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Abstract

By using the well-known processes of isotopy and Cayley-Dickson duplication,

we plunge every two-dimensional real division algebra into an algebra isotopic to H
and every real division algebra isotopic to H into an algebra isotopic to O. Also

these processes permit us to show that every four-dimensional real power com-

mutative division algebra, not necessarily isotopic to H, can be embedded into an

eight-dimensional real division algebra which is power commutative. This partially

answers a question asked in J. Algebra 282 (2004), 758-796. Such an embedding

is refined in a way to provide examples where the triviality of the Lie algebra of

derivations is preserved.
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1. Introduction

One of the fundamental and powerful results in the theory of real division
algebras (RDA) asserts that every finite dimensional RDA has dimension equal
to 1, 2, 4, or 8 [9, 26, 24]. The classification of RDA of dimension d is known
for d ∈ {1, 2} and is partial for d ∈ {4, 8}. Concretely, it is established, by
mean of algebraic tools, that an odd dimensional RDA is isomorphic to R
[36, Proposition 1.2]. The case d = 2 was elucidated only a decade ago by
establishing that a RDA of dimension 2 is isotopic to C [5, 25, 21]. However,
the classification of RDA of dimension d = 4 or 8 is still an open problem and
we have only some partial results. Indeed,
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(1) for d = 4, we have a classification of absolute-valued algebras [33, 36,
12], and power-commutative RDA [15, 18], including both quadratic
RDA [30, 20, 22] and flexible RDA [29, 8, 13, 14],

(2) the case d = 8 is more difficult and there is only a classification of
absolute-valued algebras [35, 11] and flexible RDA [29, 8, 13, 14].

In [6], another approach has been proposed for the study of a RDA using
its Lie algebra of derivations. This approach leads to some partial results
[7, 34, 23, 31, 16, 2]. One can also find some studies in dimension 4 in [10,
(15.7), p. 179] and [3, 4, 38].

Here, we study the embedding problem of a RDA as subalgebras of another
RDA. The existence of non-zero idempotents in every RDA (see [37]) shows
that any 1-dimensional RDA can be embedded into every RDA of dimension
n ≥ 2. It has been proved in [23, Theorem 4.2] that every RDA of dimension
2 can be embedded into a RDA of dimension 4 and 8. So it is natural to ask
if every RDA of dimension 4 can be embedded into some RDA of dimension
8. This problem appeared in [23, Problem 2, p. 793].

Our starting point is a refinement of [23, Theorem 4.2]. By using isotopy and
Cayley-Dickson duplication process, we prove that every 2-dimensional RDA
can be embedded into a 4-dimensional RDA which is isotopic to H (Propos-
ition 2 (1)). However, unlike 2-dimensional algebras there are 4-dimensional
quadratic flexible RDA that are not isotopic to H (Remark 1). With the same
method we show that every 4-dimensional RDA isotopic to H can be embedded
into an 8-dimensional RDA which is isotopic to O (Proposition 2 (2)).

Also, by using the fact that every quadratic RDA of dimension 4 is embedded
via the Cayley-Dickson process into a quadratic RDA of dimension 8 (see [28]),
we show that any power commutative RDA of dimension 4, not necessarily
isotopic to H, can be embedded into a power commutative RDA of dimension
8 (Theorem 1).

These results gives a partial answer to [23, Problem 2, p. 793]. Moreover,
by using a well known generalized Cayley-Dickson process (see [13, Definition
3.1]) the embedding is refined in a way to provide examples where the finite-
ness of the group of automorphisms, and then the triviality of the algebra of
derivations is preserved

(
Example 2 (1)

)
. This provides new examples of 8-

dimensional RDA with both trivial derivations
(
Example 2 (1)

)
and non-trivial

derivations
(
Example 2 (1), (2), (3)

)
.

Also, there are a family of four-dimensional RDA which are neither iso-
topic to H nor third-power associative but can be embedded into an eight-
dimensional RDA (Proposition 3).

Each of the known 4-dimensional RDA can be embedded into an 8-dimensional
RDA. It may be conjectured that every 4-dimensional real division algebra can
be embedded into an 8–dimensional RDA.
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2. Embedding real division algebras via isotopy and generalized
Cayley-Dickson duplication

In this section, we use the well-known isotopy process and generalized Cayley-
Dickson duplication to derive some results on how to embed real division al-
gebras.

All the vector spaces in this paper are finite-dimensional over the field R of
real numbers. A non-associative algebra is a vector space A endowed with a
bilinear map A×A→ A called product of A. The algebra A is called a real
division algebra (RDA) if the linear multiplications on the left and right

La : A→ A x 7→ ax, Ra : A→ A x 7→ xa

are invertible for each non-zero element a ∈ A.
We denote by C,H,O, respectively, the RDA of complex numbers, qua-

ternions and octonions. If V is a vector space and f, g : V → V two en-
domorphisms. We will denote by (f, g) the linear mapping V × V → V ×
V (x, y) 7→

(
f(x), g(y)

)
, by IV : V → V the identity of V and by Span{a1, . . . , an}

the vector subspace spanned by a1, . . . , an ∈ V .
Let A be an algebra and f, g, φ, ω : A → A linear bijections and δ ∈ R.

There are two processes of building two types of algebras from A.

(1) The (f, g)-isotope of A is the algebra we denote by Af,g whose under-
line vector space is A endowed with the product x�y = f(x)g(y). It is
obvious that A is a division algebra if and only if Af,g is a division al-
gebra. The notion of isotopy was introduced first by Albert [1, Section
11, p. 696.].

(2) The duplication of A via the generalized Cayley-Dickson process is the
algebra whose underline vector space is A×A endowed with the product

(x, y)
δ∗ (x′, y′) =

(
xx′ − φ(y′)y, yω(x′) + y′x+

δ

2
[y′, y]

)
.

We denote this algebra by Eδ,φ,ω(A). We have obviously that iA : A −→
Eδ,φ,ω(A), x 7→ (x, 0) is a monomorphism of algebras.

In the sequel Eδ,φ,φ(A) will be noted simply Eδ,φ(A).

Note that the algebras E0,σC(C), E0,σH(H) are, respectively, the qua-
ternion algebra H and the octonion algebra O, where σA : x 7→ x is
the standard involution of the algebra A. Moreover, when A = H
and φ = σH, Eδ,σH(H) a division algebra if and only if |δ| < 2 (see [8,
Proposition 5.16] and [13, Remark 3.2]).

The following proposition is easy to establish but can have some important
consequences.

Proposition 1. With the notation above, put F = (f, IdA) and G = (g, IdA).
Then iA : Af,g −→

(
Eδ,φ,ω(A)

)
F,G

is a monomorphism of algebras.

The following is an immediate consequence of Proposition 1.
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Proposition 2. (1) Every two-dimensional real division algebra A can be
embedded into a four-dimensional real division algebra isotopic to the
quaternion algebra H.

(2) Every real division algebra isotopic to the quaternion algebra H can be
embedded into an eight-dimensional real division algebra isotopic to the
octonion algebra O.

Proof. The second assertion is obvious and the first one is a consequence of the
fact that every two-dimensional real division algebra A is isotopic to C (see
[25]). �

Recall that an algebra A is said to be quadratic if it contains an unit element
e and e, x, x2 are linearly dependent for all x ∈ A. It is well known that
A is obtained from a skew-commutative algebra (V,∧) and a bilinear form
(., .) : A× A→ R by endowing the vector space Re⊕ V with the product

(αe+ u)(βe+ v) =
(
αβ + (u, v)

)
e+

(
αv + βu+ u ∧ v

)
and we write A =

(
V,∧, (., .)

)
[30, Theorem 1]. The associated space V of

vectors of A is given by

V =
{
x ∈ A : x2 ∈ Ke and x /∈ Ke− {0}

}
and denoted Im(A) [24, p. 223]. A quadratic algebra A =

(
V,∧, (., .)

)
is called

a Cayley algebra if and only if it satisfies one of the following two equivalent
properties:

(1) Its splitting defines an involution σA : A −→ A, λe+ x 7→ λe− x.
(2) (., .) is a symmetric bilinear form.

Let A be a quadratic RDA with unit 1. A linear bijection T : A→ A is called
planar if T (1) = 1, and T (x) ∈ Span{1, x} for all x ∈ A or, equivalently, there
exists λ ∈ R \ {0} and α ∈ A∗ such that, for every x ∈ A, T (x) = α(x) + λx
with α(1) = 1− λ.

It is worth noting that if A is a quadratic RDA then

Im(A) =
{
x ∈ A : x2 ∈ R−.1

}
. (2.1)

An algebra A is said to be flexible if it satisfies (xy)x = x(yx) for all x, y in A.
It is called power-commutative if every element of A generates a commutative
sub-algebra of A.

Theorem 1. Every four-dimensional power-commutative real division algebra
can be embedded into an eight-dimensional real division algebra which is also
power-commutative.

Proof. Let B be a 4-dimensional power-commutative RDA. It is known that
B = AT,T where A is a quadratic RDA and T : A → A is a planar mapping
(see [15]).
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According to the notations in [28, Proposition 4.5]1, there is an embedding
of A into the 8-dimensional quadratic RDA: V(A) (see also [30, p. 202 and
Theorem 7]). Write T (x) = α(x) + λx and consider

(T, λIA) : V(A)→ V(A) (x, y) 7→
(
T (x), λy

)
.

It is obvious that T (x, y) = α(x)(1, 0) + λ(x, y) and hence T is planar. So(
V(A)

)
(T,λIA),(T,λIA)

is an eight-dimensional power-commutative RDA [15, The-

orem 3.3] containing a sub-algebra isomorphic to AT,T = B. �

Remark 1. There are 4-dimensional quadratic flexible real division algebras
which are not isotopic to the algebra H. Indeed, for every real number λ the
mutation algebra H(λ) := (H, •) (x • y = λxy + (1− λ)yx) is a real quadratic
flexible algebra with unit element 1. If, moreover, λ is different from 1

2
then

H(λ) is a division algebra. If, in addition, λ 6= 0, 1 then H(λ) is not associative
and cannot be isomorphic to the associative algebra H [27, p. 53]. However,
the algebra H(λ) is trivially embedded into the algebra O(λ).

Next, we need the following preliminary result:

Lemma 1. Let
(
Im(H),∧, (., .)

)
be the associative Cayley real division algebra

H and let ψ : H→ H be a linear bijection such that

(1) ψ(1) = 1.
(2) ψ leaves invariant Im(H), and
(3) ψ has positiv spectrum.

Then E0,σH,ψσH(H) is a division algebra.

Proof. Let x, y, x′, y′ be arbitrary elements of H with (x, y) 6= (0, 0) such that
(x, y)(x′, y′) = (0, 0). We can assume, without lost of generality, that y 6= 0.
We have

(x, y)(x′, y′) = (0, 0)⇔
{
xx′ − y′y = 0 (1)
yψ(x′) + y′x = 0 (2)

So

0 = −y′(xx′ − y′y) + (yψ(x′) + y′x)x′

= |y′|2y + yψ(x′)x′

= y
(
|y′|2 + ψ(x′)x′

)
and consequently

1 Here the concept of Cayley-Dickson process was used from an arbitrary 4-dimensional
real quadratic (not necessarily cayley) division algebra A.
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|y′|2 + ψ(x′)x′ = 0. (2.2)

Write x′ = α + u, we have

ψ(x′)x′ =
(
α− ψ(u)

)
(α + u)

= α2 + α
(
u− ψ(u)

)
− ψ(u)u.

As ψ(x′)x′ = −|y′|2 is a scalar, its vector part α
(
u− ψ(u)

)
− ψ(u)∧ u must

vanish. So ψ(u), u are linearly dependent [30, Theorem 3 (iii)], that is u is an
eigenvector of ψ associated to a positive eignevalue λ. Thereby α

(
u−ψ(u)

)
= 0

and we have:

0 ≤ α2 − λu2 by (2.1)

= ψ(x′)x′

= −|y′|2

≤ 0.

So y′ = 0 and also is x′. �

Corollary 1. Let ψ be an endomorphism of space H whose matrix with respect
to the canonical basis {1, i, j, k} is diag{1, α, β, γ} where α, β, γ are positive real
numbers. Then E0,σH,ψσH(H) is an eight-dimensional real division algebra. �

An algebra A is said to be third-power associative if it satisfies xx2 = x2x
for all x in A.

Example 1. Let α, β, γ, α′, β′, γ′ be non-zero real numbers and denote by
H(α, β, γ, α′, β′, γ′) := (H,�) the real algebra A having a basis {1, i, j, k} for
which the multiplication is given by the table

� 1 i j k
1 1 i j k
i i −1 γk −β′j
j j −γ′k −1 αi
k k βj −α′i −1

[10, (15.7), p. 179]. It is shown that if α, β, γ, α′, β′, γ′ are all positive and
α + β + γ − αβγ = α′ + β′ + γ′ − α′β′γ′ then (H,�) is a division algebra [10,
Theorem 15A, p. 180]. Moreover, (H,�) has an unit element 1. If, in addition,
γ 6= γ′ then
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(i+ j)�
(
(i+ j)� (i+ j)

)
= −2(i+ j) + (γ − γ′)(αi− β′j)
6= −2(i+ j) + (γ − γ′)(−α′i+ βj)

=
(
(i+ j)� (i+ j)

)
� (i+ j).

So (H,�) is not third-power associative and cannot be isotopic to H [27, p.
53].

Now, according to the notations of Example 1, we have the following:

Proposition 3. Let α be a positive real number different from 1. Then H(1, α, 1, 1, 1, α)
is a four-dimensional real division algebra which is neither isotopic to H nor
third-power associative but can be embedded into an eight-dimensional real di-
vision algebra.

Proof. Let ψ be the isomorphism of space H whose matrix with respect to the
canonical basis {1, i, j, k} is diag{1, α, 1, 1}. Then ψ satisfies to the hypothesis
in Lemma 1 and we have an 8-dimensional real division algebra E0,σH,ψσH(H).
Let 1, i, j, k, f, if, jf, kf be the canonical basis of space E0,σH,ψσH(H). It is easy
to see that Span{1, i, f, if} is a 4-dimensional sub-algebra of E0,σH,ψσH(H) iso-
morphic to H(1, α, 1, 1, 1, α). Moreover, H(1, α, 1, 1, 1, α) is neither isotopic to
H nor third-power associative. �

3. On the groups of automorphisms of the isotope and the
duplication of a real division algebra

Let A be a real division algebra and denote by Aut(A), Der(A) its group
of automorphisms and Lie algebra of derivations. It is known that Aut(A)
is a compact Lie group whose Lie algebra is Der(A). The exponential exp :
Der(A) −→ Aut(A) satisfies exp

(
Der(A)

)
= Aut(A)0 where Aut(A)0 is the

connected component of the identity. We have

Aut(R) = {IR}, Aut(C) = {IC, σC},
Aut(H) = SU(2) and Aut(O) = G2.

If ψ ∈ Aut(A) and ∂ ∈ Der(A) then the eigenvalues of ∂ are purely imaginary
and the eigenvalues of ψ are of length one. In particular, 0 is the only possible
real eigenvalue of ∂ and 1,−1 are the only possible eigenvalues of ψ (see [6]
for more details).

Let f, g, φ be three isomorphisms of A. The group of automorphisms of
A which commute with f and g, noted Aut(A)f,g, is a compact subgroup of
Aut(Af,g) whose Lie algebra is Der(A)f,g. Moreover, the map φ 7→ (φ, φ) is an
embedding of Aut(A)φ := Aut(A)φ,φ as a compact subgroup of Aut(Eδ,φ(A))
whose Lie algebra is isomorphic to Der(A)φ.
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Proposition 4. Let A be a real division algebra having an unit 1 and let
f, g : A→ A be two linear bijections fixing 1. Then:

(1) Aut(A)f,g = {φ ∈ Aut(Af,g) : φ(1) = 1}.
(2) If Af,g has a right or a left unit then Aut(Af,g) = Aut(A)f,g. In par-

ticular, Aut(Af,IA) = Aut(A)f and Aut(AIA,g) = Aut(A)g.
(3) Der(A)f = Der(Af,IA).
(4) If f is diagonalizable over R with all eigenspaces of dimension 1 then

Der(Af,IA) = {0} and hence Aut(Af,IA) is finite.

Proof. (1) It is obvious that

Aut(A)f,g ⊂ {φ ∈ Aut(A)f,g : φ(1) = 1}.

Conversely, let φ ∈ Aut(Af,g) such that φ(1) = 1. Then for any
x ∈ A,

φ(f(x)) = φ(x� 1)

= φ(x)� φ(1)

= f
(
φ(x)

)
.

A same argument show that φ ◦ g = g ◦ φ and hence φ commutes with
f and g. Moreover, for any x, y ∈ A,

φ(xy) = φ(f−1(x)� g−1(y))

= φ
(
f−1(x)

)
� φ

(
g−1(y)

)
= φ(x)φ(y), φ ∈ C(f, g) (the commutant of f and g).

(2) Note first that 1 is an idempotent of Af,g and hence if Af,g admits a
right unit or a left unit then it must be equal to 1. Moreover, if φ is an
automorphism of Af,g then φ(1) is an idempotent and hence φ(1) = 1.
Moreover, 1 is right unit (resp. left unit) of AIA,g (resp. Af,IA).

(3) It is obvious that

Der(A)f ⊂ Der(Af,IA).

Conversely, let ∂ ∈ Der(Af,IA) and denote by � the product in algebra
Af,IA . We have

∂1 = ∂(1 � 1)

= (∂1) � 1 + 1 � ∂1

= f(∂1) + ∂1.

So f(∂1) = 0 and then ∂1 = 0. This allow on to show easily that ∂
commutes with f and is a derivation of algebra A.

(4) Let ∂ be in Der(Af,IA) then ∂ is a derivation of A commuting with f.
So ∂ leaves invariant the eigenspaces of f and hence ∂ is diagonalizable
over R. Therefore ∂ must vanishes since the only possible real eigenvalue
of ∂ is 0. �
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Theorem 2. Let δ ∈ R be such that |δ| < 2 and let g : H → H be a linear
bijection fixing 1, leaving invariant Im(H) and such that g − IH induces a
bijection from Im(H) onto itself. Let Eδ,σH(H)(IH,IH),(g,IH) := A. Then

Aut(A) =

{
{(φ, φ), φ ∈ Aut(H)g} if δ 6= 0,
{(φ, dφ), φ ∈ Aut(H)g, d ∈ S3} if δ = 0.

Moreover, if δ 6= 0 then Der(A) is isomorphic to either su(2) or an abelian
algebra of dimension 0 or 1. If δ = 0 then Der(A) is isomorphic to either
su(2)⊕ su(2) or su(2)⊕N where N is an ideal of dimension 0 or 1.

Proof. Recall that Eδ,σH(H) is the algebra H×H endowed with the product

(x, y)
δ∗ (x′, y′) =

(
xx′ − y′y, yx′ + y′x+

δ

2
[y′, y]

)
.

It is a RDA with (1, 0) as an unit. According to the assertion (2) of Proposition
4,

Aut(A) = Aut
(
Eδ,σH(H)

)(g,IH).
Let now Φ ∈ Aut

(
Eδ,σH(H)

)
which commutes with (g, IH). Write, for any

x, y ∈ H,

Φ(x, y) = Φ(x, 0) + Φ(0, y) =
(
φ(x), ψ(x)

)
+ Φ(0, y) and Φ(0, 1) = (c, d),

where φ, ψ are two endomorphisms of H and c, d ∈ H. The relation
(
Φ ◦

(g, IH)
)
(x, 0) =

(
(g, IH) ◦ Φ

)
(x, 0) gives

φ ◦ g = g ◦ φ and ψ
(
g(x)− x

)
= 0, x ∈ H.

This implies that ψ|Im(H) = 0. But Φ(1, 0) = (1, 0) so ψ(1) = 0 thus ψ = 0.

Now, for x ∈ H, Φ(x, 0) =
(
φ(x), 0

)
which implies that φ is an automorphism

of H and hence φ ∈ Aut(H)g. On the other hand, for any y ∈ H,

(y, 0)
δ∗ (0, 1) = (0, y).

So,

Φ(0, y) = Φ(y, 0)
δ∗ (c, d) =

(
φ(y), 0

) δ∗ (c, d) =
(
φ(y)c, dφ(y)

)
.

The relation Φ ◦ (g, IdH) = (g, IdH) ◦ Φ gives that for any y ∈ H,(
g
(
φ(y)c

)
, dφ(y)

)
=

(
φ(y)c, dφ(y)

)
.

This implies that, for any y ∈ H, φ(y)c ∈ ker(g− IdH) = R1. So there exists a
linear form α ∈ H∗ such that, for any y ∈ H, φ(y)c = α(y). Since φ is bijective
this is impossible unless c = 0. So, we have shown so far that, for any x, y ∈ H,

Φ(x, y) = (φ(x), dφ(y)), d 6= 0.
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The relation Φ
(
(x, y)

δ∗ (x′, y′)
)

= Φ(x, y)
δ∗ Φ(x′, y′) is equivalent to

φ(y′)φ(y) = φ(y′) ddφ(y)

δ

2
d[φ(y′), φ(y)] =

δ

2
[dφ(y′), dφ(y)].

Since φ is bijective, the first equation is equivalent to |d| = 1. Assume now
that δ 6= 0, then the second equation gives for y′ = 1, [d, dφ(y)] = 0 for any
y ∈ H and hence d is a scalar. The case d = −1 is impossible according to the
second equation and hence d = 1. To complete the proof of the theorem we
need to determine the dimension of the Lie group Aut(H)g. Its Lie algebra is
su(2)g which is a subalgebra of su(2). But it is well-known that a subalgebra
of su(2) has dimension 0,1 or 3. The result of Benkart-Osborn in [6, p. 1135]
permits to achieve the proof of the theorem. �

All the possibilities of Der
(
Eδ,σH(H)(IH,IH),(g,IH)

)
given in Theorem 2 can be

realized as shows the following examples.

Example 2. Put D = Der
(
Eδ,σH(H)(IH,IH),(g,IH)

)
where g is as defined in The-

orem 2. We assume, in addition, that g is diagonalizable over R. Let N be the
number of elements of the spectrum of g. We have

(1) If N = 4 then D = {0} if δ 6= 0 and is isomorphic to su(2) if δ = 0.
(2) If N = 3 then D is isomorphic to N if δ 6= 0 and su(2) ⊕ N if δ = 0

where N is an ideal of dimension 1.
(3) If N = 2 then D is isomorphic to su(2) if δ 6= 0 and su(2) ⊕ su(2) if

δ = 0.

Acknowledgements. The authors are very grateful to Professor Mohamed
Boucetta of Cadi Ayyad University for his remarks that led to an improvement
of the manuscript.

References

[1] A. A. Albert, Non-associative Algebras. I. Fundamental concepts and isotopy, Annals
of Mathematics, 43 (1942), 685-707. https://doi.org/10.2307/1968960

[2] S. Alsaody, Classification of the finite-dimensional real division composition algebras
having a non-Abelian derivation algebra, J. Algebra, 445 (2016), 35-77.
https://doi.org/10.1016/j.jalgebra.2015.07.025

[3] S. C. Althoen, K. D. Hansen and L. D. Kugler, Fused Four-Dimensional Real Division
Algebras, J. Algebra, 170 (1994), 649-660. https://doi.org/10.1006/jabr.1994.1358

[4] S. C. Althoen, K. D. Hansen and L. D. Kugler, A survey of four-dimensional C-
associative algebras, Algebras Groups Geom., 21 (2004), 9-28.

[5] S. C. Althoen and L. D. Kugler, When is R2 a division algebra?, Amer. Math. Monthly,
90 (1983), 625-635. https://doi.org/10.2307/2323281

[6] G. M. Benkart and J. M. Osborn, The derivation algebra of a real division algebra,
Amer. J. Math., 103 (1981), 1135-1150. https://doi.org/10.2307/2374227



Embedding problems for real division algebras 245

[7] G. M. Benkart and J. M. Osborn, An investigation of real division algebras using deriv-
ations, Pacific J. Math., 96 (1981), 265-300. https://doi.org/10.2140/pjm.1981.96.265

[8] G. M. Benkart, D. J. Britten and J. M. Osborn, Real flexible division algebras, Canad.
J. Math., 34 (1982), 550-588. https://doi.org/10.4153/cjm-1982-039-x

[9] R. Bott and J. Milnor, On the parallelizability of the spheres, Bull. Amer. Math. Soc.,
64 (1958), 87-89. https://doi.org/10.1090/s0002-9904-1958-10166-4

[10] R. H. Bruck, Some results in the theory of linear non-associative algebras, Trans.
American Math, Soc., 56 (1944), 141-199.
https://doi.org/10.1090/s0002-9947-1944-0011083-5
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[17] O. Diankha, A. Diouf, M. Traoré and A. Rochdi, Division Algebras Satisfying
(xpxq)xr = xp(xqxr), International Journal of Algebra, 7 (2013), no. 20, 959-972.
https://doi.org/10.12988/ija.2013.311124
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[27] A. G. Kurosh, Algèbre Générale, Collection Universitaire de Mathématiques, Dunod,
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