ¢ € {2,...,m}. Whence

1

| P(g) |z | o(g) [max(m—Lm(d=m+2)=1) ff(f)m-1°

If P(Y) =AY+ ...+ Ap such that A; € K,[X] for any i € {0,...,d}, then
| Aaf® |=| Ao f* 4 4+ Ao | and | AgfTH IS H(F) | f |42,

On the other hand, we can suppose that | f — ¢ |<| ¢ |, it implies that
| f1=| g | . Consequently,

| P(9) |=| P(f)=P(9) IS H(f) g™ f-y],

and P(o)
g
f=92 w5705
S I
Finally,
FRTIE 1
g1z HF)™ | g [¢-2] o(g) [mextm—Lm(d-m+2)-1)’
and lemma 1 is proved. &
Lemma 4 Let f be an algebraic formal power series such that f = [ay, ..., a;, ...

then there exists a formal power series g which is reduced such that f =
lai, ..., an, 9]

M where (—— ), is the sequence of convergent

Qnf — P Qn

in the continued fraction expansion of f. Since for any integer n, | Q. f — P, ]<
| Qn_1f — Py_1 |, then | g |> 1. Tt clearly appears that f = [al, ]

can conclude that g is algebraic. On the other hand, the conjugate of g satisfy
| g; |< 1 for n sufficiently large. Therefore from lemma 1 g is reduced . &

Proof. Let g =

Lemma 5 Let f be an algebraic formal power series of degree d such that
[ =lai,...,as, h] where ay,...,a; € K,[X], h € ]Kp((Xfl)). If| f1>1 and

| h |> 1 then h is algebraic of degree d and H(h )| l_IaZ |4=2,
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1
Proof. Let us begin by the particular case where f = a + e € K, [X] and

d
| h|> 1. We have | a [> 1, then | f |=| a | . If Agf?+...+ A9 =D A;f' =0,
j=0

then
d 1
hty A —) =0
2 ](04+h) ,

d d
we get Z By_xh®* =0, where By_; = Z CJ]-“A]-&]"I“. It clearly appears that
k=0 j=k

| Ba-1 |< max(] Aq [ a |71, H(f) | f*72),

and for k > 2, we have | By_j |< H(f) | f|*2. Since Agf?+...+ Ay =0, we
get
| Aaf O 1=l Aaa f47 4+ o+ Ao IS H(S) | £197,

then | Aq || a |[¢71< H(f) | f|*2 . Hence we get | Bq_y |< H(f) | f |72
Finally,
By=Aga® + ...+ Ay = Ag(a® — fH+ ...+ A(a— f),

and we have | By |= 1r£1]a<>$j(| Aj |l £ PY < H(f) | f %% . We conclude

that H(h) < H(f) | f_|d:2 . In the general case, if f = [ay,...,a k] and
fi =las,...,as h] for any i € {1,...,t} then we deduce the result by iterating
the particular case. O

P
Proof of theorem 2. Let f = [by,...,bs,...] and “* its k-th convergent .

k
As f and g have the same first s-terms of their continued fraction expansion,
then

1
| f—g|< —.
’stl ’2

Thus, it follows from theorem 2 that

| Qur P < H(PY™ g 172 ] o(g) [max(m — Lm(d —m +2) +1)

s—1

Since degQ,_, = Z degb; = 0, —log| g | then, after taking logarithms, we
=1

obtain 20, — 2degg < mlog H(f)+ (d — 2) deg g + mdlog| o(g) |. &

Proof of theorem 1. We may assume that f is algebraic not quadratic of
degree d.
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Case 1. For any j € {1,...,k}, g; is reduced.

Let B;; = agj),.. ag)], .. agk),.. amk,C' and f;; = [Bij, Bit1,-..], so,
there exists 79 € IN such that for any i > o, fi; # gi- (If not, there exists two
integers ¢ and [ (i < () such that f; ; = f;; = g;, then

1 i—1 1
9;= [Bij,Bis1,--- Bi,al?, ka9 ai
1 1 1 —1
= [B”,BZH,...,Bl,l,ag),.. aﬁll)l,.. agj ),...,a%’jf)l],

it implies that g; is quadratic and f too. Such a fact is absurd).
Since
1 i—1
f=|[B1,...,Bi_ l,a(l),... atl) ...,a(lj ),... (7—1) fiil,

) g1 ) n” 10

it follows from lemma 5 that f;; is algebraic of degree d and

log H(f; ;) <log H(f) + (d — 2) Zdﬂ— (d—2) 25”

As g; and f; ; have the same first n; ;-terms, it follows from theorem 2 that
20;; < mylog H(fi;) + dlog| g; | +m; dlog| o(g;) |,

with ¢;; as the sum of degrees of the first n;; terms of g; and m; as the
algebricity’s degree of g;, it implies that

20;; < alog H(fi ;) + 53,

where o = [nax m; and [ = max (log| g; | + alog]| o(g;) |)d, then

20;; < alogH(f)+a(d—2)idl+a(d—2)z5i7l+ﬁ.
= I=1

Since 1 < j <k, 0;; <d; and M; = sup 9;;, then
1<5<k

2M; SalogH(f)+a(d—2)idl+a(d—2)idz+5a
— =1

i—1 i—1
S >

and lim inf = > 2, which contradicts the fact that lim inf L ]\1/[ =0.

1——+00 i 1——+00
Case 2. We assume that there exists j € {1,...,k} such that g; is not
reduced.
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By lemma 4, there exists h reduced such that g; = [a1,...,a; h]. For any
i€{l,...,k}, we have B;; = ay,...,a;, by, ... by, 4, Aij, therefore
fij =
1 i—1 i
[a1,...,a4,b1,.. .,bm.,j_t,A”,a(1 ), . ,a%lill,l,... ,a(lj ), . ,agiﬂl?j_l,al, cey Ay

Then fz,] = [a,l, .. .,&t,CZJ,CJrlj, .. .], where

1 i1 i
Cij=0b1,... bn 1, Aij, ag ), e agill,l, . ,a(lj ), e agfiﬂl’)j_l,al, e, Gy
j—1
The sum of C; ;’s degrees is equal to d; + Z (0410 — 0i1). h and C; ; have the
=1

same first (n;; — t) terms, which sum of degrees is equal to §; ; — «, where

a= Z deg (a;). From the first case, we deduce that

1=1
i-1 j—1
Z (di + Z (41,0 — 01))
i inf = =1 0
e sup (0;; — «) 70,
1<I<k
hence
i1 j—1
Z(dt +Z Op10 — 011))
i inf =L =1 0.
s i, 7
j—1
o If Z (5t+1,l - 5t,l) Z 0 then
i1
> d
lim inf £=F .
7Y
j—1
o If Z (04417 — 0y) <0 then
1=1
i1 j—1 i—1 i1
Z t + (0410 — O21)) Z dy Z dy
t=1 =1 t=1
st i, < lminf 5= and Hminf S 70
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In both cases, we contradict with the hypothesis and we conclude that f is
transcendental or quadratic. &

Example 1 : Let g; and gy be two formal power series over IKy((X 1)) such

that g; = [X], go = [X + 1] and f = [By, By,...,Bn,...| where By, = U,Vj
such that Uy = [X,..., X] of length k + 1, V} = [X + 1,..., X + 1] of length
(k + 1)¥*! quotients. For any k > 1, By, and g; have the same first (k + 1)
terms. Let us have d; as the sum of degrees of B;’s terms, d;; as the sum of
degrees of the first | U; | terms of ¢g; and 0,2 as the sum of degrees of the first
| Vi | terms of go. We will have the following :

i1 i—1 i1
> dy D+ (+1)
imint 5 = it = 0
then we can’t use the theorem in [6]. However,
i1 i1 i—1
d S+ (1
lim inf — 1 = lim inf = = =0
oo SUP(0yy, 0p0) | diec (i + 1)it! ’

it follows from theorem 1 that f is transcendental.

Example 2 : In this example we will treat the case where g; and gy are two
algebraic formal power series over IK5((X1)).

Let g1 = [aX, Lo(c), bX, Lo(—1), aX, Li(c), bX, Li(—1),...] where Lj(0)
is the following sequence

X X X
F: 5X7 Fa"'a?a

of length 5% — 1, Lo(6) is the empty sequence and g, = [X]. it is clear that g,
is quadratic and refers to [8], g; is cubic. Now, we define for any k > 1

Uk - [GX, LO(C)v bX7 LO(_1)7 CLX, Ll(c)v bX7 Ll(_1)7"' ,CI,X, Lk(C), bXa Lk(_l)]v
Vi = [X,..., X] of length (k+4)*"' By = UV, and f = [By, By,...]. For

5k:+1 -1
any k > 1, By and g; have the same first | Uy | terms where | Uy, |=

5X,

Let us have d; as the sum of degrees of B;’s terms, 9;; as the sum of degrees
of the first | U, | terms of g; and 0,2 as the sum of degrees of the first | V} |
terms of go. We will have the following :

i—1 i—1 i1 51 _
S > e
lim inf =1 — liminf 51— = lim inf =2 =0

i—+00 sup(5i71, (51"2) i—-+00 5@',2 i—+00 (Z + 4)“’1
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Referring to theorem 1, we can conclude that f is transcendental.
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