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Abstract

Let ω(x1, ..., xn) be a word in the free group of rank n > 0 and
let V(ω) be the variety of groups defined by the law ω(x1, ..., xn) = 1.
We define V(ω∗) to be the class of all groups G in which for any in-
finite subsets X1, ...,Xn there exist g1 ∈ X1, ..., gn ∈ Xn , such that
ω(g1, ..., gn) = 1. In this note we prove that every infinite finitely gener-
ated R-group in V(ω∗) belongs to V(ω), where R is the class of soluble
groups of finite abelian subgroup rank. Also we prove that if ω is a word
in a free group such that any infinite finiteley generated soluble group
which is finite elementary abelian -by-V(ω) is a V(ω)-group, then every
locally soluble group in V(ω∗), belongs to the variety V(ω).
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1 Introduction and results.

Let ω(x1, ..., xn) be a word in the free group of rank n > 0. We say that a
group G is a V(ω)-group, if G satisfies the law ω(x1, ..., xn) = 1, and we say
that G is a V(ω∗)-group, if for every n infinite subsets X1, ..., Xn of G there
exist g1 ∈ X1, ..., gn ∈ Xn such that ω(g1, ..., gn) = 1. Longobardi et al. [8]
posed the question whether every infinite V(ω∗)-group is a V(ω)-group? The
origin of this question is a problem of P. Erdös [11]. Apparently, there is no
example of an infinite V(ω∗)-group which is not a V(ω)-group. In considering
this question, many authors have answered the question positively for certain
words [see [1], [2], [3], [4], [7], [8], [9], [10], [15], [16]].
G.Endimioni proved in [7] that if ω is a word in a free group such that finiteley
generated soluble groups in V(ω) are polycyclic, then every finitely generated
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soluble group in V(ω∗), belongs to the variety V(ω). A. Abdollahi proved in[3]
that every infinite locally soluble group of finite rank in V(ω∗) belongs to
the variety V(ω). We say that a group G is of finite abelian subgroup rank,

if its elementary abelian primary subgroups are finite and if its torsionfree
abelian subgroups are of finite rank. For the sake of brevity we term R−group
every soluble group of finite abelian subgroup rank. Subgroups and epimorphic
images R-groups are R-groups(See [5]). In this paper we prove the following
generalization of the latter result of A. Abdollahi.

Theorem 1 Let ω be a word in a free group. Then every infinite locally
soluble R-group in V(ω∗) belongs to the variety V(ω).

Also we prove the following result:

Theorem 2 Let ω be a word in a free group such that any finiteley generated
soluble ( finite elementary abelian )-by-V(ω∗) group, belongs to the variety
V(ω). Then every infinite locally soluble group in V(ω∗) belongs to V(ω).

Our notation and terminology are usual and follow for example [12]: In par-
ticular, if G is a group and X is a subset of G, 〈X〉 denotes the subgroup of G
generated by X. If A and B are subgroups of G, we shall write [A, B] for the
subgroup generated by the commutators [a, b] = a−1b−1ab, with a ∈ A, b ∈ B.
For k ≥ 1, we shall denote by γk(G) the k−th term of the lower central series
of G. The symbols CG(A) and Z(G) denote respectively the centralizer of A in
G and the centre of G. If ω(x1, ..., xn) is a word in the free group of rank n > 0,
we denote by ω(G), said the verbal subgroup of G, the subgroup generated by
the elements ω(g1, ..., gn), with gi ∈ G.

2 Proofs.

Proposition 3 Let G be an infinite finitely generated soluble group and let
A be a maximal among the abelian normal subgroups of G. Then G has an
infinite normal subgroup B which is nilpotent of class at most 2 such that
A ≤ B ≤ CG(A) and A = CG(B).

Proof: Let G be an infinite finitely generated soluble group and let A be
a maximal among the abelian normal subgroup of G , then A is in infinite.
If A = CG(A), then put B = A. Assume that A < C = CG(A) and let

E =
{
H ≤ C / H � G, H

′ ≤ A
}
, since A ∈ E then E �= ∅. Let B be maximal

among the normal subgroups of G contained in C satisfying B
′ ≤ A. If A =

B, for every H ∈ E , we have AH ∈ E and A ≤ AH , so A = AH and
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H ≤ A. Since G
A

is soluble and C
A

is a non-trivial normal subgroup of G
A
, then

C
A

contains an abelian non-trivial normal subgroup H
A

in G
A
, so H

′ ≤ A and
A < H. But H is a normal subgroup of G contained in C and H ′ ≤ A. Then
A = H , which is contradiction. Then B �= A. Since B

′ ≤ A, then γ3(B) ≤
[A, B] = 1. Thus B is nilpotent of class at most two, and by construction,
A ≤ Z(B). Since A is maximal among the abelian normal subgroup of G , one
has A = Z(B) = B ∩ CG(B), and so A ≤ CG(B). If A < CG(B), let E1 ={
H ≤ CG(B) / A ≤ H � G, H

′ ≤ A
}

, since A ∈ E1, then E1 �= ∅. Let D be a

normal subgroup of G maximal with respect to the properties A ≤ D ≤ CN(B)
and D

′ ≤ A. Then A �= D and A = B∩D. Thus the subgroup BD is a normal
subgroup of G contained in C, and it clearly satisfies (BD)′ ≤ A, contradicting
the maximality of B. This contradiction shows that A = CG(B).

Corollary 4 Every infinite finitely generated soluble group contains an infinite
normal subgroup, nilpotent of class at most 2 .

Lemma 5 [[7], Lemma 3] Let u be a word in a free group and let G be an
infinite V(u∗)-group. If G has an infinite normal abelian subgroup, then G is
a V(u)−group.

Lemma 6 Let G be an infinite finitely generated soluble group in V(ω∗) ,
then:

i) w(G) is a finite abelian p-group, where p is a prime number. ii) If G is not

a V(ω)-group, then in G
w(G)

there exists an infinite normal subgroup P∗ which

satisfies the following properties: a) P ∗ is a p-groupe which has finite ex-
ponent, for some prime p. b) P ∗ is nilpotent of class at most 2 . c)
P ∗ is finite-by-abelian group.

Proof: Let G be an infiinte finitely generated soluble group in V(w∗); i) If
w(G) = 1, then w(G) is a p-group for any prime number p. Thus, we may
assume that w(G) �= 1, i.e G is not a V(w)−group. By Corollary 4, G has a
normal subgroup H, say, which is nilpotent of class at most 2. Since G is not a
V(w)−group, then, by Lemma 5, Z(H) is finite, so that H is of finite exponent.
Since H is nilpotent, then H =Dr

λ∈Λ
Pλ where Pλ are Sylow subgroup of H , thus

H contains at most one infinite Sylow subgroup. If Pλ1and Pλ2 are two infinite
Sylow subgroups of H, and λ1 �= λ2 , then for every x1, x2, ..., xn ∈ G, we have
x1Pλ1 , x2Pλ1 , ..., xnPλ1 and x1Pλ2, x2Pλ2 , ..., xnPλ2 infinite subsets of G. Since
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G is V(w∗)-group, then there exist a1, a2, ..., an ∈ Pλ1 and b1, b2, ..., bn ∈
Pλ2 such that ω(x1a1, x2a2, ..., xnan) = ω(x1b1, x2b2, ..., xnbn) = 1. Hence
ω(x1, x2, ..., xn) ∈ Pλ1 ∩ Pλ2 = 1, so G is V(w)−group, which is contradic-
tion. Then H has only one infinite Sylow subgroup. Let P be an infinite

Sylow p-subgroup of H , then P is a normal subgroup of G, nilpotent of class
at most 2, then P ′ ≤ Z(P ). Since G is not a V(w)−group, by Lemma 5, P ′ is
finite and P

P ′ is an infinite abelian subgroup of G
P ′ , therefore, by Lemma 5, G

P ′
is a V(w)−group, then w(G) ≤ P ′ which is a finite abelian p-group.
ii) Suppose that G is not a V(ω)-group, by the proof of i), G has an infinite nor-
mal p-subgroup P, which has finite exponent and such that w(G) ≤ P ′ ≤ P .
Let P∗= P

w(G)
, then P ∗ is a p-groupe which has finite exponent and it is nilpo-

tent of class at most 2 . Otherwise P
′

w(G)
is a finite normal subgroup of P

w(G)
and

P/w(G)
P ′/w(G)

= P
P ′ , then P ∗ is finite-by-abelian group.

Lemma 7 Let ω be a word in a free group. Then the following conditions are
equivalent:

i) An infinite finitely generated soluble group in V(ω∗), belongs to the variety
V(ω). ii) An infinite locally soluble group in V(ω∗), belongs to the variety
V(ω).

Proof: Let ω be a word in a free group and suppose that every infinite finitely
generated soluble group in V(ω∗), belongs to the variety V(ω). Let G be an
infinite locally soluble group in V(ω∗). If G is torsion then by Corollary 9 of
[3], G is in V(ω). if G has an element g of infinite order, so for all x1, x2, ...,
xn, the subgroup H = 〈g, x1, x2, ..., xn〉 is an infinite finitely generated group
in V(ω∗), then H belongs to V(ω), so ω = ω(x1, x2, ..., xn) = 1. Then G is a
V(ω)-group.

Proof of Theorem 1: Let ω be a word in a free group and let G be an infinite
finitely generated R− group. Suppose that G is not V(ω)-group, then, by ii)
in Lemma 6, G

w(G)
contains an infinite normal subgroup P∗ = P

w(G)
, which has a

finite normal subgroup K
w(G)

such that P
K

is abelian. Since w(G) is finite, then

K is also finite. Otherwise, by Lemma 6, P
K

is an abelian R-group, so it has

finite rank, then P
K

is Černikov group of finite exponent, so it is finite. Then P
is finite, and so P∗is finite, which is contradiction. Then G is a V(ω)-group.

Proof of Theorem 2 : Let ω be a word in a free group such that any finiteley
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generated soluble ( finite elementary abelian )-by-V(ω∗) group, belongs to the
variety V(ω). Suppose that there exists an infinite finitely generated soluble
V(w∗)−group which is not V(w)−group, by Lemma 6, w(G) is a finite abelian
p-group and suppose that |w(G)| is minimal subject to G. Let A be a proper
characteristic subgroup of w(G), then A is a finite normal subgroup of G ,
so G

A
is an infinite finitely generated soluble V(w∗)−group. Since G

A
is not

V(w)−group, then
∣∣∣w(G

A
)
∣∣∣ =

∣∣∣w(G)
A

∣∣∣ ≥ |w(G)|, so that |A| = 1. Thus w(G)
is a characteristically simple group, so it is the direct sum of abelian simple
groups. Therefore w(G) is a finite elementary abelian group. Since G

w(G)
is a

V(w)−group, then G is a ( finite elementary abelian )-by- V(ω) group. Then
G is V(ω)-group, which is a contradiction.Acknowledgements. This work was

done during a visit at “Centre de Mathématiques et informatique” of the uni-
versity of Marseille. The author would like to thank Professor G. Endimioni
for his hospitality and for helpful discussions.
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