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Abstract

Let A be a Banach ∗-algebra over C. In this manuscript, we study
the behaviour of linear derivations with regular involution which satisfy
certain differential identitities. In fact, we prove that there is no pos-
itive integer n such that the set of a ∈ A for which (a∆)n((a∗)∆)n ±
((a∗)∆)n(a∆)n ∈ Z(A ) or there exists a central idempotent e ∈ Q such
that ∆ = 0 on eQ and (1 − e)Q satisfies s4, the standard identity in
four variables.
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1 Introduction

If not otherwise stated, A in the manuscript always represents a non-commutative
semisimple Banach ∗-algebra over C, C an extended centroid, and Q a sym-
metric Martindale quotient ring. Prim(A ) comprises the set of primitive
ideals of A . Whenever we say an algebra A is semisimple, it means that
Rad(A ) = (0). We refer to an involution ∗ on a Banach algebra A as a conju-
gate linear anti-automorphism of period two.The element a ∈ A is considered
self- adjoint if a∗ = a, and H contains all the elements of A that are self-
adjoint. The involution on A is said to be regular if ρ(x) = 0 for all x ∈ H,
which implies that x = 0, where ρ(x) = ‖xn‖1/n. The mathematical property
of semisimplicity can easily be verified if A has regular involution ([5]).
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Many findings in this scenario can be formulated by examining acceptable
conditions on the subset B(a, b)S = {a∆b∆ − b∆a∆ : a, b ∈ S}, where S is a
suitable subset of A and ∆ a nonzero derivation of A . Hestein([8]) proved in
1978 that if B(a, b)R = 0, a prime ring R of Char(R) 6= 2, is commutative.
We find that Herstein’s theorem can be extended to a variety of ideal classes,
namely two-sided ideals, Lie ideals with derivations and generalized derivations
[3, 4, 6, 7]. This result was later extended by the author with Ali and Dar in
[1] into a generalized derivation of a prime ring with involution. Particularly
interesting is Yood’s [9] analysis of dense subsets of Banach *-algebras satis-
fying certain *-functional identities. In this vein, recently the author together
with Khan [2], establish that there is no positive integer n such that the set
of a ∈ A for which [(a∆)n, ((a∗)∆)n(a∆)n] ∈ Z(A ) or there exists a central
idempotent e ∈ Q such that ∆ = 0 on eQ and (1 − e)Q satisfies s4, the
standard identity in four variables.

By analyzing above and dense subsets of Banach ∗-algebras, we should be
able to obtain some interesting results via linear derivations.

Theorem 1.1. Let ∆ be a linear derivation on A with (a∆)∗ = (a∗)∆ for all
a ∈ A and ∗ be a regular involution. Then either ∆ = 0 on eQ and (1− e)Q
satisfies s4, where a central idempotent e ∈ Q or the set of a ∈ A is dense
in A which satisfies (a∆)n((a∗)∆)n − ((a∗)∆)n(a∆)n ∈ Z(A ) for no positive
integer n.

Theorem 1.2. Let ∆ be a linear derivation on A with (a∆)∗ = (a∗)∆ for all
a ∈ A and ∗ be a regular involution. Then either ∆ = 0 on eQ and (1− e)Q
satisfies s4, where a central idempotent e ∈ Q or the set of a ∈ A is dense
in A which satisfies (a∆)n((a∗)∆)n + ((a∗)∆)n(a∆)n ∈ Z(A ) for no positive
integer n.

It is necessary to establish few preliminary concepts in order to establish
the proof of our results. The following important remarks are also a helpful
aid in our discussion, as they are frequently cited as proof of our results:

Remark 1.[5, p.191]“ If A is semisimple then the involution ∗ is continuous.”

Remark 2. [5, p. 91] “Let a, b ∈ A and [a, [a, b]] = 0, then ρ([a, b]) = 0.”

Remark 3. “Let p(t) ∈M , where p(t) =
n∑

r=0

xrt
r for a real number t and M

be a closed linear subspace of A . Then each xr lies in M .”

Remark 4. [2, Lemma 2.1] “Let f be a linear mapping on A and n be a fixed
positive integer. Suppose that for all h ∈ H(A ), (hf )n ∈ M , where M is a
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closed linear subspace of A . Then (af )n ∈M for all a ∈ A .”

2 Proofs

Now we are ready to prove our main results.

Proof of Theorem 1.1. With respect to each positive integer k, let

Φk = {a ∈ A : (a∆)k((a∗)∆)k − ((a∗)∆)k(a∆)k /∈ Z(A ))}.

As the involution is continuous by Remark 1, Φk is open. By excluding every
Φk being dense, we rule out that possibility. Assume that each Φk is dense. The
intersection of Φk is dense according to the Baire category theorem. However,
our hypothesis contradicts this. Therefore, there is a positive integer m and
a nonvoid open subset Θ of A resulting in (a∆)m((a∗)∆)m − ((a∗)∆)m(a∆)m ∈
Z(A ) for all a ∈ Θ. Let c ∈ Θ and let b be any arbitrary element in A . For
all real t suffieciently small,

((c+ tb)∆)m(((c+ tb)∗)∆)m − (((c+ tb)∗)∆)m((c+ tb)∆)m ∈ Z(A ).

The coefficient of t2m in this polynomial lies in Z(A ), i.e., (b∆)m((b∗)∆)m −
((b∗)∆)m(b∆)m ∈ Z(A ) for all b ∈ A .
Suppose, for t 6= 0 real, that b = x+ ity for all x, y ∈ H, and consider

(x∆ + ity∆)m =
m∑
r=0

ir∆rt
r.

Let (x∆ + ity∆)m = γ(t) + η(t) and (x∆ − ity∆)m = γ(t) − η(t), where γ(t)
stands for the sum of the expansion of (x∆ + ity∆)m for r even and η(t) for r
odd, respectively. By the hypothesis, we have

γ(t)η(t)− η(t)γ(t) ∈ Z(A )

for all real t. In view of Remark 3, the coefficient of t must lie in Z(A ), i.e.,

∆0∆1 −∆1∆0 ∈ Z(A ),

where ∆0 = (x∆)m and ∆1 =
m−1∑
j=0

(x∆)jy∆(x∆)m−1−j. That is,

[x∆, [(x∆)m,∆1]] = 0

for all x ∈ H. An application of Jacobi’s identity yields

[(x∆)m, [x∆,∆1]] = 0
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for all x ∈ H. A direct computation gives

[(x∆)m, [(x∆)m, y∆]] = 0

for all x, y ∈ H. In view of Remark 2, for any x, y ∈ H, ρ([(x∆)m, y∆]) = 0.
Regularity of the involution implies that [(x∆)m, y∆] = 0 for all x, y ∈ H.
Observe from Remark 4 that [(a∆)m, b∆] = 0 for all a, b ∈ A . A direct conse-
quence of [2, Theorem 2.3] gives the required result. �

Proof of Theorem 1.2. Using the same arguments as we used in the proof
of Theorem 1.1, one can reach upto

[(x∆)2m, y∆] = 0 (2.1)

for all x, y ∈ H. Commuting the above expresion with (x∆)2m gives

[(x∆)2m, [(x∆)2m, y∆]] = 0 (2.2)

for all x, y ∈ H. In light of Remark 2, we have

ρ([(x∆)2m, y∆]) = 0

for all x, y ∈ H. Since the involution is regular, so we have

[(x∆)2m, y∆] = 0

for all x, y ∈ H. An application of Remark 4 yields [(a∆)2m, b∆] = 0 for all
a, b ∈ A . We have the required result from [2, Theorem 2.3]. �
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