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Abstract

In this paper, we study the tilting property of excellent extensions.
Let B be an excellent extension of an artinian algebra A such that B
is centrally projective over A, we prove that A is a tilted algebra if and
only if so is B.
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1 Introduction

The classical 1-tilting modules and tilted algebras are two important and fun-
damental object in the tilting theory. The former was introduced by Brenner
and Butler in [5] and the later was introduced as endomorphism algebras of
1-tilting modules over hereditary algebras by Happel and Ringel in [11]. It is
well known that tilting modules and tilted algebras play a prominent role in
the representation theory of algebras (cf. [3]).

On the other hand, in studying the algebraic structure of group rings,
Passman in [14] introduced the notion of the excellent extensions of rings( the
name comes from [4]). Such extensions of rings are vital since they include two
important classes of extensions of rings: finite matrix rings and skew group
rings AG, where the finite group G satisfies the condition |G|−1 ∈ A. Many
authors have studied the invariant properties of rings under excellent exten-
sions ([4, 8, 10, 13, 14, 15, 18]). It is known that many important homological
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properties, such as the global dimension of rings, the projectivity, injectivity
and flatness of modules and so on, are invariant under excellent extensions
([13, 18]).

Let B be an excellent extension of an artinian algebra A. A is a hereditary
algebra if and only if so is B in [13]. On the other hand, it was proved by
Reiten and Riedtmann in [17] that if A is an artinian algebra the skew group
algebra AG with G a finite group and |G|−1 ∈ A is tilted algebra if and only
if so is A. Based on these facts, it is natural to ask the following question.

Question 1.1. Let B ≥ A be an excellent extension, is B a tilted algebra
if and only if so is A?

In this paper, we will study the tilting properties of excellent extensions
and give a partial answer to this question. This paper is organized as follows.

In Section 2, we give some notations in our terminology and some prelim-
inary results which are often used in this paper. In Section 3, we prove the
following

Theorem 1.2. Let B be an excellent extension of an artinian algebra A
such that B is centrally projective over A, then A is a tilted algebra if and only
if so is B.

As an application of theorem 1.2, we investigate tilted algebras under base
field extensions.

Theorem 1.3. Let A be a finite dimensional K-algebra, and F a finite
separable field extension of K. Then A is a tilted algebra if and only if A⊗K F
is also a tilted algebra.

2 Preliminary Notes

Throughout this paper, all modules are finitely generated right modules unless
stated otherwise. Let A be an artinian algebra over a commutative artinian
ring R, that is, A is an R- algebra (associative, with identity) which is finitely
generated as an R-module, we denote by modA the category of finitely gener-
ated right A-modules, and by gl.dimA the global dimension of A. For a module
M in modA, we denote by pdAM the projective dimension of M , and denote
by addMA the full subcategory of modA consisting of the modules isomorphic
to the direct summands of finite direct sums of finite copies of M .

We begin with the definition of excellent extensions of artinian algebras.

Definition 2.1. Let A be a subalgebra of an artinian algebra B, such that
A and B have the same identity. Then B is called an algebraic extension of
A, and denoted by A ≤ B. An algebraic extension A ≤ B is called an excellent
extension, if
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(1) A ≤ B is right A-projective ([14], p.273), that is, if NB is a submodule
of MB and if NA is a direct summand of MA, denoted by NA|MA, then NB|MB.

(2) B is a free normalizing extension of A with a basis that includes 1; that
is, there is a finite set {b1, b2, · · · , bn} ∈ B such that b1 = 1, B = b1A+· · ·+bnA
and biA = Abi, for each i, and B is free with basis {b1, b2, · · · , bn} ∈ B as both
a right and left A-module.

Lemma 2.2. (See[[14], p.275, Lemma 2.3].) Let A be a finite dimensional
K-algebra, and F be a finite separable field extension of K. Then A ⊗K F is
an excellent extension of A.

We also need the following lemma, which may been found in [7, 13, 18].

Lemma 2.3. Let B be an excellent extension of A.
(1)(see [[18], Lemma 1.1].) For any B-module M , we have MB|(M⊗AB)B;
(2)( see [[18], Lemma 1.4].) For any B-module N , we have pdB N =

pdA N = pdA(N ⊗A B)B;
(3)(see[[13], Theorem 3].) gl.dimA= gl.dimB.

Let A be an artinian algebra, and M a (A,A)-bimodule. Then according
to K. Hirata [9] M is called centrally projective over A, if M is isomorphic to
a direct summand of a finite direct sum of the copies of A as (A,A)-bimodule.
Then next lemma is due to K. sugano [16].

Lemma 2.4.(see [[16], Lemma 3].) Let R be a commutative ring. If A is
an artinian R-algebra and M is a finitely generated projective R-module, then
A⊗R M is centrally projective over A.

For any additional category A we denote by (Aop, Ab) the category of con-
travariant functors from A to Ab, where Ab is the category of all abelian
groups. Recall from [2] that a functor F : Aop → Ab is called coherent if there
is an exact sequence

HomA(−, A1)→ HomA(−, A0)→ F → 0

in (Aop, Ab) with Ai ∈ A for i = 0, 1. We denoted by Â the full subcategory of
the functor category consisting of all coherent functors. By Yoneda’s lemma,
the projective object in Â is of the form HomA(−, X) with X an object in A,
and each coherent functor F can be determined by morphism f : A1 → A0,
that is, there is an exact sequence

HomA(−, A1)
(−,f)−→ HomA(−, A0)→ F → 0

in Â. As in the case of a module category, we may define the global dimension
of the category Â to be the supremum of the projective dimensions of all
functors in Â. The precise connection between the global dimension of an
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artinian algebra and that of the coherent functor category is recorded in the
following lemma due to Auslander in [1].

Lemma 2.5 Let M be an A-module. Then the category âddM and

mod(End(AM)) are equvalent. In particular, gl.dim(EndA M)=gl.dim(âddM).

Recall from [12] that a module T ∈ modA is called an m-tilting module if
the following conditions are satisfied: (1) pdA T ≤ m, (2) ExtiA(T, T )=0 for any
i ≥ 1, and (3) there exists an exact sequence 0→ AA → T1 → T2 · · · → Tm → 0
in modA with all Ti ∈ addA T. Recall from [5] that an artinian algebra A is
called a tilted algebra, if there exists 1-tilting module BT over a hereditary
algebra such that A = EndB T . It is easy to see that A is tilted if and only if
there exists a 1-tilting module TA such that the endomorphism algebra of TA

is a hereditary algebra.

3 Main Results

To characterize the tilting property of excellent extensions, we need the fol-
lowing lemma, which may be of independent interest.

Lemma 3.1. Let A be an Artin algebra, and TA a finitely generated
A-module with Ext1A(T, T ) = 0. Then gl.dim EndA T ≤ 1 if and only if addTA

is closed under submodules.

Proof. We first prove the necessity. In order to prove that addTA is
closed under submodules, it suffices to show that every submodule of finite
copies of TA is in addA T . Let M be any nonzero submodule of T n for some
n ≥ 1 and i : 0 → M → T n the inclusion homomorphism. Then we have

an exact sequence: 0 → HomA(−,M)
(−,i)−→ HomA(−, T n) → H → 0, where

H ∈ ((addT )op,Ab) with H = Coker(−, i). It follows from ([12], Lemma 1.3)

that HomA(−,M) ∈ âddT , so H ∈ âddT . Because gl.dimEndT ≤ 1 by as-
sumption, and pd

âddT
H ≤ 1 by Lemma 2.5. Hence, HomA(−,M) is projective

in âddT , and so M ∈ addT by Yoneda’s lemma.

We next prove the sufficiency. For any F ∈ âddT , there exists a homo-
morphism f : T1 → T0 in modA such that

HomA(−, T1)
(−,f)−→ HomA(−, T0)→ F → 0

is exact in âddA T . Put T2 = Ker f , and Y = Imf , then T2, Y ∈ addA T ,
by assumption. Because Ext1A(T, T ) = 0, the exact sequence 0 → T2 →
T1 → Y → 0 are split. So we get an exact sequence: 0 → HomA(−, T2) →
HomA(−, T1)→ HomA(−, Y )→ 0 in âddA T . And hence 0→ HomA(−, Y )→
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HomA(−, T0)→ F → 0 is exact in âddA T , which implies pd ̂addA T
F ≤ 1. Thus

gl.dim EndA(T ) = gl.dim(âddTA) ≤ 1 by Lemma 2.5.

The following lemma is directly.

Lemma 3.2. Let A be an artinian algebras and M,N A-modules, if
Exti≥1A (M,N)=0, we have Exti≥1A (M,X)=0, for any X ∈ addNA.

Lemma 3.3. Let B be an excellent extension of an artinian algebra A,
such that B is centrally projective over A.

(1) For any A-module M , we have addMA = add(M ⊗A B)A.
(2) For any B-module N , we have addNB = add(N ⊗A B)B.

The proof is obvious.

Lemma 3.4. Let B be an excellent extension of an artinian algebra A,
such that B is centrally projective over A.

(1) If T is an m-tilting A-module, we have T⊗AB is an m-tilting B-module.
(2) If Y is an m-tilting B-module, we have Y is an m-tilting A-module.

Proof. (1) Note that B is a projective A-module, we have pdB(T ⊗A B) =
pdA T ≤ m by Lemma 2.3.

By Lemma 3.3., we have (T ⊗A B)A ∈ addTA. Since ExtiA(T, T ) = 0 for
any natural number i, we have ExtiB(T ⊗AB, T ⊗AB) ∼= ExtiA(T, T ⊗AB) = 0
by ([10], Lemma 4.7) and lemma 3.2.

Since T is a m-tilting A-module, there exists a long exact sequence in
modA

0→ A→ T0 → T1 → · · · → Tm → 0,

with Ti ∈ addTA, for all i.
Applying the functor −⊗AB to the above sequence, we have the following

exact sequence in modB

0→ B → T0 ⊗A B → T1 ⊗A B → · · · → Tm ⊗A B → 0,

with Ti⊗AB ∈ add(TA⊗AB)B, for all i. So it follows that T⊗AB is a m-tilting
module from the definition of m-tilting module.

(2) Since Y is an m-tilting B-module, we have pdA Y = pdB Y ≤ m by
Lemma 2.3. Because ExtiB(Y, Y ) = 0, we have ExtiB(Y ⊗A B, Y ) = 0 by
Lemma 3.2. and Lemma 3.3. And hence, for any i we have ExtiA(Y, Y ) ∼=
ExtiB(Y ⊗A B, Y ) = 0, by ([10], Lemma 4.7).

Since there exist an exact sequence:

0→ B → Y ′1 → Y ′2 → · · · → Y ′m → 0

in modB with all Y ′i ∈ addYB. Note that AA|BA, so there exists an exact
sequence:

0→ A→ Y1 → Y2 → · · · → Ym → 0
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in modA with all Yi ∈ addYA. Hence we conclude that Y is an m-tilting
A-module.

Theorem 3.5. Let B be an excellent extension of an artinian algebra A
such that B centrally projective over A, then A is a tilted algebra if and only
if so is B.

Proof. Assume that A is a tilted algebra. Then there exists a 1-tilting
A-module T , such that gl.dimEndA T ≤ 1. By Lemma 3.1, addTA is closed
under submodules. We claim that add(T ⊗A B)B is closed under submodules.
It suffices to prove that any submodule of finite copies of (T ⊗A B)B is in

add(T ⊗A B)B. Let MB be a submodule of (T ⊗A B)
(t)
B for some t ≥ 1. By

Lemma 3.2.,(T ⊗A B)
(t)
A ∈ addTA, and so MA ∈ addTA. Hence, we have

(M ⊗A B)B ∈ add(T ⊗A B)B. By Lemma 2.3., we have MB|(M ⊗A B)B, and
therefore MB ∈ add(T ⊗A B)B, we obtain our claim. And by Lemma 3.1, we
have gl.dimEndB(T ⊗AB) ≤ 1. On the other hand, by Lemma 3.4(1), T ⊗AB
is a 1-tilting B-module, which implies that B is a tilted algebra.

Conversely, suppose that B is a tilted algebra, there exist is a 1-tilting B-
module X, such that EndB X is a hereditary algebra. By Lemma 3.4(2), XA

is a 1-tilting A-module. We claim that addXA is closed under submodules.
Let N be an submodule of Xm

A for some m ≥ 1. Because BA is a projective
A-module, N ⊗A B is isomorphic to a submodule of Xm ⊗A B. By Lemma
3.2., Xm⊗AB ∈ addXB, and so (N ⊗AB)A ∈ addXA. Since A is an excellent
extension, we have NA|(N ⊗A B)A, we get our claim. And so addR X is closed
under submodules. By Lemma 3.1, EndA X is a hereditary algebra. Therefore,
A is a tilted algebra.

By Lemma 2.4 and theoren 3.4, we have

Corollary 3.6 Let A be an artinian R-algebra. If A is an excellent exten-
sion of R, then R is a tilted algebra if and only if so is A.

We in a position to prove the tilting property of artin algebras under base
field extension.

Theorem 3.7. Let A be a finite dimensional K-algebra, and let F be a
finite separable field extension of K. Then A is a tilted algebra if and only if
A⊗K F is also a tilted algebra.

Proof. By Lemma 2.2., A⊗K F is an excellent extension of A. And A⊗K F
is centrally projective over A, by Lemma 2.4. It follows from by Theorem 3.5.

Acknowledgements. This research was partially supported by National
Nature Science Foundation of China (Grant No.11601304 ) and Foundation
for University Key Teacher by Henan Province (2019GGJS204).



Excellent extensions of tilted algebras 469

References

[1] M. Auslander, Representation dimension of Artin algebras, Queen Mary
College Mathematics Notes, 1971.

[2] M. Auslander, Coherent functor, in: Proceedings of the Confer-
ence on Categorical Algebra, Berlin, Springer-Verlag, 1966, pp.189-231.
https://doi.org/10.1007/978-3-642-99902-4 8

[3] H.L. Angeleri, D. Happel, H. Krause, Handbook of Tilting Theory, London
Mathematical Society Lecture Note Series332, Cambridge: Cambridge
Univ. Press, 2007.

[4] L. Bonami, On the Structure of Skew Group Rings, Algebra Berichte 48,
Munichen: Verlag Reinhard Fischer, 1984.

[5] S. Bonami, M.C.R. Brenner, Generalizations of the Bernstein-Gelgaang-
Ponomarev reflection functors, Lecture Notes in Mathematics 832, Berlin,
Springer-verlag, 1980, pp.103-169. https://doi.org/10.1007/bfb0088461

[6] F.U. Coelho, M.A. Lanzilotta, Algebras with small homological dimen-
sions, Manuscripta Mathematica, 100 (1999), 1-11.
https://doi.org/10.1007/s002290050191

[7] H.J. Fang, Normalizing extensions amd modules, Journal of Mathematical
Research and Exposition, 12 (1992), 401-406.

[8] L.G. Feng, Essential extensions, excellent extensions and finitely presented
dimension, Acta Mathematica Sinica, 13 (1997), 231-238.
https://doi.org/10.1007/bf02559962

[9] K. Hirata, Some types of separable extensions of ring, Nagoya Mathemat-
ical Journal, 33 (2016), 107-115.
https://doi.org/10.1017/s0027763000012885

[10] Z.Y. Huang, J.X. Sun, Invariant properties of representations under ex-
cellent extensions, Journal of Algebra, 358 (2012), 87-101.
https://doi.org/10.1016/j.jalgebra.2012.03.004

[11] D. Happel, C.M. Ringel, Tilted algebras, Transactions of the American
Mathematical Society, 274 (198), 399-443.
https://doi.org/10.2307/1999116

[12] Y. Miyashita, Tilting modules of finite projective dimension, Mathematis-
che Zeitschrift, 193 (1986), 113-146. https://doi.org/10.1007/bf01163359



470 Juxiang Sun

[13] Z.K. Liu, Excellent extensions and homological dimensions, Communica-
tions in Algebra, 22 (1994), 1741-1745.
https://doi.org/10.1080/00927879408824933

[14] D.S. Passman, The Algebraic Structure of Group Rings, Wiley-
Interscience, New York London-Sydney, 1977.

[15] M.M. Parmenter, P.N. Stewart, Excellent extensions, Communications in
Algebra, 16 (1988), 703-713. https://doi.org/10.1080/00927878808823597

[16] K. Sugano, Separable extensions and Frobenius extensions, Osaka Journal
of Mathematics, 7 (1970), 291-299.

[17] I. Reiten, C. Riedtmann, Skew group algebras in the representation theory
of Artin algebras, Journal of Algebra, 92 (1985), 224-282.
https://doi.org/10.1016/0021-8693(85)90156-5

[18] W.M. Xue, On almost excellent extensions, Algebra Colloquium, 3 (1996),
125-134.

Received: October 30, 2019; December 4, 2019


