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Abstract. In this study, a representation of ZDj; is obtained by using
a faithful irreducible representation of 2"¢ degree of Ds. In the group ring
Z.Ds, all torsion units are expressed in terms of parameters by means of this
representation. It is shown that any torsion unit in U;(ZDs) can be expressed
in terms of four parameters, two of which are free and the others are dependent
on free parameters by a quadratic equation.
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1. INTRODUCTION

Let Uy(ZDs) be normalized unit group of an integral group ring of Dj. In
mid-sixties, Zassenhaus made seemingly very strong conjectures[5]. The first
one is

(ZC1) v e Ui(ZG), |y| <oo=3g € G, ac QG such that v = aga™" .

This conjecture has been proved by Bhandari and Luthar [1] for metacyclic
groups of order pg, where p and ¢ are different primes.

Theorem 1.1. Let G be a split extension of a cyclic p-group by a cyclic p'-
group with faithful action. Let u € U(ZG) be an element of finite order. Then
there exists a v € QG € such that u =y 'gy.
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For a wider class of metacyclic groups , it was given an affirmative answer
by Milies and Sehgal [4]. ZC1 was also verified for some metabelian groups
by Sehgal and Wiess [6]. Dokuchaev studied on torsion units in integral group
ring of nilpotent metabelian groups[2]. In this study, we have given a charac-
terization of torsion units in terms of parameters in the integral group ring of
the dihedral group Ds.

Now, let us write the representation of Z D5 obtained by using faithful irre-
ducible representation of Dy =< a,b: a® = b* = 1,bab™! = a~! > (James and
Liebeck [3]).

p:Ds — GL(2,Q(w))
-[52)

01
b [ 0 }
where w = ¢ %' is the first quintic root of unity and @ is its complex conjugate.
By extending this representation p of D; over Z, we can get the representation
p of ZDs5 as follows:
p:ZDs — Q(w)*?
2799 = 22 Y9P(9)
For vy = ag+ajatasa®+aza’+asa*+Bob+Fiba+faba’4-F3ba’ +Bsba* € ZDs,
Let us denote v = Y aw' and f = ) Biw" then the representation of v can
be shortened as follows:

(1) s =4 2]

Now, let us recall some basic results which are used to characterize the
torsion units of Uy (ZDs).

Lemma 1.2. Let G be a metacyclic group and N = G, its commutator sub-
group. Consider the following natural ring homomorphism.:
¢ : QG — Q(G/N)
> V99 = 2 V99N
If v € Uy (ZQG) is a rational conjugate to for some g € G, then p(y) = gN.

Proof. Let v € U1 (Z@G) be a torsion unit. If v is a rational conjugate to g for
some g € G, then we write, v = aga™! for some a € QG. Since G/N is abelian
and ¢ is the natural ring homomorphism, we have

o(7) = plaga™) = o(a)p(g)e(a)™ = p(g) = gN.
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Lemma 1.3. Let p be the representation of ZG obtained by linear extension
of a representation p of finite degree of a group G. If v € U1(ZQG) is a rational
conjugate to g, for some g € G then |p(v)| = |p(g)| .

Lemma 1.4. Let p be the representation of ZG obtained by linear extension
of a representation p of finite degree of a group G. If v € U1(ZQG) is a rational
conjugate to g, for some g € G then trp(y) = trp(g).

Proposition 1.5 (Berman-Higman([5]). Let G be a finite group. Suppose
v € U(ZQ) is a torsion unit, namely, v* = 1 for some natural number n. If
Ye #0 then v = *1.

Corollary 1.6. If v € Uy(ZG) is a rational conjugate to g € Z(QG), then =y
= g. That is, any torsion unit which is rational conjugate to an element in
the center of a group is trivial.

2. PARAMETRIZATION OF TORSION UNITS

By Theorem 1.1, we can say that any torsion unit of U;(ZD;) must be
conjugate to one of the conjugate classes of D5 = {e} U {a,a’} U {a? a®} U
{b, ba,ba? ba?, ba*}. By Corollary 1.6, any torsion unit which is conjugate to
e is trivial. As a result, a torsion unit of U;(ZDj) of order 2 is conjugate to b
and a torsion unit of U;(ZDj) of order 5 is a conjugate to either a or a®. Let
us characterize these three different types of torsion units together.

Theorem 2.1. If v = o + aia + asa® + asa® + aua* + Bob + Biba + Baba® +
Bsba® + Biba € Uy (ZDs) is a torsion unit and v # 1 . Then among the
coefficients of v following relations hold :
i) a1ag + aas + azay = Bof + Bif2 + B2 + B304 + Bafo
i) o+ aoay + agan = Bofy + 51 B3 + Bafa + BsBo + Babh
iii) ag =0 and one of the following relations holds. Fither
ag=1—-0a1, ag=—az, Boy+Li+B+B:3+8:=0 or,
ag=—ai, ag=1—qay, Boy+Li+B+B+8:=0 or
ay = —oy, Q3= —Qg, Bot+Bi+Pa+Bs+0s=1.

Proof. Let v € U;(ZDs5) be a torsion unit different from 1. By Lemma 1.2,
Since N = Df =< a >, we have

4 4
ZO&iZO,ZBileI‘
(2.1) ©(y) =N or bN = ¢ Y =0
Z a; = 1 s Zﬁl =0.
i=0 i=0

4 4
If we choose § = Y «, then we write 1 — 9 = > ;. since § and 1 — § are

i=0 =0
idempotents, we have

(22) =0 _m)’=> al+2) aju (0<i<40<j<k<4)
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By taking a5 = ap and ag = a1, we get the square of the norm of « as follows

4

4 4
Ha||2:(2aiwi)(2aj®j)zz a4+ (w+o Zoz a1+ (w Zozozh@
i=0 =0

1=0 1=0

or equivalently, for 0 <i <4 and 0 < 7 < k <4 ,we write

(2.3) 2 [|e|? —2204 —Z%Oék—\/_z 17 a;a,.
Similarly, let us compute the square of the norm of 3 :
(24) (1=0)=0_B)=D_+2) BiB0<i<40<j<k<4)

By assigning 35 = [y and Fg = 1, we get the square of the norm of § as
follows:

151” ZBQ (w+w Zﬁﬂzﬂ‘i‘ Zﬁﬁzﬂ
or equivalently, for 0 <i <4 and 0 < j < k <4 ,we write

(2.5) 20811P =28 =) 8Bk — V5 Y (=1)7"8,64.

Now let us consider Lemma 1.3

) = llall> = 1817 = (3" i) (3 asioh)—(3 BN (3 i)

By using identities in (2.3) and (2.5), for 0 <i <4 and 0 < j < k < 4, we get
(2.6)
2p(7) =2 (af=57) = > (ajon — BiBk) = V5 > (1) *(ajon — B;Bk).
On the other hand, by identities in (2.2) and (2.4), for 0 <i<4and 0 <j <
k < 4, we obtain
(2.7)
2(|p()] +1-28) = =5 (ajon — B;8) = V5 ) (=17 (ajan — B;0%).
Now let us check all possible values of 2(|p(7y)| + 1 — 20). If 7 is a rational
conjugate to a or a® then by Lemma 1.3 and Lemma 1.4, we have [p(y)| =
1 = 0. If v is a rational conjugate to b then by the same reason, we have

|p(7)] = =1 and ¢ = 0. In both cases, |p(y)| +1—20 = 0. Hence, for 0 <i < 4
and 0 < j < k <4 we get

ZO‘JO"“ Zﬂjﬁk and Z 1) * a0 = Z(—l)jfkﬁjﬁk,
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or equivalently by taking as = ag, ag = a1, 05 = By and [Bg = (31, we write

4 4 4 4
(2.8) Z Q0 = Z Bifi+1 and Z Qg = Z BiBisa-
=0 i=0 =0 i—0

Since 7 is a torsion unit different from 1, by Proposition 1.5 we have ay = 0.
Therefore, identities in (2.8) can be written as follows:

a0 + apas + azoy = By + B1B2 + B2B3 + B384 + Bl

a3 + agoy + gy = BBy + B185 + 284 + B350 + Bafh.

On the other hand by Lemma 1.3 and Lemma 1.4, If v is a rational conjugate
to a then

a=1—ay, az=—az, o+ +L+B+06=0
If v is a rational conjugate to a? then

ay=—ay, az3=1—ay, o+ i+ L+ B+ 06.=0
If ~ is a rational conjugate to b then

ay = —ay, 3= —as, Bo+ B+ P+ B3+ 5= 1.
]

Remark 2.2. Let v € Uy(ZDs) be a torsion unit different from 1. Then we
write 3¢ relation in Theorem(2.1) as follows:

ay =0 —a, az =10y — g, Bo+ B+ P+ s+ fr=1—(01+0d).
where 6y and &y determined by trp(y) = 61 (w + @) + da(w? + @?).

Proposition 2.3. If the equation v? — uv — u? = £1 holds for (v,u) integer
pairs then, it is the same as to say that the equation v — uv — u? = 1 holds
for (v,u) integer pairs.

Proof. If (v,u) integer pairs hold v? — uv — u* = 1 then we have
—1= -0 +uv+u? = (—u?) — (—u)v — v*
So, (—u,v) pairs hold the negative sign of the same equation. O

Theorem 2.4. A torsion unit in Uy(ZDs) different from 1 can be written as
4 parameters, two of which are free and the others depend on free parameters
by a quadratic equation.

4 . .
Proof. Let ~v = > asa' + B;ba’ € U1(ZDs) be a torsion unit different from 1.
i=0
By substituting 6y —ay = p, Bo—as = q, B3 —a3z =1, B4, —ay = s, the equations
in Theorem 2.1 we get

1—-2(01+0)—p—q—r—s=0 and
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Bo(p+s+61) +rd1+ (q+8)d2+pg+qr+rs=ai(r—q) +a(-p+qg—r+s),

Bo(p+s+0d2) + (p+q)o1 +pds+pr+gs+ps=ai(—r+qg+p—-s)+a(p—s).

Now let us substitute once more as r — ¢ = v and s — p = v then we write

u  v—ul|a | | Bop+s+d)+ro+ (q+ )0+ pg+qr+rs
—u—-v —v as | | Bo(p+ s+ 02) + (p+ q)d1 + pda + pr + qs + ps

Since the square matrix above is an unimodular matrix v? — uv — u? = £1.
But by Remark 2.2 we can write v? —uv — u? = 1 for integer pairs (v,u). then
we can get the following solution :

o =—v[B— B3+ @+q+r)0+ (p+q+ )0+ pg+pr+ps—+qr+qs+rs|
+u[fo(q+ 7+ d2) + (p+ q)01 + 802 + pr + qs + rs],
g =ulBy— B2+ (p+q+71)01 + (p+q+5)5 + pg+pr+ ps+qr + qs +rs]

+U[ﬁ0(p+ S+ 61) + 7"61 + (q + 5)52 + pq + qr + ’I"S].

Consequently, all coefficient of a torsion unit different from 1 can be written
in terms of four parameters, where p,q € Z free parameters and u,v € Z pa-
rameters depend on each other by a quadratic equation v? —uv — u? = £1. If
we assign A = sgn(v? — uv — u?) then the other coefficient are as follows :

ag =0, a3 = dy— A, oy = 01— Ao, Bo = 1—2(51+(5g)—p—q—7’—s,
Bi=p+Aai, Bo=q+ A, Bs=1r—qy+ 02,01 =5— 01+ 0.
]

Corollary 2.5. any torsion unit in Uy(ZDs) different from 1 can be expressed
i terms of four parameters,two of which are free and the others are dependent
on free parameters by a quadratic equation.
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