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Abstract

For a given noetherian affine algebraic variety Uy = SpecAq with
Ay = Lxlm] the blowing-up of Uy along an ideal sheaf Z; is a quasi-
projective variety U;. The blowing-up of U; along another ideal sheaf
75 is a variety Us which is the result of gluing of some pieces and obeys
a very complicated process. Our aim in this paper is giving a definition
for the ideal family Ang(Uy,Z1,72) and by using the Segre embedding
and some relevant calculation try to find a simpler variety X’ which is
isomorphic to Us.
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1 Introduction

The resolution of singularities of varieties and schemes is a basic concept in
algebraic geometry. Over an algebraically closed field of characteristic zero, it
is proved by Hironaka that a regular model exists. (cf. Main Theorem I on p.
132 of [7] and see also [9]). The successive blowing-up procedure for finding
a desingularization for Uy contains a lot of difficulties in the second step and
also gluing of the result pieces is a very complicated task.
The main question in this paper is as follows:

Does there exist a method reducing the difficulties of finding a regular
model?
In [1], Bodnar has introduced a unique ideal in such a way that the blowing-up
along it is the same with the result of successive blowing-ups.
In this paper we present an ideal family Ang(Uy,Z1,Z,) and after considering
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its properties in §2 and §4 and its effect on Segre embedding we find some
varieties which are less complicated than the result of successive blowing-ups
but isomorphic to them. We show it for two consecutive step. The generaliza-
tion of this method would be a nice conjecture as it is stated in the following
question.

Question. Can we use this method to construct Ang(Up,Z1, . .., I,) forn > 37

This paper consists of five different sections. In the coming section we
define Ang(Uy,Z1,7Z,). Later on we discuss about its properties in §3. In §4 we
use Segre embedding and consider the result of two blowing-ups. In the last
section we determine a specific element of Ang(Uy,Z1,Z>) and use the Grébner
basis tool which simplifies the process. We also use the Grobner basis and
Singular software through an example. For more details see [3] and [4].

Note that by blowing-up along an ideal I/, we mean the blowing-up with the
center Y = V/(I). Our notations are similar to [5].

2 Preliminaries

Let k = k be a field of characteristic zero and Ay = k[z1, ..., 2m]/< fi,..., fi >.
Consider the noetherian scheme Uy = SpecAy. Suppose Z; is an ideal sheaf on
Up such that Iy = Z,(Up) =< go, - - -, gn >Ao. Then the blowing-up of Uy along
7, is Uy = Uy = ProjA,, where A; = Ay = %lyn] and J; is the kernel of
o1 Aolyo, - - -, Yn] — Ao[t], keeping the elements of Ay and sending each y; to
git.

Convention. By I% we mean the dehomogenization of I, which means
that we consider y; = 1. For a polynomial f, f¢v is the dehomogenization
of fie. putting y; = 1 in f. We also use I for the homogenization of I
with respect to y; and use fv for the homogenization of f with respect to ;.
If it is not ambiguous we use I%#¢ rather than I%H» and I rather than I
and also use similar abbreviation for f. We leave the proof of the following
proposition to the reader:

Proposition 2.1 By using the above notation the ith affine patch of Uy is

Uy = SpecAy; where Ay = —Ao[ymﬁgi """ ynl,
1
Suppose we tend to find the blowing-up of the quasi-projective variety Uy
along the ideal sheaf 7, where the restriction of Z5 on U is the homogeneous
ideal Iy =< hg,...,hs >. It is enough to find the blowing-up of the affine
patches Uy; of U; along IgHi, 1 = 0,1,...,n, and then glue them together.

Similar to the above discussion the result of blowing-up of Uy; along this ideal
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Avi[20,..,25]
kergo;
defined similar to the former step and corresponding to the ideal 1% of Ay;.

Let Jy; = kergo;. We can prove that

is a projective variety with the coordinate ring Ay = , where ¢o; is

o AO[y07"'7gi7"'7yn][

Uli:pTOj - Zo,...,zs]
Jlde + Jo;

and U, = U; is the gluing of quasi-projective varieties Uy;, i = 0,...,n. Fur-
thermore according to the above proposition, for j = 0,...,s, the jth affine
patch of Uy; is equal to

o A0y07"'7gi7"'7yn N

Ui; = Spec [ " T ][zo, y iy Zs)

Sy

So far our knowledge about the quasi- projective variety Us is very limited
and we just know that Uy C UyxP} xP;. In coming section we look for those
ideals that by equating y; and z; to 1 we can get the ideal related to the
coordinate ring of the ijth affine patch of Us.

Definition 2.2 A homogeneous ideal I C Agly;, ﬁ] is called a member of

the ideal family Ang(Uy,Z1,Zs) in the case that Tz (i.e. the dehomoge-
nization of I with respect to y; and z;) be equal to the dehomogenization of

: . , , dH,
JldHl + Jo; with respect to zj, in fact be equal to JldHl +J, 7.

In coming section by considering the properties of the ideals belonging to
Ang(Uy, T1,T5) we get some results which will enable us to get a better knowl-
edge about Us.

3 Calculating the ideal [

Let i € N{J{0} be fixed. As we mentioned in the previous section we consider
the ring homomorphism ¢o; to find the blowing-up of Uy; along Z,. Now
suppose f € Jo; be one of its generators. According to the properties of ¢o;,
the ideal Jy; is homogeneous with respect to z;’s. Hence we can assume that
f is homogeneous. With out loss of generality, suppose that f is of degree one
and has the form f =", _, fezr where f;’s are written in the indeterminates

Yo, Yty - - -5 Yi—1,Yi+1y- - -5 Yn- So we have
F = fohd™ 4.+ fhdHi ¢ Jit, (1)

Note that F' € J™i does not imply F*: € .J;.
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Let Fy,...,F. be a generating set of the homogeneous ideal J;. By (1)
there exist polynomials Gy € Aglyx], i = 0,...,7 such that F = G F*Hi 4. +
G, FdH: N
If F' is the ith homogenization of F', then there exist non-negative integers
dy,...,d. such that

Fr =yt G (P ey G (R

It is possible that for some k, (FZ*)i # Fj. This shows that F}, has a factor
of the form y;™. Let m® = maz=1,. ,mg. We will multiply yim(i) to (F,le)Hl
and get a product of some powers of y; to Fi’s. Hence there exist integers
d},...,d, such that

Fr=ymF =Y yhGli R, (2)
k=1

We observe that corresponding to each polynomial f there exists a polynomial
F” € J;. On the other hand by (1) there exist numbers py, ..., p, such that

Fr= g fo" (hg™)™ + gl £ (R
Similar to the former method it is possible that for some &, (b)) #£ hy.
Hence there exists non-negative integers n") and p}, 7 =0,...,s, such that
g F = o plipg 4y fHip,, (3)

m 40

1

Considering (2) and (3), we define the polynomial Gy as Gy := vy
By using the former relations we get

Gr =y o g + .+ 5 f Ry, (4)

G is homogeneous in y;’s. Based on the definition of Gy and corresponding
to f which we started with it, we define Ly as follows:

m@ Py ¢ H; s pH;
Lf =Y [y;pofoH ZO+"'+yi sz ZS] € (Ao[yoa'"7yn])[207"'728]' (5)

Theorem 3.1 Let L}IH’“ be the dehomogenization of Ly with respect to yi,
then for each k, k =0,...,n, L}IH’“ € Jog.
Sketch of proof. Considering (1) we realize that the homogenization of L;
with respect to y; is f and as a result ¢2i(L}lHi) = ¢2(f) = 0, so we have
LT € T,
For k # i, by putting yx = 1 in L; and considering (5) we get L}IH’“. Now we
substitute z, by the polynomial h,, r=0,... s, and get the polynomial

yr T M G g (L) ().
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If we dehomogenize the above polynomial with respect to y; we get the poly-
nomial

A U A R (U R E N T TR R (O B e

As we see the polynomial inside the inner brackets is F "k and hence the
polynomial in the outside brackets is F”** . So the above polynomial is

g = gy () g () e € T (6)

Hy,

Notice that the polynomial in (6) is the image of L}l under the homomor-

phlsm ¢2k7 ie. L?Hk € JQk.

Remark. So far we have L; corresponding to f in such a way that its kth
dehomogenization, k = 0,1,...,n, is an element of Jy. If J is the ideal gen-
erated by {L; : f € Jo;,i = 0,...,n}, then J¥#i = Jy;, i =0,1,...,n. Now
we put [ :=J + Ji.

I has almost all properties of elements of Ang(Uy,Z1,Z). The only condition
which is not possibly satisfied is being homogeneous with respect to y; and z;,
1=0,...,n,7=0,...,s.

Definition 3.2 Let S = @, 54 be a graded ring and I = €P,5,1a be
a homogeneous ideal. Then I' = @@i 1y, © = 0 s called the ith wnverse
saturation of I.

Remark. (i) If {ho,...,hs} is a set of polynomials generating the homo-

geneous ideal I and maxdegh; = d, i1 =0,...,s, then the generating set of
the dth inverse saturation of I consists of all elements which are the result
of multiplication of monomials of degree d — degh; to h;, i = 0,...,s. Note
that if I’ ;=< h{, ..., hl. >, where b}, i =0,...,r, is as above, then for each 1,

degh, = d. (ii) According to exercise 5.10(b) in [5], the subscheme correspond-
ing to I’ is the same with the subscheme corresponding to I and the result of
blowing-up centered on each of them gives the same thing.

Now suppose that d = mazdegh;, i = 0,...,s, and I} be the dth inverse
saturation of Iy and {hj, ..., h.} be its generating set. Now we use the above
method for construction of Ly by using I rather than I. Since G is homo-
geneous and degh; = d, i = 0,...,r, the substitution of A by z; in Gy reduces
the degree of Gy by d — 1. Hence I = J + J; has the desired properties for
being an element of Ang(Uy,Z1,Zs).

Consider the quasi-projective variety X = ProjA where A = Ao [%ﬁ]. The
coordinate ring of the ¢jth affine patch of Uy, © = 0,...,n, 7 = 0,...,s is
isomorphic to the dehomogenization of A with respect to y; and z; i.e.

AO[y07"'7yi7'"7ynaz07"'7zj7"'7zs]
IdHyi,z]-
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4  Segre embedding

Recall that the Segre embedding is of the form
¢ ProjAolyo, - - -, Yn) X speca, ProjAolzo, - .., 2s) — ProjAolvoo, - - -, Uns)

Yizj ' Vij
fori=0,...,n,5=0,...,s. Now suppose that
5 : AO[UO()a s 7/0718] B AO[&7 ﬁ]
Vij = Yizj
Ao [vy]

then image¢ = Proj hers Consider the ring homomorphism

AO[yiaz’]
Vij V—— YiZj + 1

and let K = kerty. We seek for a relation between X' = Proj Aof[:ﬂ] and X.

We do it by comparing the corresponding affine patches of these two quasi-
projective varieties.

Theorem 4.1 With the above notation Uy = X'.

Proof. Without loss of generality consider the affine patch corresponding to
vgo = 1. One can show that the ring homomorphism

w . Ao[U()l,...,”Uns] —>A0[y0,...,yn721,...725]

00 - Kdeoo IdHyO,zO
Vab — Ya2b (Cl 7& 07 b 7& 0)
Vop —— 2p

Va0 — Ya
is an isomorphism. Hence Spec% & SpecAO[yl}g}’}ij’;ié“”’zs]. The left
hand side of the above equation is the affine patch of X’ corresponding to v
and the right hand side is the 00th affine patch corresponding to yo = 1 and
zo = 1 of U;. Hence the gluing of the affine patches of U, is the same with the
gluing of the affine patches of X’. In fact we have shown that

A ey Uns
UQE‘XQ:PT’Oj O[UOO’[{ A ]
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5 Construction of a better ideal

Let 6 : Aolyi, 2] — A‘?][f’—i] [t] be the ring homomorphism which fixes elements of

Aolyi] and z; — ht. Considering the properties of L; of §2 we find out that
6(Ls) = 0. Hence I C kerf := H. This means that JldHyi + Jo; e = iz C
H%i5  We can check that the inclusion Hwi= C Jo, = + J%vi s also
satisfied. This implies H € Ang(Uy,Z1,Z>) and so it is a good candidate to
substitute with I, which is less complicated than I.

To compute H we can use Grobner basis to find kerf. In the following example
we use the Singular software to do it.

Example. Let k be the algebraic closure of rationals and Uy = A? = SpecRy
where Ry = k[x1,25]. In the first step to find the blowing-up Uy along the
ideal < x129,2? >. Consider the ring homomorphism ¢; : Rolyo, y1] — Rolt]
where ¢; fixes the elements of Ry, ¢1(yo) = zizat and ¢1(y1) = 3. By
using the Grobner basis as a tool and doing the relevant computation by the
Singular software we find out that J; := ker¢; =< x1yp — x2y1 >. So we have
U, = Uy = ProjR;, where Ry = %‘1’“]. Hence the affine patches of U; which
are the result of substitution by y; = 1 i.e. Uy and Uy, have the following
coordinate rings respectively:

RIO - <y;{—11> = k['xl?x?a i_;] = k[$27 i_;]
Ruy = s = boy, 20, 2] = Ko, 2],

Now consider the ideal I =< x1, 29,y >. I3 is a maximal ideal of Ry,
hence it is a closed point of SpecRy; = Uy which is singular. Furthermore
Iy ¢ Uyp. To find the blowing-up of U; along I5 it is enough to find the blowing-
up of Uy; along I>. But already we should find the first inverse saturation of I,
to get I}, C Ry and use I} rather than I, in the process of blowing-up. In fact
I, =< 191, T2y1, T1Yo, T2Yo, Yo > and as an ideal of Ry it will be simplified to
get 1L =< z1y1, x2y1, Yo >.

Now we compute H = kerf as an element of Ang(Uy, I1,15). By using
Singular software we get

H = ker) =< x122 — 21, Y020 — Y121, T220 — T121, T1Yo — T2Y1, T2Y122 — Yo21 > .

Now we go back to §4 and by using the ring homomorphism ¢ : Rg[voo, - . . , v12] —

Ro[%vﬁ] [t],i=0,1, j = 0,1, 2, which fixes elements of Ry and ¢(v;;) = yiz;t+H

we get a new scheme isomorphic to Us. Calculating K = keriy by the Singular
software we get:
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K =< vy — 11, T2v12 — Vo1, T1V12 — V11, Vo211 — V1012,
2
Vp2V10 — V11012, V01V10 — V171, L2V10 — L1V11, L1V02 — Vo1, L1V01 — T2V11 >,
Ro[vi;)

and hence we get Proj—z== which is isomorphic to Us.
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