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Abstract
A W-type Lie algebra is defined using a map from an additive group
to a field of characteristic zero in the paper (see [10]). We define Lie-
admissible W-type and H-type non-associative algebras over a field of
any characteristic in this work (see [9]). We show that those algebras
are simple.
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1 Preliminaries

It is an interesting problem to find a simple algebra (see [6]). Let F be a field
of characteristic zero and IF, a field of characteristic p. Throughout this paper,



336 Seul Hee Choi, Jeong-Sig Lee and Ki-Bong Nam

N and Z will denote the non-negative integers and the integers, respectively.
For a given algebra A, we can define its anti-symmetric algebra A~ using the
commutator [,] (see [1], [10], and [11]). The W-type non-associative algebra
NW (n) has the standard basis

{.1"111 ...xinau’al’... , Ay € N}l S U S TL}
with the multiplication on basis elements is defined as follows:
it a0y, * l‘?l ... xznav — bux(ll1+b1 L xin+bn$;13v (1)

and it can be linearly extended to NW(n) where 0,, 1 < u < n, is partial
6

derivative of F[[xy, -, Tpim)] With respect to x, (see [6], [7], [8], and [10]).
Let us define the W-type non-associative algebra NW (n, m) with the standard
basis

{en®r . oetmEnglt g Ol an, Ay ULy Ungm € 2,1 < kB <n+m}

and similarly its multiplication x are defined as (1) on its basis elements. We
know that the algebra NW (n) is a subalgebra of NW (n,m); please refer to
the papers (see [1] and [10]) for more details on a W-type algebra. Let g, and
h., 1 <r <mn, be additive maps from Z into . We define the non-associative
algebra NW (g, hy,n) with the standard basis

BW:{(?E)(?n)ak’ala 7an721772n€Z71§k§n} (2)

n

and the multiplication * on basis elements is defined as follows:

aq n, b1 bn) (a1 + b1)
R B oY e Y A 1 R | e I
(21) (Zn) ’ ((Jl) (Jn 9+{be) i1+ 1
(Yo o (830 (o Y ()
in+ Jn i1+ ik + gk — 1) \kt1 + Je
n bn
((f T )ar 3)
ln + Jn
and it can be linearly extended to the algebra NW (g, hn,n) (see [2], [3], [7],
8], and [10]). Also, it is not hard to show that the above bracket satisfies the
Jacobi identity with respect to the commutator of the algebra (see [4] and [5]).
Throughout the paper, A,, 1 < r < n, denotes an additive subgroup of F or

F,. If h,, 1 < r < n, are inclusions, then the algebra NW (g, h,,n) is the
algebra NW (h,,n) in the paper (see [10]). Similarly to NW(gy, hn,n) (resp.
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NW(gn, hn,n)~), we can define the algebra NW (gn, hun, 1), (vesp. NW(gn, hn,n)” )
over [F, by taking the standard basis

BWp: {(al) (?n)ak’ala : 7an7i17"' 7i7’b GZZ”l S kgn} (4)

11 n

and appropriate mappings ¢, and h, from A, to F,, 1 < r < n, where A,,
1 <r < n, are additive subgroups of [F,. Similarly, for additive maps g, and
h., 1 <r <mn, from A, to IF, then we are able to the H-type non-associative
algebra N H (g, hon, 2n) with the standard basis

aii A1n b1 bin . .
By = .. oo bin, i, Jin € Z
H {((211) (2 ))((311) (jln))’an, ; O1n, 211 WAl }

and the multiplication * is defined as follows:
a11 Q1n b1y bin a21 Q2n,
()= CopeG)- G p=e) ()
Jn Jin 221 lon
521) (b2n) (an + a21) (am + a2n)
= k(@1x)gr (D2k . . RN .
(321 Jon ;g (@195 (ba)( 111 + 121 11n 1 12n )
b1 + 521) (bln + b2n) & . (an + a21)
. . + > gelaw)he(g2r) (| . R
(311+J21 Jin T+ J2n ) ; (@) ha (2 )( 111 + 121
(am + a2n)>((bll + 521) ( bix + oy ) <b1,k+1 + b2,k+1)
Uin + 120 Jin + Jaa Jik + Jok — 1) \Jrks1 + Jokt1
(bln + an) <bln + an)
jln +]2n Jin +]2n
- ) a1 + az a1 + agk
+ hi(2 b , . ) e ( . )
; i1 )9 ( 2k>((211 + 191 L1+t — 1
(a1,k+1 + a2,k+1) o (am + a2n) ) (bn + 521) o (bln + an))
U1 k41 + 92 k41 Uin + 120 Ju + Ja1 Jin + J2n
& . a1 + az a1k + aok
+ hi(a1x) b (jok ( , , ) e ( . )
; (a2 )( 111 + i21 T+t — 1
(a1,k+1 + a2,k+1) (am + a2n) )((bn + 521) ( b1k + bag )
U1 k41 + 92 k41 Uin + 120 Ji1 + Ja1 Jik + Jak — 1
(bl,k—i—l + b2,k+1) o (bm + an) <bln + an)> (5)
J1k+1 + J2.k+1 Jin + J2n/) \Jin + Jon

It is not hard to check that the Jacobi identity holds with respect to the
commutator of the algebra H(gon, hon,2n) (see [10]). Thus the algebra is
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Lie admissible. Since N H (gaon, hon,2n) has the 1-dimensional maximal ideal

< 1 > generated by 1, we define the quotient algebra NH (gan, hon,2n) =
NH(ggn,hgn,Qn)
<1>

injective for the simplicity of the algebra H (gan, han, 2n). Similarly, we can de-

. From now on, all the maps gr and h;, 1 < k,I < n, will be

fine the anti-symmetric algebra H(gap, hon, 2n) . Similarly to N H(goy, hon, 2n)
(resp. NH(gon, hon,2n)”), we can define the algebra N H (gon, hon, 2n)p (resp.
NH(gon, han,2n),,") over ), with the standard basis

aii A1n b1 bin . .

By = oo b, i1, Jin

i {((in) (iln))((jn) (jm)) o b o
eZp} (6)

and appropriate mappings g, and h, from A, to F,, 1 < r < n. Throughout
the paper, given maps g, and h, will be additive and injective maps.

2  Simplicity of NW (g, h,,n)
The algebra NW (g, hn,n) is Z™-graded as follows:

NW(ghen)= €  NWayowan (7)

(a1, ,an)€EL™

where NWi,, ... o
basis

y is the vector subspace of NW (gy, hyn,n) with the standard

n

B:{ ql an au’ala"'7an7i17"'7in€Z71§u§n}
1 1

1 n

Let NW(q,. ... an) denote the (a1, - - - , a,)-homogeneous component of NW (gy,, hn, 1)
and refer to the elements in NW, .. o.) as (a1, -- ,a,)-homogeneous ele-
ments. Note that the (0,---,0)-homogeneous component is isomorphic to
the algebra NW(n). From now on the (0,--- ,0)-homogeneous component
will be called the 0-homogeneous component. Using the lexicographic or-
der on the set Z*" x {1,--- ,n}, we introduce the order >, of basis ele-
ments of NW (g, hn,,n) as follows : for any two basis elements (‘;1) (‘;:)au

and (?1) (?:)Gk of NW(gy,hn,n), we define the order >, as follows: if
(ala'“ 7an7i17"' 7inaau) > (bla'“ 7bn7j17'“ 7jnaak>7 then

() () G) - ()
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where 0, >, O if u > k. Thus we can naturally define the order >, on
NW (gn, hn,n). For any element | € NW (g, hy,n), [ can be written as follows
using the order and the gradation:

Z C 217... 72'7’L7p)(a.11) e (a.ln) +"'
11 In p

21, ,in,D

" Z Cljts+ s jua )((;ﬂ) ()
- jnsd 1 JIn q
where C'(iy, - - - ,in,p),~~- , Cy, - ynyq) € F, 1 < p,--- ;¢ < n. Next, we
define the string number st(l) of I as the number of distinct homogeneous
components of [ (see [5, 6]), and [,(I) as max{i1, -+ i, - ,J1, -, Jn}. For
any basis element (‘;1) (‘j:)r in B, let us refer to ai,--- ,a, as the upper
indices and i1, - - , 4, as the lower indices of (‘;1) (‘j:)r

Remark 2.1 If g, and h,, 1 <r < n, are inclusions, then NW (g, h,,,n)~ is

the anti-symmetric (i.e., Lie) algebra which is studied in the paper (see [8]).
O

Lemma 1 For a non-zero element | of NW gy, hn,n), the ideal < 1> gener-
ated by [ contains an element such that its all the lower indices are positive.

Proof. Let [ be a nonzero element of NW (g, h,,n) such that (‘;1) (“")u is

n

the maximal term of [ with respect to the order >,. We can assume that either

ay or 4 is non-zero scalar. If we take an element [ = (j(,)l) (j(jl)t such that

J1 >> - >> g, >> 0, then [} %[ # 0 is the required element of the lemma
where a >> b means a is sufficiently larger than . O

Lemma 2 Let I be an ideal of the algebra NW (gn, hn,n). If I contains an

element (8) (8)u, 1 <wu<n, then I = NW(gn, hn,n).

Proof. Since NW (n) is a simple subalgebra NW (g, h,,n) of the algebra
NW (gn, hn,n), for any element I € NW (n), the ideal < [ > contains NW (n)
where < [ > is an ideal of NW (g, h,,n) and it is generated by the element /.
Let I be a non-zero ideal of NW (g, hn,n) in the lemma. Let (j(,)l) (,O)t be

In

the element in the lemma. Thus the ideal < (j(,)l) (ﬁl)t > of NW(gn, hn,n)

contains the algebra NW (n) where < (j(,)l) (ﬁl)t > is the ideal generated by

the element (j(,)l) . (jn) Let (Z )(92) (‘j:)&u be any basis element of in the

12
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standard basis of NW (g, h,,n). Without loss of generality, we can assume
that a; # 0. If i1 = 0, the we have that

() () (02 (0 () ()
-~ () (32) ()

Since g1(a1) # 0, we have that (%1) (‘522) (‘Z:)at € I. This implies that by

induction on m € N of (C;;) (‘Zj) e (‘;:)8,5, we can prove that (‘;1) (‘522) e (‘j:)at €
I where 7; € N. Similarly, by induction on m € Z of (‘j;) (‘;2) e (‘;:)8,5, we can

also prove that (‘?1) (‘522) (‘Z:)@t € I where i, € Z. Therefore we have proven

11
the lemma. O

Theorem 1 The algebra NW gy, hn,n) is simple.

Proof. Let I be any non-zero ideal of NW (gy,, hy,,n). Note that NW (g,,, hy, )
is Z"-graded and we have the following non-zero element in NWj ...

() (-G o

where i1, ,in, J1, * ,Jn € Z and NWj... o is the (0,--- ,0)-homogeneous
component of NW (g, hn,n). Let [ be a non-zero element of I. Let us prove
the theorem by induction on st(l) of the element [. If st(l) = 1, then there is
nothing to prove by (8) and Lemma 2. If st(l) = k£ > 1, then by induction
we can assume that NW(g,, h,,n) =< | >= I. Let us assume that st(l) =
k+1. Either [ has a term in the NW( ... ) homogeneous component or not, by
Lemma 2 and (8), we have an element /; of < [ > such that st({;) < k+1. This
implies that by induction, NW (gy,, hp,n) =<l >C I,i.e., NW (g, hn,n) = I.
This implies that NW (g, hn,n) is simple. Therefore we have proven the
theorem. 0O

Corollary 1 The algebra NW (n,0) is simple.

Proof. If we take additive embedding ¢, h, :Z toF, 1 <r <mn, then we get
the required results of the corollary (see [1] and [10]). O

Corollary 2 The anti-symmetric algebra NW (g, hn,n)~ is simple.

Proof. The proof of the well known (see [10]), but it is also straightforward
by the similar proof of Theorem 1. So it is omitted. O
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Theorem 2 The algebra NW (gp, hn,n)p (resp. NW (gn, hn,n)p_) is simple.

Proof.  The proof of the theorem is similar to the proof of Theorem 1 and
Corollary 1, so omitted. O

It is an interesting problem to find all the automorphisms of the subalgebra
NW (h,1) of the algebra NW (hy,n).

Theorem 3 For any algebra automorphism 0 € Aut(NW (h, 1)), we have that
0 0
(1)) -2a()
1 P J/1

Proof. Let 6 be the automorphism of NW(h, 1) in the lemma. Note that for
any elements l; € NW, and l, € NW,, such that a # b, we have that ;x5 # 0.
Since ((1))1

basis, the theorem follows from the above comment and the fact that 6 is a

where C € F.

is a right identity element of NW}, with respect to the standard

homomorphism. O

It is easy to prove that there is an injective algebra homomorphism 6 of
NW (g, h,1) such that 6 is not surjective. Thus every non-zero endomor-
phism of NW(g,h,1) is not an automorphism of NW (g, h,1). An element
I € NW(gn, hn,n) is left stable (resp. right stable) with respect to a basis B
of NW(gn,hn,n), if L xm = a(m)m (resp. m * 1 = a(m)m) for all m € B
where a(m) is a scalar depending on [ and m.

3 H-type Algebras

In this section, we prove that the algebra N H(gon, hon,2n) is simple. The Lie
algebra N H (gan, hon, 2n) is Z*"-graded as follows:

NH(g2n7 h2n7 2”) = @ NH(aL"' Jan,bi,,bn)

(a1, ,an,b1,+ bn)EL2"

where NHg, ... ap b1, by 18 the (a1, ,apn, by, -, by)-homogeneous compo-
nent of NH(gan, hon,2n) as NW(hy, g,,n) (see Section 2). Using the com-
mutator of N H (gan, hon,2n), we are able to define the anti-symmetric algebra

N H (gon, hon,2n)” and its subalgebra N H (gan, han, 2n) . Note that these anti-
symmetric algebras are Lie algebras.
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Lemma 3 Ifl € NH(gon, hon,2n) is a non-zero element, then the ideal < 1 >
generated by the element | contains an element [y whose lower indices are
positive integers.

Proof. Let | be the element in the lemma. The element

()0 -

is the required non-zero element in the lemma, where we took s; >> --- >>
Sp >> 11 >> -+ >> 1, >> 0 and a >> b means that a is a sufficiently large
number than b. Therefore, we have proven the lemma. O

Lemma 4 If an ideal I of NH(gan,hon,2n) contains 6, = ((0) (0)

() - @) o, s om dan = ((§) - (D)) -+ (G) () then
I:NH(ggn,hQ,l,Qn).

(v)

Proof. Let I be the ideal of NH(gap,hon,2n) in the lemma. Without loss
of generality, we can assume that I contains d; = ((3)(0) -+ (0))(() -+ (2))-

Since g;, and h; are one to one mappings, 1 < ¢ < n, we have that

YO O (P i e

Let us take an element (') (3?) - (‘Z:)((bl) (;’:l)) of NH(gon, hon,2n) such

12 J1

that b; # 0. Then we have that

() )2
()2 () ()
3 RS T 3 I

By taking j; = 0 in (9), we also have that

@) EG) -G

for all ay, -« ,an, by, -+ ,bp, i1, ,in,J2, " ,Jn € Z. Let us prove this lemma
by induction on j; of the element ((§')(3?)--- (“"))((?1) (;’:l)) For ji, we

can assume that ((‘;) (‘;2) N . (bl))ne I. This implies that the
element ((§')(32) -

in jl 1
12

(4)) ((bl) . (bl)) is in the ideal I from (9). For j; < 0, if

in J1
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we assume that ((‘;1) (‘522) e

can prove that ((‘;11) (%) -

i2

(@) (%) -+ (%)) is in the ideal I, then by (9), we

in J1 In
(‘Z:))((jlbil) (;’i)) € I. Therefore for any j; € Z,
we have that

(an)>((b1) (;?:l)) a1,y b1,y by i, i, Jo, s Gin € 2}

{(((1111)((1122) in J1

is a subset of I. This implies that all the basis elements of N H(ga, hon, 2n) are

in the ideal I. This implies I = NH (gan, hon, 2n). Therefore we have proven
the lemma. O

Theorem 4 The algebra N H(gan, hon, 2n) is simple.

Proof. Let I be a non-zero ideal of NH (gon, hon,2n). Let [ be a non-zero
element of I. Note that every element [ of N H(gan, hon,2n) can be written as

the terms in its appropriate components using the order of the algebra. Let us
prove this theorem by induction on st(l) of the element [. Let us assume that
[ is a non-zero element in I such that st(l) = 1. If [ is the sum of terms in
the (0,--- ,0)-homogeneous component, then we have proven the theorem by
Lemma 5. If [ is the sum of terms in the (ay, - - - , ag,)-homogeneous component,

—a —a2 —an —Qp+t1 —Q2n
l
GO CpCen) o)
is in I such that [ is the sum of terms in (0, --- ,0)-homogeneous component.
Since I contains a term of (0,--- ,0)-homogeneous component, we are able

to prove that I = NH(gan, hon, 2n). Therefore, we have proven the theorem.
Inductively, we can assume that if [ is the sum of terms in the (k) homogeneous

components, then I = N H(gay, han, 2n). Assume [ is the sum of elements in the
(k+1) homogeneous components. If [ has a term in the (0, - - - , 0)-homogeneous
component and a;, 1 < j < n, is the first non-zero upper index and p be the
maximal first lower index. We have the following non-zero element

Iy = (- (L% Gjn)*)0jm 5 -+ % Ojn) (10)

and it is in [ where we applied (p + 1)-times of the multiplication in (10).
Then the element I3 is in I such that it has terms in the (k) homogeneous
components. Therefore, we have proven the theorem by induction. If [ has
no term in the (0,---,0)-homogeneous component and it has a term in the
(ay, -+ ,as,)-homogeneous component, then the element

()G (o) o

is a non-zero element in I and [, has terms in at most (k + 1) homogeneous
components. It may have a term in the (0,--- ,0)-homogeneous component or
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not. But we have already proven theorem on that case. Therefore, we have
proven the theorem. O

Corollary 3 The anti-symmetric algebra N H(gon, hon,2n) is simple.

Proof. The proof of the well known (see [8]), but it is straightforward by
Theorem 3. 0O

Theorem 5 The algebra N H(gan, hon, 2n)p (resp. NH(gan, hon, Qn)p_) is sim-
ple.
Proof. The proof of theorem is similar to the proof of Theorem 3 (resp. Corol-

lary 3), so it is omitted. O
By reviewing the proofs of Theorem 2 and Theorem 4-5, the algebras NW (g,, h,, n),

NW(gp, hp, n)p, NH(gon, han, 2n) and N H(gan, han, 2n), have a class of simple
subalgebras by taking appropriate additive monoids instead of integers or Z,
on lower indices in the definitions of the given appropriate algebras.

4 Open problems on the algebras in the paper

This is a good place to suggest some open problems on the simple Lie algebras
which are defined in this paper to compare with properties of the well-known
Lie algebras.The following is related to the Jacobian conjecture on the W-type
algebra NW gy, hy,n), n > 1.

Question 1. Is every non-zero endomorphism of NW(g,, h,,n)

(resp. NH(gan, hon,2n)) is an automorphism of NW(gy, h,,n) (resp.
NH(ggn,hgn,Qn))? O
The answer is no. Since every non-zero endomorphism of NW(g,, h,,n) (resp.

N H(gon, hon,2n)) is injective, it is enough to show that every non-zero en-
domorphism is surjective for the Jacobi conjecture on NW(g,, h,,n) (resp.
NH(ggn, hgn, 27’1,))

Question 2. Find the automorphism group Aut(NW (g, hy,n))
(resp. Aut(N H(gon, han,2n))) of the algebra NW(g,, hy,n) (resp.
NH(an,hgn,Qn) ) O
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