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Abstract

Let p > 2 be prime, Qp be the field of p-adic numbers, and K be the unramified

quadratic extension of Qp. Amano (1971) has characterized the degree p extensions

L of K, up to K-isomorphism. We refine Amano’s results by determining those L

which remain nonisomorphic when defined over Qp. For each of the (p3 + 2p2− p)/2
such isomorphism classes, we give a canonical defining Eisenstein polynomial of

degree p defining the relative extension L/K, the Galois group of this Eisenstein

polynomial, the automorphism group of L/Qp, and the absolute tame ramification

index and inertia degree of the Galois closure of L/Qp. As an application, we com-

pute Galois groups for the case p = 11, extending previous results.
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1. Introduction

For an odd prime number p and K a finite extension of the field Qp of p-adic
numbers, there are only finitely many nonisomorphic extensions of K of a fixed
degree; a consequence of Krasner’s lemma [8]. Amano [1] has determined one
defining Eisenstein polynomial for each of the isomorphism classes of degree p
extensions of K. See [7] for an explicit description of these polynomials in the
case K = Qp, along with their Galois groups.
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Table 1. Let K = Qp(t) denote the unramified quadratic ex-
tension of the p-adic numbers, p > 2. The following table
gives the number of K-isomorphism classes and Qp-isomorphism
classes of totally ramified degree p extensions of K.

p = 3 5 7 11 13 17 19 23 29

K 33 145 385 1441 2353 5185 7201 12673 25201
Qp 21 85 217 781 1261 2737 3781 6601 13021

But how many of these extensions remain nonisomorphic over Qp? In gen-
eral, the answer is certainly not all, as can be readily deduced from Amano
and Monge’s formula [9] for the number of isomorphism classes of extensions
of p-adic fields.

The purpose of this paper is to study the case where K is the unramified
quadratic extension of Qp. For explicit counts for 3 ≤ p ≤ 29, see Table 1.
From Amano, we know the total number of K-isomorphism classes is p3+p2−p,
while from Monge we know the total number of Qp isomorphism classes is (p3+
2p2− p)/2; thus just over half of the extensions over K remain nonisomorphic
over Qp.

In Section 2, we make explicit the results of Amano by giving a canoncial
Eisenstein polynomial defining the nonisomorphic degree p extensions over the
unramified quadratic extension of Qp; this is analogous to what is accomplished
in [7] where the base field there is Qp. Our Eisenstein polynomials are obtained
using the ideas of [14], which in turn are based on the idea of reduced Eisenstein
polynomials found in [10]. The Galois group of each degree p polynomial is
a semi-direct product of the form Cp o Cd. Here d is a divisor of p − 1 and
is also the tame degree of the Galois closure of the corresponding degree p
extension. For each degree p extension, we compute the p-adic valuation of
the discriminant as well as the tame degree d using [6]. These results together
offer a more refined version of Monge’s formula [9] for counting isomorphism
classes of p-adic fields, which does not take into account discriminant or Galois
group.

In Section 3, we determine which degree p extensions over K actually define
nonisomorphic extensions of Qp. Our main tool is Panayi’s root finding algo-
rithm [12, 13]. Since we are merely extracting defining polynomials from the
list given in Section 2, we also obtain for free the discriminant of the extension
as well as the Galois group of the relative degree p extension. Furthermore,
for each degree p extension L, we compute the automorphism group of L/Qp

(using [12]) along with the ramification index and inertia degree of the Ga-
lois closure of L/Qp (using [6]). We do not determine Galois groups of the
extensions L/Qp in general, though such information is known for p < 11. In
Section 4, we determine Galois groups for the case p = 11, extending previous
research in this area (cf. [3, 7]).
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Table 2. Eisenstein polynomials defining the p3 + p2 − p non-
isomorphic totally ramified extensions of the unramified qua-
dratic extension K = Qp(t) of Qp for primes p > 2. The p-
adic valuation of the discriminant of each polynomial equals
p + j − 1. The Galois group of each polynomial is Cp o Cd

where d = (p − 1)/ gcd(gcd(j, p − 1), a); with a being specified
in the table. Note, * indicates the interval only includes integers
that are multiples of p− 1. The column # gives the number of
nonisomorphic extensions.

j Polynomial a b #

[1, p− 2] xp + tapxj + p [1, p2 − 1] (p− 2)(p2 − 1)

p− 1
xp + pxj + bp2t + p 0 [0, p− 1] p
xp + tapxj + bp2 + p [1, p2 − p]* [1, p− 1] p2 − p

xp + tapxj + p [1, p2 − 2] p2 − 2

p
xp + p 0 1

xp + tap2x + p [0, p2 − 2] p2 − 1

Notation. For the remainder of the paper, we fix an algebraic closure Qp of

Qp, and we let vp denote the unique valuation over Qp such that vp(p) = 1.

2. Degree p extensions over the unramified quadratic p-adic
field

Let K be the unramified quadratic extension of Qp with primitive element t.
For a totally ramified extension L of K of degree p, the p-adic valuation of the
discriminant of L equals p+ j− 1, for some 1 ≤ j ≤ p; this is a consequence of
Ore’s Conditions [11,13]. The following result gives one Eisenstein polynomial
per isomorphism class of extensions L.

Theorem 2.1. Let K = Qp(t) be the unramified quadratic extension of Qp.
There are a total of p3+p2−p degree p extensions of K, up to K-isomorphism.
The discriminant valuation of each extension is p + j − 1 for some 1 ≤ j ≤
p. For each extension, the value j and a defining Eisenstein polynomial are
given in Table 2. Let m = gcd(j, p − 1). The Galois group (over K) of each
polynomial is isomorphic to Cp o Cd where d = (p − 1)/ gcd(m, a) and a is
listed in Table 2.

Proof. The Eisenstein polynomials are derived from [14], where they are shown
to define non-isomorphic extensions. This fact, combined with the formula in
[9] shows that the polynomials in Table 2 are in one-to-one correspondence with
the totally ramified degree p extensions of K. Galois groups of solvable degree
p polynomials are well-known to be of the form CpoCd where d divides p− 1;
see for example [15]. Determining d is equivalent to determining the degree
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of the maximal tamely ramified subfield of the Galois closure of L/K. This
computation is straightforward for degree p extensions, as described in [6]. �

As an immediate consequence, we can determine explicitly all polynomials
defining cyclic extensions of degree p over K (up to isomorphism), by noting
which values of a and j result in d = 1, as demonstrated in Corollary 2.2.

Corollary 2.2. Let K = Qp(t) be the unramified quadratic extension of Qp.
There are p2+p cyclic degree p extensions of K, up to K-isomorphism. Eisen-
stein polynomials defining these extensions are as follows:

(1) xp + pxp−1 + bp2t + p for 0 ≤ b ≤ p− 1;
(2) xp + ta(p−1)pxp−1 + bp2 + p for 1 ≤ a ≤ p and 0 ≤ b ≤ p− 1.

3. Degree 2p extensions with ramification index p

In the previous section, we determined an explicit characterization of the
totally ramified degree p extensions of the unramified quadratic extension K
of Qp, finding p3 + p2 − p such extensions up to K-isomorphism. In this
section, we show that (p3 + 2p2 − p)/2 remain nonisomorphic when viewed as
absolute extensions over Qp. For an extension L/Qp with ramification index
p and inertia degree 2, the p-adic valuation of the discriminant of L equals
2(p + j − 1) for some 1 ≤ j ≤ p; this again being a consequence of [11, 13].
The following result gives one Eisenstein polynomial per isomorphism class of
such extensions, along with other invariants of the extensions.

Theorem 3.1. Let K = Qp(t) be the unramified quadratic extension of Qp.
There are a total of (p3 + 2p2 − p)/2 nonisomorphic extensions of Qp with
ramification index p and inertia degree 2. Each extension can be realized as a
totally ramified degree p extension of K. The discriminant valuation of each
extension is 2(p + j − 1) for some 1 ≤ j ≤ p. For each extension, the value
of j, an Eisenstein polynomial defining the degree p relative extension, and
the automorphism group are given in Table 3. Let m = gcd(j, p − 1). The
Galois group (over K) of each polynomial is isomorphic to Cp o Cd where
d = (p − 1)/ gcd(m, a), where a is listed in Table 3. The maximal tamely
ramified subfield of the Galois closure of each extension has ramification index
e = (p − 1)/m and inertia degree f = 2m/ gcd(m, a). The size of the Galois
group is either pef or p2ef .

Proof. That the polynomials define distinct extensions is a consequence of
Panayi’s algorithm [12, 13], which is used to determine how many roots of
one polynomial are contained in another polynomial’s extension field. If a
polynomial has a root in another polynomial’s extension field, they define
isomorphic extensions. This fact, combined with the formula in [9], shows
that the polynomials in Table 3 are in one-to-one correspondence with the
extensions of Qp that have ramification index p and inertia degree 2. Relatedly,
we can also use Panayi’s algorithm to determine automorphism group size. The
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Table 3. The (p3 + 2p2− p)/2 nonisomorphic extensions of Qp

with ramification index p and inertia degree 2 can be represented
as a tower L/K/Qp where L/K is totally ramified of degree p and
K/Qp is the quadratic unramified extension. Eisenstein polyno-
mials defining each L/K are given. The p-adic valuation of the
discriminant of each extension equals 2(p+ j−1). For automor-
phism groups, Cn denotes the cyclic group of order n and Dn

denotes the dihedral group of order 2n. Note, * indicates the
interval only includes integers that are multiples of p− 1, while
** indicates the interval excludes integers that are multiples of
p− 1. The column # gives the number of nonisomorphic exten-
sions.

j Polynomial Aut #

[1, p− 2] xp + tapxj + p
C1 if a ≤ p− 1 (p− 2)(p− 1)
C2 if (p + 1) | a (p− 2)(p− 1)
C1 otherwise (p− 2)2(p− 1)/2

p− 1

xp + pxj + bp2t + p
Dp if b = 0 1
Cp otherwise (p− 1)/2

xp + tapxj + cp2 + p
C2p if a = (p2 − 1)/2 p

Cp otherwise (p2 − p)/2

xp + tapxj + p
C2 if (p + 1) | a (p− 3)
C1 otherwise (p− 1)2/2

p
xp + p C2 1

xp + tap2x + p
C2 if (p + 1) | a p
C1 otherwise (p2 − p− 2)/2

Polynomial a b c

xp + tapxj + p
[1, p− 1]

[b(p + 1), (b + 1)p− 1] [1, p− 1]
xp + pxj + bp2t + p 0 [0, (p− 1)/2]
xp + tapxj + cp2 + p [b(p + 1), (b + 1)p− 1]* [0, p− 1] [0, p− 1]

xp + tapxj + p [b(p + 1), (b + 1)p− 1]** [0, p− 1]
xp + p 0

xp + tap2x + p [b(p + 1), (b + 1)p− 1] [0, p− 2]

automorphism group is uniquely determined if its size is 1, 2, or p; being cyclic
in these cases. The fact that the absolute extension determined by xp+pxp−1+p
has Galois group Dp is a consequence of the classification of dihedral degree p
extensions of Qp, as described in [2] for example. That the other p extensions
with automorphism group size 2p are cyclic follows now from Local Class Field
Theory, which states that there should be precisely p of them.

Let m = gcd(j, p − 1). That the Galois groups are given by Cp o Cd with
d = (p − 1)/ gcd(m, a) follows from Theorem 2.1. Computing the maximal
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tamely ramified subfield of the Galois closure of each polynomial is described
in [6], as is the method for computing the ramification index and inertia degree
of this tame field. Since each extension contains a quadratic subfield, the Galois
group is a subgroup of the wreath product (Cp oCp−1) oC2, and therefore the
p-adic valuation of the size of the Galois group is a divisor of two. �

As an immediate consequence, we can again determine explicitly polynomi-
als defining Galois extensions of degree 2p over Qp with ramification index p
and inertia degree 2, up to isomorphism. These are precisely those extensions
from Table 3 whose automorphism group is either Dp or C2p.

Corollary 3.2. Let K = Qp(t) be the unramified quadratic extension of Qp,
and let L/K be a totally ramified extension of degree p such that L/Qp is a
Galois extension. There are p + 1 such extensions, up to isomorphism. In
case, the Galois group is dihedral; in the other cases, it is cyclic. Each such
extension can be uniquely determined by an Eisenstein polynomial defining the
relative extension L/K.

(1) The unique dihedral extension is defined, over K, by xp + pxp−1 + p.
(2) The cyclic extensions are defined, over K, by the polynomials

xp + t(p
2−1)/2pxp−1 + bp2 + p,

for 0 ≤ b ≤ p− 1.

4. Galois groups in the case p = 11

In the previous section, we determined polynomials defining the nonisomor-
phic extensions of Qp with ramification index p and inertia degree 2. Con-
cretely, this is accomplished by taking resultants of the polynomials defining
the totally ramified degree p relative extensions in Table 3 with the polyno-
mial defining the unramified quadratic extension of Qp. We also determined
the automorphism group of each extension as well as the ramification index
e and inertia degree f of the maximal tamely ramified subfield of the exten-
sion’s Galois closure. For non-Galois extensions, we did not determine Galois
groups, which is in general a difficult problem; though we do note that the
size of the Galois group is either pef or p2ef . Previous research in this area
has determined Galois groups for p = 3, 5, and 7; cf. [3, 7]. In this section, we
determine Galois groups for the next case, p = 11.

Let f(x) be an irreducible polynomial defining a degree-22 extension of Q11

with ramification index 11 and inertia degree 2, and let G be the Galois group
of f(x) over Q11. Since the elements of G act as permutations on the roots of
f , we can consider G to be a subgroup of S22. The group G is well-defined up
to conjugation, since different orderings of the roots correspond to conjugate
subgroups of G in S22. Since f is irreducible, G is a transitive subgroup of S22.
Therefore our aim is to identify G among the 59 transitive subgroups of S22,
following the naming convention that is implemented in [4, 5]. For example,
the group 22T1 is the cyclic group of order 22.
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To compute Galois groups of extensions, we make use of three invariants:
parity, tame degree, and Galois groups of degree 11 subfields, which we describe
below. By the Fundamental Theorem of Galois Theory, each of these invariants
corresponds both to a polynomial invariant and a group invariant.

• The parity of a group G is + if G is a subgroup of A22 and − otherwise.
The parity of a polynomial is + if its discriminant is a perfect square
in Q11 and − otherwise. We use [5] to determine parity of groups.
To compute the parity of a polynomial, suppose the discriminant is
d = 11nu, where gcd(11, u) = 1. Then the parity is + if both n is even
and u is a quadratic residue modulo 11; it’s − otherwise.
• If the size of G is 11nu with gcd(11, u) = 1, then the tame degree of
G is u. Note that 11nu is also the degree of the splitting field of the
polynomial. We compute the tame degree of a group using [5], and we
compute the tame degree of a polynomial using [6].
• Let K/Q11 be the field extension defined by f(x). We can determine

subfields of degree 11 of K using Panayi’s algorithm to test whether
any of the 122 degree 11 extensions of Q11 are subfields of K. If such
a subfield exists, it will be unique, and the Galois group of its Galois
closure is easily determined by [1,7]. On the group theory side, degree
11 subfields correspond to subgroups H of G that contain the point
stabilizer of 1 in G and whose index in G is 11. The Galois group of the
Galois closure is equal to the image of the permutation representation
of G acting on the cosets G/H; which can be readily computed in [5].

We are now ready to present our algorithm for computing Galois groups of
polynomials defining degree 22 extensions of Q11 with ramification index 11
and inertia degree 2.

Theorem 4.1. Let f(x) be an irreducible polynomial of degree 22 defined over
Q11 and let K be its extension field. Let G be the Galois group of f(x), iden-
tified as a transitive subgroup of S22. Then G is uniquely determined by the
parity, tame degree, and Galois group of the degree 11 subfield of the extension
defined by f(x), as listed in Table 4. Only the Galois groups listed in this table
are possible. The column # gives the total number of isomorphism classes with
the specified Galois group.

Proof. Using the theory of ramification groups (cf. [16]), we see that G must be
solvable, containing a solvable normal subgroup G0 such that G/G0 is cyclic.
The subgroup G0 contains a normal subgroup G1 such that G1 has order a
power of 11 and G0/G1 is cyclic of order dividing 11[G:G0]−1. This leaves only
the following 20 groups as possibilities, listed by T number: 1, 2, 3, 4, 5, 6, 7,
8, 9, 10, 11, 12, 15, 16, 17, 18, 20, 21, 24, 25.

Direct computation on the polynomials defining the 781 isomorphism classes
of degree 22 extensions of Q11 with ramification index 11 and inertia degree 2
shows that the tame degree is less than or equal to 20 and not equal to 8. This
removes the groups: 10, 20, 21, 24, 25. Furthermore, from the classification
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Table 4. Invariant data for transitive subgroups of S22 that can
occur as the Galois group of a polynomial defining an extension
of Q11 with ramification index 11 and inertia degree 2. The
column T gives the transitive number of the group, as listed
in [4,5], Size gives the order of the group, Tame gives the prime-
to-11 factor of the order of the group, Parity is + if the group
is a subgroup of A22 and − otherwise, and Sub gives the Galois
group of the degree 11 subfield of the extension field, if one exists,
and is blank otherwise. The final column gives the total number
of isomorphism classes with the specified Galois group.

T Size Tame Parity Sub #
1 22 2 − 11T1 11
2 22 2 − 11T2 1
3 44 4 − 11T2 2
4 110 10 − 11T4 24
5 110 10 − 11T3 24
6 220 20 − 11T4 59
7 242 2 − 60
8 484 4 + 12
9 484 4 − 5
11 1210 10 − 120
15 2420 20 − 175
18 2420 20 + 288

of tamely ramified extensions of Q11 of degree 5 (see [7] for example), we see
there are no such extensions whose Galois group is 5T2 (D5). Thus we can
rule out groups G that have an index 5 subgroup H such that the image of
the permutation representation of G acting on G/H is isomorphic to D5. This
rules out: 12, 16, 17.

Therefore, there are only 12 possibilities that remain. These T numbers are:

1, 2, 3, 4, 5, 6, 7, 8, 9, 11, 15, 18.

Direct computation on the polynomials defining the 781 isomorphism classes
of extensions shows that the counts in Table 4 are indeed accurate.

�

We are also including a more refined count of the extensions by Galois group
T-number and j value of the discriminant. See Table 5. Individual data for
all polynomials is available by emailing the authors.
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Table 5. Counts of isomorphism classes of degree 22 extensions
of Q11 with ramification index 11 and inertia degree 2. The 11-
adic valuation of the discriminant of each extension is 2(10 + j),
where j is specified in the table. The Galois group of the Galois
closure of each extension is given by its T number, following [4,5].

j = 1 2 3 4 5 6 7 8 9 10 11 Total
T = 1 11 11

2 1 1
3 2 2
4 5 5 5 5 4 24
5 5 5 5 5 4 24
6 10 10 8 10 10 11 59
7 60 60
8 6 6 12
9 5 5
11 25 25 25 25 20 120
15 25 25 20 25 25 55 175
18 30 30 30 30 24 30 30 30 30 24 288

Total 65 65 65 65 65 65 65 65 65 130 66 781
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