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Abstract

In this paper, we introduce the notion of direct product in
BG-algebras and some related properties. Also, we introduce the
notion about BG-homomorphism of direct product in BG-algebras and
we obtain some of its properties.
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1 Introduction

Y. Imai and K. Iseki introduced two classes of abstract algebras called
BCK-algebras and BCI-algebras. It is known that the class of BCK-algebras
is a proper subclass of the class of BCI-algebras [8]. In 2002, J. Neggers
and H. S. Kim [7] constructed a new algebraic structure. They took some
properties from BCI and BCK-algebras be called B-algebra. Furthermore,
C. B. Kim and H. S. Kim [1] introduced a new notion, called a BG-algebra
which is a generalization of B-algebra. A non-empty set X with a binary
operation ∗ and a constant 0 satisfying some axioms will construct an algebraic
structure be called BG-algebra.

BG-algebra and some of its properties have been disscussed, e.g. fuzzy
subalgebras of BG-algebras by S. S. Ahn and H. D. Lee in 2004 [10],
anti Q-fuzzy BG-ideals in BG-algebra by R. Muthuraj et al in 2010 [9], and
fuzzy ideals of BG-algebras by D. K. Basnet in 2011 [2]. In 2017,
E. Fitria, S. Gemawati, and Kartini [4] applied the notion of prime ideals in
BCI-algebra to B-algebra and obtained some related properties. Then, in
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2016, notion of direct product was introduced by Jacel Angelina V. Lingcong
and Joemar C. Endam in the paper entitled ”Direct Product of B-algebras”
[6]. They found a new definition of direct product in B-algebras and some of
its properties. Therefore, we apply the concept of direct product in B-algebras
to BG-algebras and investigate some its properties.

2 Preliminaries

We begin with some definitions and example of B-algebra and
BG-algebra.

Definition 2.1 [7] A B-algebra is a non-empty set X with a constant 0 as
identity element and a binary operation ∗ satisfying the following axioms:

(B1) x ∗ x = 0,

(B2) x ∗ 0 = x,

(B3) (x ∗ y) ∗ z = x ∗ (z ∗ (0 ∗ y)),

for all x, y, z ∈ X.

Definition 2.2 [6] Let A = (A; ∗, 0) and B = (B; ∗, 0) be B-algebras.
Define the direct product of A and B to be structure A×B = (A×B;⊗, (0A, 0B)),
where A× B is the set {(a, b)|a ∈ A, b ∈ B} and whose binary operation ⊗ is
given by (a1, b1)⊗ (a2, b2) = (a1 ∗ a2, b1 ∗ b2).

Definition 2.3 [1] A BG-algebra is a non-empty set X with a constant 0
as identity element and a binary operation ∗ satisfying the following axioms:

(BG1) x ∗ x = 0,

(BG2) x ∗ 0 = x,

(BG3) (x ∗ y) ∗ (0 ∗ y) = x,

for all x, y ∈ X.

Definition 2.4 [1] A nonempty subset S of BG-algebra X is called a
subalgebra (BG-subalgebra) of X if 0 ∈ S and a ∗ b ∈ S, for all a, b ∈ S.

Definition 2.5 [1] A BG-algebra (X; ∗, 0) is said to be commutative
BG-algebra if a ∗ (0 ∗ b) = b ∗ (0 ∗ a), for any a, b ∈ X.
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Example 2.6 Let X={0, 1, 2, 3} be a set with Cayley table as follows:

Table 1: Cayley table for (X; ∗, 0)
∗ 0 1 2 3
0 0 1 2 3
1 1 0 3 2
2 2 3 0 1
3 3 2 1 0

Then, it is easy to show that X is a BG-algebra (see [1]).

Example 2.7 Let X = {0, 1, 2, 3} be a set with the table on Example 2.6,
then (X; ∗, 0) is a commutative BG-algebra (see [1]).

The concept of BG-homomorphism was also introduced by C. B. Kim and
H. S. Kim in [1]. A map ψ : A → B is called a BG-homomorphism if
ψ(x ∗ y) = ψ(x) ∗ ψ(y) for any x, y ∈ A. The kernel of ψ, denoted by ker ψ, is
defined to be the set {x ∈ A : ψ(x) = 0B}. A BG-homomorphism ψ is called
a BG-monomorphism, BG-epimorphism, or BG-isomorphism if ψ is one-one,
onto, or a bijection, respectively.

3 Direct Product in BG-algebras

Jacel Angelina V. Lingcong and Joemar C. Endam have been discussed a new
definition of direct product in B-algebra. By the similar way, we obtain the
definition of direct product in BG-algebra. Some other similar properties from
B-algebra and BG-algebra as a base of this definition.

Definition 3.1 Let (G; ∗, 0G) and (H; ∗, 0H) be BG-algebras. Direct
product G × H is a algebra structure G × H = (G × H;⊗, (0G, 0H)), where
G×H is the set {(g, h)|g ∈ G, h ∈ H} and whose binary operation ⊗ is given
by

(g1, h1)⊗ (g2, h2) = (g1 ∗ g2, h1 ∗ h2).

This definition show that direct product of sets G and H is denoted by
G×H, which each (g, h) is an ordered pair. The term ordered is used because
(g, h) is to be distinguished from (h, g) if g 6= h. Ordered pairs (g, h) and
(g′, h′) are equal if g = g′ and h = h′.

Now, we obtain a theorem that direct product of two BG-algebras is
also BG-algebra.
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Theorem 3.2 (G; ∗, 0) and (H; ∗, 0) be BG-algebras if and only if
(G×H;⊗, (0G, 0H)) is a BG-algebra.

Proof Let G and H be BG-algebras, g1, g2 ∈ G and h1, h2 ∈ H. From
Definition 3.1, for any (g1, h1), (g2, h2) ∈ G×H then

(g1, h1)⊗ (g2, h2) = (g1 ∗ g2, h1 ∗ h2).

In axiom (BG1) for BG-algebra, replacing x, y by g1 and then by h1, we have
that g1 ∗ g1 = 0G and h1 ∗ h1 = 0H , implies

(g1, h1)⊗ (g1, h1) = (g1 ∗ g1, h1 ∗ h1) = (0G, 0H).

Next, in axiom (BG2) for BG-algebra, we have g1 ∗ 0G = g1 and h1 ∗ 0H = h1,
so that

(g1, h1)⊗ (0G, 0H) = (g1 ∗ 0G, h1 ∗ 0H) = (g1, h1).

And, in axiom (BG3) for BG-algebra, we have (g1 ∗ g2) ∗ (0G ∗ g2) = g1 and
(h1 ∗ h2) ∗ (0H ∗ h2) = h1, implies

((g1, h1)⊗ (g2, h2))⊗ ((0G, 0H)⊗ (g2, h2)) = (g1 ∗ g2, h1 ∗ h2)⊗ (0G ∗ g2, 0H ∗ h2)
= ((g1 ∗ g2) ∗ (0G ∗ g2), (h1 ∗ h2) ∗ (0H ∗ h2))
= (g1, h1).

Thus, the axioms (BG1), (BG2), and (BG3) for BG-algebra are satisfied.
Hence, G × H is a BG-algebra. Conversely, let G × H is a BG-algebra
where (g1, h1), (g2, h2) ∈ G ×H, then g1, g2 ∈ G and h1, h2 ∈ H. From
Definition 3.1, we have (g1, h1)⊗(g2, h2) = (g1∗g2, h1∗h2) and in axiom (BG1)
for BG-algebra, we obtain:

(g1, h1)⊗ (g1, h1) = (0G, 0H)

(g1 ∗ g1, h1 ∗ h1) = (0G, 0H).

This implies that g1 ∗ g1 = 0G and h1 ∗h1 = 0H , and then, in axiom (BG2)
for BG-algebra, we have:

(g1, h1)⊗ (0G, 0H) = (g1, h1)

(g1 ∗ 0G, h1 ∗ 0H) = (g1, h1).

So that g1 ∗0G = g1 and h1 ∗0H = h1, and in axiom (BG3) for BG-algebra,
we obtain:

(g1, h1) = ((g1, h1)⊗ (g2, h2))⊗ ((0G, 0H)⊗ (g2, h2))

= (g1 ∗ g2, h1 ∗ h2)⊗ (0G ∗ g2, 0H ∗ h2)
= ((g1 ∗ g2) ∗ (0G ∗ g2), (h1 ∗ h2) ∗ (0H ∗ h2)).
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Thus, the axioms (BG1), (BG2), and (BG3) for BG-algebra are satisfied.
Hence, G and H be BG-algebras.

Furthermore, we extend this direct product to any finite family of
BG-algebra and obtain some of its properties.

Definition 3.3 Let (Gi; ∗, 0i) be a finite family of BG-algebras for each
i = {1, 2, ..., k}. Define the direct product of BG-algebras G1, ..., Gk to be the
structure (

∏k
i=1Gi;⊗, (01, ..., 0k)), where

k∏
i=1

Gi = G1 ×G2 × ...×Gk = {(g1, g2, ..., gk)|gj ∈ Gi,∀i}

and whose operation ⊗ is given by

(g1, g2, ..., gk)⊗ (h1, h2, ..., hk) = (g1 ∗ h1, g2 ∗ h2, ..., gk ∗ hk)

obviously, ⊗ is a binary operation on
∏k

i=1Gi.

Corollary 3.4 If (Gi; ∗, 0i) be a finite family of BG-algebras for each
i = {1, 2, ..., k}, then (

∏k
i=1Gi;⊗, (01, ..., 0k)) is a BG-algebra.

Proof It follows immediately from Theorem 3.2.

The converse of Corollary 3.4 need be true in general.

We construct a direct product in commutative BG-algebra for a finite
family of BG-algebras as follows:

Theorem 3.5 Let (Gi; ∗, 0i) be a finite family of BG-algebras with
i = {1, 2, ..., k}. Each Gi is commutative if and only if

∏k
i=1Gi is

a commutative.

Proof Let (g1, g2, ..., gk), (h1, h2, ..., hk) ∈
∏k

i=1Gi where gi, hi ∈ Gi. Since
Gi is a commutative, from Definition 2.5, we have gi ∗ (0i ∗ hi) = hi ∗ (0i ∗ gi)
for any i = {1, 2, ..., k} implies

(g1, ..., gk)⊗ ((01, ..., 0k)⊗ (h1, ..., hk)) = (g1, ..., gk)⊗ (01 ∗ h1, ..., 0k ∗ hk)

= (g1 ∗ (01 ∗ h1), ..., gk ∗ (0k ∗ hk)

= (h1 ∗ (01 ∗ g1), ..., hk ∗ (0k ∗ g1)
= (h1, ..., hk)⊗ (01 ∗ g1, ..., 0k ∗ gk)

= (h1, ..., hk)⊗ ((01, ..., 0k)⊗ (g1, ..., gk)).
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Hence,
∏k

i=1Gi is a commutative. Conversely, let
∏k

i=1Gi is a commutative

and gi, hi ∈ Gi implies (g1, g2, ..., gk), (h1, h2, ..., hk) ∈
∏k

i=1Gi, we have

(g1, ..., gk)⊗ ((01, ..., 0k)⊗ (h1, ..., hk)) = (h1, ..., hk)⊗ ((01, ..., 0k)⊗ (g1, ..., gk)).

Then

(g1 ∗ (01 ∗ h1)), ..., (gk ∗ (0k ∗ hk)) = (g1, ..., gk)⊗ (01 ∗ h1, ..., 0k ∗ hk)

= (g1, ..., gk)⊗ ((01, ..., 0k)⊗ (h1, ..., hk))

= (h1, ..., hk)⊗ ((01, ..., 0k)⊗ (g1, ..., gk))

= (h1, ..., hk)⊗ (01 ∗ g1, ..., 0k ∗ gk)

= (h1 ∗ (01 ∗ g1), ..., (hk ∗ (0k ∗ g1)).

So that, we obtain gi ∗ (0i ∗ hi) = hi ∗ (0i ∗ gi) for any i = {1, 2, ..., k}. Hence,
each Gi is a commutative.

Now, we discuss several homomorphism theorems in view of direct
product in BG-algebras.

Theorem 3.6 Let ψ1 : G1 → H1, ψ2 : G2 → H2, and ψ1, ψ2 are two
BG-homomorphisms. If ψ is the map ψ : G1 × G2 → H1 × H2 given by
(g1, g2) 7→ (ψ1(g1), ψ2(g2)), then

(i) ψ is a BG-homomorphism,

(ii) ker ψ = ker ψ1 × ker ψ2.

Proof

(i) Let ψ1 : G1 → H1, ψ2 : G2 → H2, and ψ1, ψ2 are twoBG-homomorphism.
Since ψ : G1 × G2 → H1 × H2 given by (x1, y1) 7→ (ψ1(x1), ψ2(y1)) for
any (x1, y1), (x2, y2) ∈ G1×G2 and for any x1, x2 ∈ G1, y1, y2 ∈ G2, then

ψ((x1, y1)⊗ (x2, y2)) = ψ(x1 ∗ x2, y1 ∗ y2)
= (ψ1(x1 ∗ x2), ψ2(y1 ∗ y2))
= (ψ1(x1) ∗ ψ1(x2), ψ2(y1) ∗ ψ2(y2))

= (ψ1(x1), ψ2(y1))⊗ (ψ1(x2), ψ2(y2))

= ψ1(x1, y1)⊗ ψ(x2, y2).

Hence, ψ is a BG-homomorphism. The converse of this theorem does
hold. Let ψ is a BG-homomorphism, we have
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ψ((x1, y1)⊗ (x2, y2)) = ψ1(x1, y1)⊗ ψ(x2, y2)

= (ψ1(x1), ψ2(y1))⊗ (ψ1(x2), ψ2(y2))

= (ψ1(x1) ∗ ψ1(x2), ψ2(y1) ∗ ψ2(y2)).

This show that ψ1, ψ2 are two BG-homomorphisms.

(ii) Now,

(x, y) ∈ kerψ ⇔ ψ(x, y) = (0G1 , 0G2)

⇔ (ψ1(x), ψ2(y)) = (0G1 , 0G2)

⇔ ψ1(x) = 0G1 , ψ2(y) = 0G2

⇔ x ∈ kerψ1, y ∈ kerψ2

⇔ (x, y) ∈ kerψ1 × kerψ2

Therefore, this show that ker ψ = ker ψ1 × ker ψ2.

Corollary 3.7 Let {ψi : Gi → Hi} be a finite family of BG-homomorphisms,
for each i = {1, 2, ..., k}. If ψ is the map

∏k
i=1Gi →

∏k
i=1Hi given by

(g1, ..., gk) 7→ (ψ1(g1), ..., ψk(gk)), then

(i) ψ is a BG-homomorphism,

(ii) ker ψ =
∏k

i=1 kerψi.

Proof It follows immediately from Theorem 3.6.

The converse of Corollary 3.7 need be true in general.

Theorem 3.8 Let {ψi : Gi → Hi} be a finite family of BG-homomorphisms,
for each i = {1, 2, ..., k}. ψ is the map

∏k
i=1Gi →

∏k
i=1Hi given by

(g1, ..., gk) 7→ (ψ1(g1), ..., ψk(gk)). ψ is a BG-monomorphism if and only if each
ψi is a BG-monomorphism.

Proof Let {ψi : Gi → Hi} be a finite family of BG-homomorphisms, for each
i = {1, 2, ..., k} and ψ is a BG-monomorphism. Clearly, ψi is one-to-one. So, it
is satisfying if ψ(g1, ..., gk) = ψ(h1, ..., hk) then (g1, ..., gk) = (h1, ..., hk) for any
(g1, ..., gk), (h1, ..., hk) ∈

∏k
i=1Gi, can be write gi = hi for each i = {1, 2, ..., k}.

From Theorem 3.6 (i), we know that ψi is a BG-homomorphism, thus

ψ(g1, ..., gk) = ψ(h1, ..., hk)

(ψ1(g1), ..., ψk(gk)) = (ψ1(h1), ..., ψk(hk))

ψi(g1, ..., gk) = ψi(h1, ..., hk).
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Then, we have (g1, ..., gk) = (h1, ..., hk), can be write gi = hi for
each i = {1, 2, ..., k}. This show that ψi is one-to-one, proving that
ψi is a BG-monomorphism. Conversely, let ψi is a BG-monomorphism.
Clearly, ψi is one-to-one. Therefore, if ψi(g1, ..., gk) = ψi(h1, ..., hk) then
(g1, ..., gk) = (h1, ..., hk) for any (g1, ..., gk), (h1, ..., hk) ∈

∏k
i=1Gi, can be write

gi = hi for each i = {1, 2, ..., k}. From Theorem 3.6 (i) obtained ψ is a
BG-homomorphism. So that

ψi(g1, ..., gk) = ψi(h1, ..., hk)

(ψ1(g1), ..., ψk(gk)) = (ψ1(h1), ..., ψk(hk))

ψ(g1, ..., gk) = ψ(h1, ..., hk).

Thus, we have gi = hi for each i = {1, 2, ..., k}. This show that ψ is one-to-one.
Hence, ψ is a BG-monomorphism.
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