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Abstract

Let X and Y be r× s and s× r matrices. In this paper we study va-
rieties defined by the matrix equation XY = I . We call these varieties
generalised affine Stiefel algebraic varieties. We show that the canon-
ical divisor of these varieties is Cartier using two different methods.
The main aim is to characterise the canonical divisor of these varieties
in terms of group representations. Affine Stiefel algebraic variety is a
special case of the generalised affine Stiefel algebraic varieties.

Mathematics Subject Classification: 14M17, 14J60, 20C15

Keywords: Stiefel manifold, Homogeneous spaces, Matrix equations, Vector
bundle

1 Introduction

Let G be an algebraic group. If G acts on a space M transitively, we say that
M is a homogeneous space of G. Let x ∈ M , the group elements fixing x is a
subgroup of G. We call this the stabiliser or isotropy subgroup. Equivalently,
a homogeneous space may be realised as a space of cosets of closed isotropy
subgroup of G. The geometric aspects of homogeneous spaces are often used
to study representation theory of algebraic groups. Many authors [3–8] have
studied homogeneous and quasi-homogeneous spaces in different contexts. For
weighted analogs of certain homogeneous spaces, see [9].
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Let X be an r × s matrix where r ≤ s. An affine Stiefel algebraic variety
is defined by the following matrix equation

XX tr = Ir×r.

Let X and Y be r× s and s× r matrices. We define a variety V ⊂ C2(r×s) by
the following matrix equation

XY = Ir×r.

We call this variety generalised affine Stiefel algebraic variety and denote it by
GSV (r, s) .
In this paper, we show that GSV (r, s) is a homogeneous space, an orbit of a
special vector which is not a weight vector.

In Section 2, proposition 1, we show that the canonical divisor of the gener-
alised affine Stiefel algebraic varietyGSV (r, s) is Cartier. Using a representation-
theoretic approach the canonical class of the GSV (r, s) is calculated in Section
3, Theorem 1.

2 The variety in Equations

Let X and Y be the r × s and s× r matrices as given below:

X =

x11 x12 · · · x1s
...

...
. . .

...
xr1 xr2 · · · xrs

 and Y =

y11 y12 · · · y1r
...

...
. . .

...
ys1 ys2 · · · ysr

 ,

where r ≤ s.
We define a variety V ⊂ C2(r×s) by the equation

XY = Ir×r.

If both X and Y are of maximal rank then V has codimension rs + r(s− r).
We show in Section 3 that V is a homogeneous space, the orbit of the vector(

X0 =
(
Ir×r 0r×(s−r)

)
, Y0 =

(
Ir×r

0(s−r)×s

))
,

under an action of G = GL(r)×GL(s). This is explained in Section 3.
If the rank of X and Y are maximal then we may suppose that the first

minor Xs1,··· ,sr of X is non vanishing. This nonzero minor can be used to
eliminate the first r rows of Y .
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In all other cases where rank X or rank Y drops, the condition XY = Ir×r
is not satisfied so it does not influence the calculaton of the canonical class of
V .
The tangent bundle and its dual, the cotangent bundle are the most important
vector bunbles on a smooth variety. Algebraic geometors traditionally work
with the cotangent bundle, which can be identified with the sheaf of Kähler
differentials. The canonical bundle is the top exterior power of the cotangent
bundle and its first Chren class is called the canonical class.

2.1 The canonical class of GSV (r, s)

For some r×r nonzero minor of X one can explicitly write the r rows of Y and
the remaining entries of Y and X are the coordinates. For example, suppose
that the first minor Xs1,··· ,sr of X is nonzero. Then first r rows of Y , y11,· · ·
,y1r, y21, y22,· · · ,y2r, · · · yr1, yr2,· · · ,yrr can be written using remaining entries
of X and Y . Using the same procedure for the second nonzero minor Xs2,··· ,sr+1

of X, we can solve for y21,· · · ,y2r, y31, n32,· · · ,y3r, · · · ,yr+1,1, yr+1,2,· · · ,yr+1,r.

Here we explicitly explain in terms of coordinates. Suppose
ζ1, . . . , ζrs, ξrs+1 · · · , ξrs+r(s−r) and µ1, . . . , µrs, µrs+1 · · · , µrs+r(s−r) are coordi-
nates on the two charts UXs1,··· ,sr 6=0 and UXs2,··· ,sr+1 6=0 of V The majority of the
coordinates between the two charts are common because these charts differ
only by one row of the Y and there are exactly rs + r(s − r) − r coordinates
in common. The coordinate transformation matrix J from one chart to the
other is given by

J =

(
Irs+r(s−r)−r×rs+r(s−r)−r 0rs+r(s−r)−r×r

Cr×rs+r(s−r)−r Dr×r

)
,

where the submatrix Cr×rs+r(s−r)−r is calculated by taking the first order par-
tial derivatives of the variables which are not in the intersection of two charts
with respect to the variables common in both the charts and D is the digonal

matrix with entries
Xs2,··· ,sr+1

Xs1,··· ,sr
and the determinant of the Jacobian matrix J

is

(
Xs2,··· ,sr+1

Xs1,··· ,sr

)r

.

Since the minor Xs1,··· ,sr is nonzero on the chart UXs1,··· ,sr
and similarly

Xs2,··· ,sr+1 is invertible on the chart UXs2,··· ,sr+1
. Suppose

σ1,··· ,r =
dζ1 ∧ · · · ∧ dζrs+r(s−r)

(Xs1,··· ,sr)
r

and similarly σ2,··· ,r+1 =
dµ1 ∧ · · · ∧ dµrt+r(s−r)

(Xs2,··· ,sr+1)
r

.

We put (Xs1,··· ,sr)
r in the denominator to simplify the deteminant of the Jaco-
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bian. The sheaf of the canonical differentials is

O(KV ) =

rs+r(s−r)∧
Ω1

V and O(KV ) |UXs1,··· ,sr 6=0
= OUXs1,··· ,sr 6=0

· σ1,··· ,r.

It is evident from calculations that σ1,··· ,r = σ2,··· ,r+1 and using the similar
calculations, defines σ = σi1,··· ,ir independently of i1, · · · , ir. Since σi1,··· ,ir is a

basis of
∧rt+r(s−r) Ω1

V and has no poles or zeros, because Xi1,··· ,ir is nonzero,
we have

KV = divisor(σ) = 0.

In the above discussion we have shown that there is an open cover {(UXi1,··· ,ir
)}

for the GSV (r, s), with transition functions
1

Xi1,··· ,ir
∈ k(UXi1,··· ,ir

)∗.

Furthermore
Xr

s1,··· ,sr
Xr

s2,··· ,sr+1

∈ O∗(UXs1,··· ,sr
∩UXs2,··· ,sr+1

) = O∗(UXs1,··· ,sr
,Xs2,··· ,sr+1

).

We summarise the discussion in the preceding section in the following propo-
sition.

Proposition 1. The canonical divisor of the generalised affine Stiefel algebraic
variety GSV (r, s) is Cartier.

3 The generalised affine Stiefel Variety GSV (r, s)

as a homogeneous space

In this section we understand the variety V as an orbit of a certain vector,
which is not a weight vector. We fix G = GL(r) × GL(s). Let Wr and
Ws be the natural representations of GL(r) and GL(s) of dimension r and s
respectively.

We wish to define an action of G = GL(r) × GL(s) on the representation
W = Hom(Wr,Ws) ⊕ Hom(Ws,Wr) that keeps V invariant. In coordinate-
free terms, X ∈ Hom(Wr,Ws) and Y ∈ Hom(Ws,Wr) and the action of
(A,B) ∈ G with A ∈ GL(r), B ∈ GL(s) is defined as follows,

X 7−→ AXB−1

Y 7−→ BY A−1.

If X and Y are full rank matrices then both X and Y can be written the
following form (

X0 =
(
Ir×r 0r×s−r

)
, Y0 =

(
Ir×r

0s−r×r

) )
.
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The isotropy subgroup of G that stabilises the vector v = (X0, Y0) is given by

H = Stab(v) =

{
(A,B)

∣∣∣∣B =

(
A 0
0 ∗s−r

)}
,

where no restriction on this block represented (∗). It can be noticed that v is
not a weight vector. Here G acts transitively and

V = G/H ' G · v ↪→ W.

The generalised affine Stiefel algebraic variety GSV (r, s) is a homogeneous
space under this action of G.

3.1 The Weyl group

To understand representations of the group G = GL(r) × GL(s) one can
use the Weyl group W (G) ∼= Sr × Ss. It is obvious from Section 3 that
W = Hom(Wr,Ws)⊕Hom(Ws,Wr) is a representation of G. Here we explain
action of the Weyl group. The groups Sr and Ss act on any X ∈ Hom(Wr,Ws)
from the left and right respectively and permute the rows and the columns of
X. Similarly, Ss permutes the rows of Y ∈ Hom(Ws,Wr) when acts on Y
from the left and the columns are permuted when Sr acts from right.

3.2 The Weyl group and torus action

The maximal torus T ⊂ G given below

T =

[
TA =


a11 0 · · · 0
0 a22 · · · 0
...

...
. . .

...
0 0 · · · arr

 , TB =


b11 0 · · · 0
0 b22 · · · 0
...

...
. . .

...
0 0 · · · bss


]

acts on

X11 =

(
x11 01×s−1

0r−1×1 0r−1×s−1

)
and Y11 =

(
y11 01×r−1

0s−1×1 0s−1×r−1

)
as explained in section 3. Under this action X11 is a weight vector with weight
a11
b11

and Y11 has weight b11
a11

.
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3.3 A representation theoretic approach to calculate the
canonical class

For the maximal torus T ⊂ G, the canonical differential σ1,··· ,r =
dζ1 ∧ · · · ∧ dζrs+r(s−r)

(Xs1,··· ,sr)
r

is a weight vector with weight 1. Similarly all the

σ = σi1,··· ,ir are weight vectors with unit weight. But the stabiliser H is not
normalised by the maximal torus T ⊂ G. If we take TH = T ∩NH , where NH

is the normaliser of H then TH{
TA, TB =

(
TA 0r×s

0s×r ∗s−r×s−r

)}

acts on σ1,··· ,r =
dζ1 ∧ · · · ∧ dζrs+r(s−r)

(Xs1,··· ,sr)
r

and σ1,··· ,r =
dζ1 ∧ · · · ∧ dζrs+r(s−r)

(Xs1,··· ,sr)
r

is a

weight vector having weight equal to 1.

Let g and h be the Lie algebras of G and H respectively. The tangent
space TG/H to G/H at the identity H can be identified with the quotient
vector space g/h , and the tangent space to any other coset gH ∈ G/H is
obtained by g/ghg−1. The canonical class of the variety G/H is

KG/H = divisor(

rs+s(s−r)∧
T∨G/H).

We write the weight of the canonical differential KG/H as a product of those
weights of G those are not weights of H.

Theorem 1. The weight of the canonical differential KG/H is 1.

Proof. In total, there are rs + s(s− r) weights that are weights of G but not
of H. We show that their product is 1.

Each asterisk block in the following matrix corresponds to weight spaces of
G that are not the weight spaces for H,(

∗r×r ∗r×s−r
∗s−r×r 0s−r×s−r

)
.

The product of weights coming from the top left blok is equal to 1. Also for
every weight corresponding to a weight space in the top right block there is
the reciprocal of that coming from the left bottom block. Hence the product
of all the weights is 1.

This shows when TH acts on g/h the weight of the canonical differential 1.
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4 Special cases of GSV (r, s)

Stiefel Varietiy: Let X be a r× s matrix and Y be the transpose of X given
by

X =

x11 x12 · · · x1s
...

...
. . .

...
xr1 xr2 · · · xrs

 and Y =

x11 x21 · · · xr1
...

...
. . .

...
x1s x2s · · · xrs

 .

The variety defined by XY = XX tr = Ir×r is a Stiefel manifold.

5 Future Applications of Generalised Stiefel

Varieties

Many authors have proposed suitable algebraic structures to obtain good pack-
ings on a complex Stiefel manifolds by numerical methods, see [2] for further
details. In future one can try to understand what happens in case of gener-
alised Stiefel manifolds.

In [1] authors have developed various algorithms on the Stiefel and Grass-
mann manifolds. The above mentioned methods may be developed on the
generalised Stiefel manifolds as well.
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