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Abstract

Denote E−p as an elliptic curve y2 = x3−px where p is an odd prime
then, the rank of E−p will be numerated and some examples of it will
be presented.
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1 Introduction

In [7], Knapp suggested that rank of elliptic curve y2 = x3−p2x with odd prime
p is 0 if p ≡ 3(mod 8). In [6], the authors considered the rank of an elliptic curve
En : y2 = x3 − nx. In [8], the author enumerated the rank of y2 = x3 − 2pqx.
In [9], the author dealt with the rank of y2 = x3 − 2px where p is a Mersenne
prime p = 2q − 1(q is an odd prime) as q = 4t + 1 with integer t as t ≥ 1.
In [4], the authors showed that rank of an elliptic curve E : y2 = x3 − nx is
rankE(Q) ≥ 4 where A = u4+6u2v2+v4 andB = u8−4u6v2+8u4v4−4u2v6+v8

and C = u8 − u4v4 + v8 and D = u8 + 2u6v2 + 11u4v4 + 2u2v6 + v8 and
n = ABCD for positive coprime integers u, v with u 6≡ v(mod 2). And under
the assumption that an integer n can be expressed as n = a4 + b4 = c2 + d4

for nonzero integers a, b, c, d with a2 6∈ {b2, |c|, d2}, they proved that rank of
an elliptic curve E : y2 = x3− nx is at least 3 if n is square-free and also rank
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of E is at least 3 if a and b and c and d satisfy that a = 17u2 − 12uv − 13v2,
b = 17u2 + 12uv− 13v2, c = 289u4 + 14u2v2− 239v4, d = 17u2− v2 for nonzero
coprime integers u and v such that |u| 6= |v| and u is even with u 6≡ 0(mod 13)
and v is odd([4]). In this article, we will calculate the rank of elliptic curve
y2 = x3 − px where p is an odd prime.

Prior to deal with the rank of curve, it needs to treat some notations in
[10].

Suppose that E is an elliptic curve y2 = x3 + ax2 + bx and Γ is the set
of rational points on E. On account of Mordell′s Theorem, Γ is a finitely
generated abelian group. Furthermore, Γ is isomorphic to E(Q)tors⊕Zr where
E(Q)tors is a torsion subgroup and r is Mordell-Weil rank of E. Denote Q×

as the multiplicative group which is composed of non-zero rational numbers.
Take Q×2 as the subgroup of squares of elements of Q×.

Next, define α as a homomorphism from Γ to Q×/Q×2 which satisfies that

α(O) = 1(mod Q×2)

α(0, 0) = b(mod Q×2)

α(x, y) = x(mod Q×2)

with infinity point O and non-zero x.
Assume that N2 = b1M

4 + aM2e2 + b2e
4 is relating equation for Γ where

b1 and b2 satisfy that b1b2 = b and b1 6≡ 1, b(mod Q×2). Designate (M, e,N)
as an integral solution of above relating equation then, the conditions M 6= 0
and e 6= 0 and 1 = (M,N) = (b1, e) = (b2,M) = (N, e) = (M, e) are hold.

Next, noticing the curve E : y2 = x(x2 − 2ax+ a2 − 4b) is needed.
We appoint that Γ is the set of rational points on E. Take α as a homomor-

phism from Γ to Q×/Q×2 where α(O) = 1(mod Q×2), α(0, 0) = a2 − 4b(mod
Q×2), α(x, y) = x(mod Q×2) with infinity point O and x 6= 0.

Assign N2 = b1M
4−2aM2e2 + b2e

4 as relating equation for Γ where b1 and
b2 satisfy the conditions b1b2 = a2 − 4b and b1 6≡ 1, a2 − 4b(mod Q×2). Take
(M, e,N) as an integral solution of relating equation for Γ. Then, we gain
M 6= 0 and e 6= 0 and there derived that 1 = (M,N) = (b1, e) = (b2,M) =
(N, e) = (M, e).

In the next step, there comes that 2r = #α(Γ)#α(Γ)
4

with rank r of E.

2 In E−p

In this section, we calculate ranks of elliptic curves E−p : y2 = x3 − px by the
method in [10].
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Theorem 2.1 (1). Denote an odd prime p as p = 26u4 + 10u2v2 + v4

with integers u and v and (u, v) = 1 and p ≡ 5(mod 16) in elliptic curve
E−p : y2 = x3 − px then, we observe that rank(E−(26u4+10u2v2+v4)(Q)) = 1.

(2). We appoint that p is an odd prime p = 37u4+24u2v2+4v4 with integers
u and v and (u, v) = 1 and p ≡ 5(mod 16) in E−p then, the consequence
rank(E−(37u4+24u2v2+4v4)(Q)) = 1 is gotten.

(3). Make a hypothesis that an odd prime p is the form p = 90u4 +66u2v2 +
121v4 with integers u, v and (u, v) = 1 and p ≡ 5(mod 16) in E−p then, the
conclusion rank(E−(90u4+66u2v2+121v4)(Q)) = 1 is produced.

(4). Designate an odd prime p as p = 401u4 + 240u2v2 + 36v4 with integers
u, v and (u, v) = 1 and p ≡ 5(mod 16) in E−p. Then, there educed that
rank(E−(401u4+240u2v2+36v4)(Q)) = 1.

(5). If an odd prime p is p = 626u4 + 10u2v2 + 25v4 with integers u
and v and (u, v) = 1 and p ≡ 5(mod 16) in E−p then, we encounter to
rank(E−(626u4+10u2v2+25v4)(Q)) = 1.

(6). Assume that p is an odd prime p = 106u4 +90u2v2 +81v4 with integers
u and v and (u, v) = 1 and p ≡ 5(mod 16) in E−p. Then, there derived the
consequence rank(E−(106u4+90u2v2+81v4)(Q)) = 1.

Proof. (1). Denote p as an odd prime of the form p = 26u4 + 10u2v2 + v4

with integers u, v and (u, v) = 1 and p ≡ 5(mod 16) in elliptic curve E−p : y2 =
x3 − px. Suppose that p = 16k + 5 with integer k then, there induced relating
equations for Γ as 1)N2 = M4 − (16k + 5)e4 and 2)N2 = −M4 + (16k + 5)e4.

The values α(P ) in equation 1) are α(P ) = 1,−(16k + 5)(mod Q×2) but
we already managed it in the previous, hence here we omit to consider the
solvability of it.

Equation 2) can be reexpressed as N2 = −M4 + (26u4 + 10u2v2 + v4)e4. In
coefficient of e4, there is a square v4, thus the potentiality that the square of
polynomial which is comprised of two variables u and v will be shown exists.
Because of the factorization 10u2v2 = 2 · 1 · 5u2v2, there ought to be emerged
25u4. Now we face that −M4 + 26u4e4. Due to our aim 25u4, the equality
−M4 + 26u4e4 = 25u4 should be established. Select M and e as u and 1
respectively then, we attain that −u4 + 26u4 = 25u4. This is the result what
we wanted. Furthermore, from the numeration −u4 + 26u4 + 10u2v2 + v4 =
25u4 + 10u2v2 + v4 the value N is produced as 5u2 + v2. Thereby, the triple
(u, 1, 5u2 + v2) is derived as the solution of relating equation 2).

Hence, there deduced that #α(Γ) = 4.
Next, from E−p in the above the curve E−p is y2 = x3 + 4(16k + 5)x and

thus there are some relating equations for Γ as follows:
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1)N2 = M4 + 4(16k + 5)e4

2)N2 = 2M4 + 2(16k + 5)e4

3)N2 = 4M4 + (16k + 5)e4.

There comes the values α(P ) in 1) and 3) as α(P ) = 1, 4(16k + 5) ≡
1, (16k + 5)(mod Q×2). In the previous, we already defined and so it is not
necessary to treat the solvability of equations 1), 3).

Using 16 in reducing equation 2) yields that 0, 4 ≡ N2 ≡ 2M4 + 10e4 ≡
12(mod 16). Because of unmatched result, there cannot exist a solution in 2).

Therefore, we acquire that #α(Γ) = 2 and from 2r = 4·2
2

= 4 we are faced
with rank(E−(26u4+10u2v2+v4)(Q)) = 1.

(2). Take a notation that p is an odd prime p = 37u4 + 24u2v2 + 4v4 with
integers u and v and (u, v) = 1 and p ≡ 5(mod 16) in E−p. By (1) in the above,
we only have to research the solvability of equation 2)N2 = −M4 + (37u4 +
24u2v2 + 4v4)e4 for Γ. There is a square 4v4 in coefficient of e4 and from the
factorization 24u2v2 = 2 · 2 · 6u2v2, there must be shown 36u4. Next, we should
notice −M4 + 37u4e4. Thus, choosing the values M and e became important
matter. Owing to our aim 36u4 in the above, the relation −M4+37u4e4 = 36u4

must be valid. If we make a supposition that M and e are u and 1 respectively
then, we acquire that −u4 + 37u4 = 36u4. Henceforth, we obtained what we
searched for. Besides, from the computation −u4 + 37u4 + 24u2v2 + 4v4 =
36u4 + 24u2v2 + 4v4 we gain N = 6u2 + 2v2. To sum up, the values M and
e and N that satisfies solution of 4) are educed as u and 1 and 6u2 + 2v2

respectively. In other words, (u, 1, 6u2 + 2v2) is derived as the solution of
equation 2). Consequently, there derived #α(Γ) = 4. Finally, we have that
rank(E−(37u4+24u2v2+4v4)(Q)) = 1 because of 2r = 4·2

4
= 2.

(3). Assume that prime p is p = 90u4 + 66u2v2 + 121v4 with integers
u and v and (u, v) = 1 and p ≡ 5(mod 16) in E−p. Because of (1) in the
above, it is enough that we only consider the solvability of equation 2)N2 =
−M4 + (90u4 + 66u2v2 + 121v4)e4 for Γ. To find the solution of this, we must
treat the coefficient of e4. Most of all, there is a square 121v4 in it and so
the condition for being appeared the square of polynomial which is composed of
variables u and v is gotten. Now from the factorization 66u2v2 = 2 · 3 · 11u2v2,
there ought to be emerged the term 9u4. Namely, the equality −M4 + 90u4e4 =
9u4 must be established. Here, we take M = 3u and e = 1 then, we gain
−81u4+90u4 = 9u4. We got what we pursued. In addition, because of −(3u)4+
90u4 + 66u2v2 + 121v4 = 9u4 + 66u2v2 + 121v4 the value N is deduced as
3u2+11v2. Namely, the triple (3u, 1, 3u2+11v2) satisfies the solution of relating
equation 2). For this reason, the conclusion #α(Γ) = 4 is induced. Resultantly,
rank(E−(90u4+66u2v2+121v4)(Q)) = 1 is gotten from 2r = 4·2

4
= 2.

(4). Set p as an odd prime such that p = 401u4+240u2v2+36v4 with integers
u and v and (u, v) = 1 and p ≡ 5(mod 16) in E−p. From the computation
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(1) in the above, it only needs to examine the solvability of equation 2)N2 =
−M4+(401u4+240u2v2+36v4)e4 for Γ. Above all, there exists a square 36v4 in
coefficient of e4 hence a probability that form of square whose components are u
and v will be shown exists. Now, 240u2v2 is factored as 2·6·20u2v2. Thus, there
should be appeared 400u4. Next, we ought to observe the arithmetical value
−M4 + 401u4e4. Thereby, the relation −M4 + 401u4e4 = 400u4 must be valid.
Whence, suppose that M = u and e = 1 then, we encounter to −u4 + 401u4 =
400u4. Therefore, we took an acquisition what we wanted. Moreover, since the
calculation −u4 + 401u4 + 240u2v2 + 36v4 = 400u4 + 240u2v2 + 36v4 is induced,
the integer N is gotten as 20u2 + 6v2. So the solution of equation 2) is given
as (u, 1, 20u2 + 6v2). As the outcome, we obtain that #α(Γ) = 4 and thus the
result rank(E−(401u4+240u2v2+36v4)(Q)) = 1 is educed on account of 2r = 4·2

4
= 2.

(5). Suppose that p is an odd prime as p = 626u4 + 10u2v2 + 25v4 with
integers u and v and (u, v) = 1 and p ≡ 5(mod 16) in E−p. Since the result (1)
in the above, the only equation for Γ which ought to be surveyed the solvability
is 2)N2 = −M4 + (626u4 + 10u2v2 + 25v4)e4. First, we can find a square
25v4 in coefficient 626u4 + 10u2v2 + 25v4 of e4 and so there is a possibility that
after replacing some integers into M and e there can be emerged the square of
polynomial. Next 10u2v2 is factored as 2 · 1 · 5u2v2, hence there must be shown
the term u4. For this reason, the relation −M4+626u4e4 = u4 · · · · · · (<) should
be hold. Now, deciding the two values M and e got to be significant matter.
In two sides of (<), there exists a term for u4 and in LHS it is 626u4e4. On
this account, if we determine the value e then, (<) became the equality which is
comprised of M and u, thus the number of integers that is necessary to search
is decreased. Select e as 1 then, we are confronted with −M4 + 626u4 = u4.
Whence, we attain that M4 = 625u4. Therefore, there derived that M = 5u.
Namely, the pair (e,M) = (1, 5u) satisfies (<). Besides, owing to computation
−(5u)4 +626u4 +10u2v2 +25v4 = u4 +10u2v2 +25v4 the integer N is produced
as u2 + 5v2. Consequently, the triple (5u, 1, u2 + 5v2) satisfies the solution of
equation 2). As a result, we have that #α(Γ) = 4 and so we conclude that
rank(E−(626u4+10u2v2+25v4)(Q)) = 1 due to 2r = 4·2

4
= 2.

(6). Take p as an odd prime p = 106u4 + 90u2v2 + 81v4 with integers u
and v and (u, v) = 1 and p ≡ 5(mod 16) in E−p. From (1) in the above, we
only have to investigate the solvability of 2)N2 = −M4 + (106u4 + 90u2v2 +
81v4)e4 for Γ. For searching the solution of this, we have to consider the
coefficient of e4. Above all things, there is a square term 81v4 in it, thus we
can expect the advent of polynomial which is composed of two variables u and
v. Next, if we factor the term 90u2v2 then, it is 2 · 5 · 9u2v2 and hence there
has to be emerged the term 25u4. Now, the remanent numerical value which
is needed to treat is −M4 + 106u4e4. Our aim was 25u4 in the above, thus
the relation 25u4 = −M4 + 106u4e4 · · · · · · (F ) must be established. In both
sides of (F ), there exists term for u4 and in RHS it is 106u4e4. Accordingly,
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selecting the value e earlier is helpful to find another integer M . Choosing
e = 1 gives that −M4 + 106u4 = 25u4. So we obtain that M4 = 81u4 and
thus we conclude that M = 3u. Henceforth, the pair (e,M) = (1, 3u) satisfies
the relation (F ). In addition, from the calculation −(3u)4 + 106u4 + 90u2v2 +
81v4 = 106u4 − 81u4 + 90u2v2 + 81v4 = 25u4 + 90u2v2 + 81v4 the integer N is
gotten as 5u2 + 9v2. Thereby, the solution of relating equation 2) is educed as
(3u, 1, 5u2+9v2). Whence, we take that #α(Γ) = 4. Eventually, the conclusion
rank(E−(106u4+90u2v2+81v4)(Q)) = 1 is deduced owing to 2r = 4·2

4
= 2.

Remark 2.2 In the above, the ranks of elliptic curves E−p : y2 = x3 − px
are all 1. In [theorem(2.5)(p.163), 2], Husemöller suggested that rank of y2 =
x3− px with prime p of the form p ≡ 3(mod 8) is 0. In [5], the authors treated
elliptic curves y2 = x3−px whose ranks are 1 and 2 respectively. The examples
of case that rank is 1 are 5, 37, 101, 197, 677, 2917, 4357, 5477, 8101([5]). And
these are the forms of p ≡ 5(mod 16). In [3], the authors showed that ranks
of the curves y2 = x3 − px are all 1 where prime p is gotten as p = (2t)2 + 1
with an odd t and the case p is a prime as p = 2m2− 1 for an even m and the
case prime p is given as p = s2 + 4 with s > 1 and (s, t) is a positive integer
solution of the Pell equation X2 − 2Y 2 = −1.

3 Examples

In section 3, we consider examples of theorem 2.1. Investigating the primality
can be done in [1].

We acquire examples of theorem 2.1(1):

(p, u, v)
(37, 1, 1)
(197, 1, 3)
(2917, 1, 7)

(15877, 1, 11)
(933157, 1, 31)
(1196837, 1, 33)
(2842597, 1, 41)

There presented examples of theorem 2.1(2):

(p, u, v)
(197, 1, 2)
(7477, 3, 4)
(17957, 1, 8)
(42437, 1, 10)

The examples of theorem 2.1(3) are the following things:
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(p, u, v)
(277, 1, 1)

(595957, 9, 1)
(17532517, 21, 1)

We obtain examples of theorem 2.1(4) as follows:

(p, u, v)
(677, 1, 1)
(5477, 1, 3)
(28901, 1, 5)
(98597, 1, 7)
(256661, 5, 1)
(631061, 5, 7)

(7107557, 1, 21)

The followings are examples of theorem 2.1(5):

(p, u, v)
(661, 1, 1)
(2741, 1, 3)
(61141, 1, 7)

(427621, 3, 11)
(4108021, 9, 1)

The comes examples of theorem 2.1(6):

(p, u, v)
(277, 1, 1)
(7477, 1, 3)
(52981, 1, 5)
(68581, 5, 1)
(198997, 1, 7)
(300757, 7, 3)
(415381, 7, 5)

(1656517, 11, 3)
(2965477, 11, 9)
(3042757, 13, 1)

(13186357, 17, 11)
(41919061, 25, 3)
(49398421, 25, 11)
(75659557, 29, 3)
(613020277, 49, 3)
(616521781, 49, 5)
(2139661477, 67, 3)
(2169275077, 67, 9)
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