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Abstract

An E-group is a group in which each element commutes with any
of its endomorphic images. Hence E-groups provide a generalization of
abelian groups. It is easy to show that the endomorphism near-ring (the
group generated additively by the endomorphisms) of an E-group is a
ring, just as the endomorphism near-ring of an abelian group is a ring.
In this paper, we establish the fact that, like abelian groups, E-groups
have no proper semidirect sum decompositions (i.e. a semidirect sum
decomposition of an E-group must be a direct sum decomposition).
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1 Introduction

An E-group is a group in which each element commutes with any of its endo-
morphic images. Equivalently, an E-group is a group whose endomorphisms
commute additively with each other. The definition and equivalence are due
to Malone [6], but it was Faudree [4] in 1971 who gave the first examples of
nonabelian E-groups. (See Malone [8] for a lively account of the events leading
to this discovery.) All of his examples are finite p-groups. More recent exam-
ples have been discovered [1, 2, 5, 7], including infinite torsion and torsion-free
nonabelian E-groups. The current definition of an E-group is a group G for
which E (G), the endomorphism near-ring of G, is a ring.

Nonabelian E-groups are an interesting class of groups, although not many
general results are known. Chandy [3] proved that all E-groups are nilpotent
of class at most 3. The following result [6, Theorem 4] is due to Malone:
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Theorem 1.1 (Malone). An endomorphic image of an E-group is an E-
group.

Most of the papers on this topic (cited above) specialize to the subclass of
nonabelian E-groups that are p-groups and are nilpotent of class 2. Sometimes
the authors even require that the E-group be finite. For example, in 1985,
Caranti [1, Theorem 4.2] proved the following result:

Theorem 1.2 (Caranti). Let A and B be finite E-groups that are p-groups,
p > 2, and nilpotent of class at most 2. Let G = A ⊕ B and let Z(G) denote
the center of G. The following are equivalent:

(i) G is an E-group;

(ii) Hom(G, B) |A = Hom(G, Z(B)) |A and Hom(G, A) |B = Hom(G, Z(A)) |B .

Here, we present another general E-group result promised in the title.

2 Notation and Terminology

Let G be a group not necessarily abelian, and let 1G denote the endomorphism
of G mapping each element of G to itself. Let End (G) denote the complete
set of endomorphisms of G and let (M0 (G) , +, ◦) denote the near-ring of
zero preserving mappings on G. The subgroup of (M0 (G) , +, ◦) generated by
End (G) is a near-ring, denoted by E (G), called the endomorphism near-ring of
G. Furthermore, let D (E (G)) denote the set of distributive elements of E (G).
(Actually, D (E (G)) is a semigroup with respect to function composition.)

If A and B are groups, then the set G = {(a, b) : a ∈ A, b ∈ B} with opera-
tion +ϕ, where ϕ ∈ Hom(B, Aut(A)) and (a, b)+ϕ(a′, b′) = (a+ϕ(b)(a′), b+b′),
is a group. We write G = A +ϕ B and say G is the semidirect sum of A and
B. The term “semidirect sum” is used instead of the standard group theo-
retic term “semidirect product,” since this is more convenient in light of the
notation used for the additive part of our near-ring. Note that if we define
ϕ(b) = 1A, for each b ∈ B, then A +ϕ B = A ⊕ B, the direct sum of A and
B, and we say that ϕ is trivial, in this case. Otherwise, we say that A +ϕ B is
a proper semidirect sum. If G = A +ϕ B, then the projection homomorphism
onto the not necessarily normal factor B will be denoted by πB. In general,
the projection onto the factor A, given by 1G − πB, is not a homomorphism.

3 Results

The following result resolves the question of whether an E-group can have a
proper semidirect sum representation. Put another way, if G is an E-group
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such that G = A+ϕB, must ϕ be the trivial homomorphism from B to Aut(A)?
The key to resolving this question is to ascertain exactly when the projection
mapping, 1G − πB : G → A, is in D (E (G)). This generalizes the well-known
result (see, for example, [9, Exercise 7.25]) that 1G−πB ∈ End (G) if and only
if ϕ is the trivial homomorphism.

Theorem 3.1. Let G = A +ϕ B. The following are equivalent:

(i) 1G − πB ∈ D (E (G));

(ii) ϕ is the trivial homomorphism.

Proof. Assume (i). Then

(1G − πB) (1G + 1G) = (1G − πB) 1G + (1G − πB) 1G,

if we use juxtaposition to denote function composition. Thus

1G (1G + 1G) + (−πB) (1G + 1G) = 1G1G + (−πB) 1G + 1G1G + (−πB) 1G,

which implies that

1G + 1G − πB − πB = 1G − πB + 1G − πB.

Therefore πB + 1G = 1G + πB. Now, using our representation of G, we obtain
that for each (a, b) ∈ G,

πB(a, b) +ϕ 1G(a, b) = 1G(a, b) +ϕ πB(a, b).

This implies that for each a ∈ A and b ∈ B,

(0 + ϕ(b)(a), b + b) = (a + ϕ(b)(0), b + b).

Thus ϕ(b)(a) = a, for each a ∈ A and b ∈ B. Therefore, ϕ must be the trivial
homomorphism from B to Aut(A).

Now assume (ii). Then we have that G = A⊕B, so πA exists, and 1G−πB =
πA ∈ D (E (G)).

Corollary 3.2. E-groups cannot have a proper semidirect sum decomposi-
tion.

Proof. Suppose G = A+ϕ B. Since G an E-group implies E (G) = D (E (G)),
we have that 1G − πB ∈ D (E (G)); hence, ϕ is trivial.

Remark. By Corollary 3.2, if G = A ⊕ B is not an E-group, then A +ϕ B,
for any ϕ ∈ Hom(B, Aut(A)), cannot be an E-group. Furthermore, this result
provides another reason why nonabelian E-groups are closely related to abelian
groups. For both abelian groups and nonabelian E-groups, E (G) is a ring. But
we also have that no group in either of these two classes can have a proper
semidirect sum decomposition.
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